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Preface

This book grew out of lectures given at Kyushu University under the support
of the Twenty-first Century COE Program “Development of Dynamical Math-
ematics with High Functionality” (Program Leader: Prof. Mitsuhiro Nakao).
They were meant to serve as a primer to my book [Har5]. Indeed that book
is very condense, and hard to read. We included however many new themes,
such as the higher rank generalization of [Har5], and the fundamental semi-
group. Since the audience consisted mainly of representation theorists, the
focus shifted more into representation theory (hence less into geometry). We
kept the lecture flair, sometimes explaining basic material in more detail, and
sometimes only giving brief descriptions.

This book would have never come to life without the many efforts of
Professor Masato Wakayama. The author thanks him also for his incredible
hospitality. Thanks are also due to Yoshinori Yamasaki, who did an excellent
job of writing down and typing the lectures into ETEX.

July 2006 Haifa
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Introduction: Motivations from Geometry

Summary. In chap.0 we begin with geometrical motivations and introduction. We
recall the analogies between geometry (curve X over a finite field Fy) and arithmetic
(number field K), and the two basic problems of arithmetic: the problem of the real
primes and the problem of non-existence of a surface SpecOx x SpecOk (analogues
to X xy, X). We then give the “Weil philosophy”: the explicit sums of arithmetic are
the intersection number of Frobenius divisors on the (non-existing, but see [Har6])
surface. This was never made explicit by Weil (and only was spelled out in [Har2]).
The proof of the functional equation and the Riemann—Roch in arithmetic give the
“Tate philosophy”: we are studying the action of the idele-class A% /K™ on the prob-
lematic space A/K*. The important part of the ergodic action of K* on the Adele
A is encoded in the action of K* on Ak /K. We then recall the author formula that
connects these two philosophies ([Har2], [Harl]), giving the explicit sums in terms
of the Fourier transform of the degree log |z|, "

0.1 Introduction

The main subject of this course is arithmetic. There are many different reasons
for which people are attracted to arithmetic. Simple formulation of compli-
cated problems is one of them. Such problems are the Fermat last theorem,
the twin primes problem, Goldbach’s conjecture and so on. These are very
easy to state, however, they are very hard to solve.

There are many similar points between arithmetic and geometry. André
Weil says in [We7] that the situation between arithmetic and geometry is like
the “Rosetta Stone”. It is a big ancient-Egyptian stone in which the same thing
was written in three different languages; hieroglyphic, demotic and Greek.
Hieroglyphic was used by ancient Egyptians and it had not been known yet.
Demotic was used by Arabs including modern Egyptians. Greek was used by
Greeks, and other eastern Europeans. Since the last two languages had been
well known, we also understood the mysterious first language, Hieroglyphic.
As for arithmetic and geometry, correspondings to the above languages are
the number fields and the function fields over a finite field F,, and over the
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complex numbers C, (that is, compact Riemann surfaces) which are the one-
dimensional objects of Geometry. We have tried to understand number fields
from the analogies between arithmetic and geometry. Our position is a bit
different from the Weil’s point of view. Note that on the Rosetta stone there
were three different language talking about the same things, but in our case
there is one language talking about three different things. We believe that the
language we are using is wrong, and there is a “new language” that will unite
Arithmetic and Geometry.

The Rosetta Stone Global Field

Hieroglyphic Number field
Demotic Function field /F,
Greek Function field /C

0.2 Analogies Between Arithmetic and Geometry

Let us begin by reviewing the analogy between arithmetic and geometry. In
arithmetic, we start from the ring of integers Z. The ring Z is included in its
fraction field, the field of the rational numbers Q = Frac(Z). In geometric,
the basic object is the ring of polynomials k[z] in one variable over a field k
included in the field of rational functions k(z) = Frac(k[z]). These rings Z
and k[z] have many common properties. For example, they have the division
with remainder principal, are PID and are UFD, that is, every element can be
uniquely written as a product of irreducible elements. Take an irreducible poly-
nomial f € k[z]. Then k[z] embeds in the local ring k¢[[f]] := lmk[z]/(f"),
the ring of formal power series in f. Here ky := k[z]/(f) is the residue field.
Namely every element in k[z] can be written as a power series in f. Also
Ef[[f]] € ks ((f)) where kf((f)) is the field of formal Laurent series in f. For
example if we take k = C (or any algebraically closed field), an irreducible
polynomial can be written as f(z) = « — « for some a € C. Since Cy = C,
every rational function can be expressed as a Laurent series in (z — «). Let
p be a prime. In arithmetic side, the ring of p-adic integers corresponds to
k¢[[f]]. Every rational integer is represented as a power series in p and we
obtain Z,, := @Z/(p") Similarly Q C Q,, the field of p-adic numbers.

In geometry we have two types of geometry; affine and projective geometry.
If £k = C, every rational function is written as a Laurent series of 316, that is,
k(z) C k((})). Projectively speaking, a rational function can be expanded
at the “infinite point” co. Then oo clearly corresponds to the ring of formal
power series k[[1]] in !. In arithmetic this resembles to the inclusion of Q
into the completion R = Q, of Q at the “real prime 7”. Then a problem
occurs; what is Z,? For a finite prime p # 7, the p-adic integers Z,, is given
by Z, = {z € Qp||z], < 1} where |- |, is the p-adic absolute value. From
this point of view, Z,, is considered as the interval [—1, 1], however, it is not
closed under addition and is not given by any inverse limit neither.
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Function fields (Geometry) Number fields (Arithmetic)
k] Cﬁk(x ZcQ
v v \
kellF1) € kp((F)) [N C k() Zp CQy Ly CQp=R

We further remark that there is an obvious difference between number
fields and function fields from the point of the tensor product. In geometry one
can take a product of given geometrical object and obtain a new geometrical
object. For example, the product of the affine line A! with itself is the plane.
This correspond to the tensor product of two polynomial rings k[z1] and k[zs].
The product k[z1] ® k[z2] in the category of k-algebra is equal to k[z1, z2],
ring of polynomials in two variables. On the other hand, if we consider the
tensor product of two copies of Z, taken in the category of commutative rings
we obtain only Z ® Z = 7.

0.3 Zeta Function for Curves

Let X be a (smooth, projective) curve of genus g defined over the finite field
k =TF,. Let K = k(X) be the field of k-rational functions and p be a maximal
ideal of the coordinate ring k[X|. We denote by K, and O, the completion
of K with respect to p and the ring of integers of Ky, respectively. Let K =
Ky \{0} and Oy be the unit group of Oy. Let ¢ be the characteristic function
of O, and dz; (resp. d*z,) be the additive (resp. multiplicative) Haar measure
on K, (resp. K;) normalized by dz, (Op) = 1 (resp. d*z,(O;) = 1). We denote
by A (resp. A*) the adele ring (resp. idele group) of K. Put Oy := Hp Op,
O =11, 0;, dv :== Q, dvy and d*z := ), d" . Then the zeta function for
X is defined by

() ex(s) = o #x0n) | ),

where k,, := Fgn. Let k(p) := Op/p be the residue field and Np := #k(p) =
q4°8 with degp := [k(p) : k]. Then we have the following calculations:

(i) Cx(s) =[O -Np~)"
p
(iii) => Na™*

a>0

Z/A*/m*( > ost)laida= [ ou@lalida

NEK* [k A*/Of

(i) 11/ oelalds,
s '

1
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ho(a) _

(V) Z q 7s-deg(a)

a€Pick q- 1
_ H?L(l - /\iq_s>
(1—g )1 —q'%)

Here ¢, is the characteristic function of Oy, [ala := [], |ap[, and | - |, is

(vi)

the normalized absolute value on K, as d(axy) = |a|p - dzp and |7]° = Np~*
with p = (). It is easy to check these equalities. In fact, one obtains (0.3) (i)
<= (0.3) (ii) by taking dlog and the fact

Z degp= ) degp

k(p)Cky,

degp|n

since each p with k(p) C k, gives degp points in X (k,,). By the unique factor-
ization, we have (0.3) (ii) <= (0.3) (iii). To show the equalities (0.3) (iii)
<= (0.3) (iv) <= (0.3) (v), recall that

Divi = A"/}, Piex = A"JO;K* 15 ¢

and the kernel AV /O K* = Pic%) is finite. Let {ay,...,a,} be the repre-

sentative of PIC( ) Letce Pick of degree 1. Then for any a € Divg, we can
write a = f - a; - ¢ with some f € K*/k* and n = dega. Then we have

a>0 < (f) > —a;—nc <= fc H'(X,Op(a;4+nc)) <= on(f-a;-c") = 1.
Hence the number of such a is equal to

g (@itne) g

g—1 = Z (bA(f'ai'cn)’

fEK™ [k

where
1
_ 0
hO(a) := dimH® (X, Ox(a)) log q ng(bA’ya

—1
loi‘; lqA = dega), we obtain the

desired equalities. The shape (0.3) (vi) of (x(s) follows from the Riemann—
Roch theorem. Comparing the formula (0.3) (i) and (0.3) (vi) and taking dlog,
we have

Therefore, using the formula |a|, = ¢~4°8% (or

29
#X(kn)=1+¢" =D A (n>1).

#P(kn)
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0.4 The Riemann—Roch Theorem

Let )y be a character of K, which is trivial on O, but non-trivial on p~1O,,
and define

Fop(y) := /K p(@)hp (zy)dwy.
P

Notice that 1y is unique mod Oy, and the above normalization is equivalent

to Fpdp = ¢p. Similarly we denote by 1 := ®p 1, the character of A/Oy4 and

set

Foly) == /Ago(x)wxy)dx.

Let 0 = 0y € A* such that ¢(0K) = 1. Then we have (A/K)" ~ K via
(0yx) — ~. The Riemann-Roch theorem for X asserts that

¢! Y ealya) =lalt Y da(10a7Y). (0.1)
yeEK yeEK
Taking loéq log(+), we have

h%(a) = dega + h°(0 —a) +1 —g. (0.2)
We give two proofs.

Proof. 1: Consider the function

®u(z) = ) dulale+7)).

yEK

We view ®, as an operator on Lq(A/K, dz) via convolution. We calculate its
trace in two different ways

geometric : Trd, = / ®,(0)dx = dz(A/K) Z oa(vya),
A/K yeEK

and dz(A/K) = ¢9~1. On the other hand, we have an orthogonal basis ¥, (z) =

(€ K) for Ly(A/K, dx). Since qtpy = F(ga(az))(=07) - 1y

la[, ! - ¢a(da=ty) - 1., we have

spectral : Tr®q = |af, ! Z oa(0a"1y).
vEK

Therefore we obtain the desired formula (0.1). o
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Proof. II:Let a,b € A*/O} with a-Oa C b-Oa. Then we have the following
exact sequence

0—a -OpNK—b-OsNK —b-0p/a-Op — Af(a-Op + K) — A/(b- Oy + K) — 0.
Then replacing a (resp. b) with a=* (resp. b=') and taking dimg,(-), we have
0 = h°(a) — h°(b) + (degb — dega) — h'(a) + h'(b)

or
dega — h%(a) + h'(a) = (const.) = g — 1.

Since we have also the perfect duality:
(07140, N K] x A/(a7 'Oy + K) — CW; (v, ) — Y (Ovz),
we have
h'(a) = dimA/(a 'Oy + K) = dimd~'aOy N K = h°(0 — a).
Hence we obtain (0.2). O

As corollaries of the formula (0.2), we have

a=20 :hO(O):L ho(a):g, X(O):l—g,
a=20 :degd =2g—2

and
dega > 29 —2 = h%(0 —a) = 0= h’(a) = dega+1 —g.

This gives the rationality of zeta function (x(s) and the shape (0.3) (vi).
Namely, using (0.3) (v), we have

Cx(s) = (polynomial of degree < 2(g — 1))
(291 (1—s) 1 q29-D (=) 1

* -1 1—¢g'=  ¢g—1 1-—q=
Further, using the Riemann-Roch theorem (0.1) in (0.3) (iii) (i.e., we divide
the integral as |als < 1 and |a|p > 1 and use the Riemann-Roch theorem to
change |aly > 1 to |aja < 1. Care the term v = 0), we get the holomorphic
continuation of (x (s) to the whole plane C except for simple poles at s =0, 1
with

h 1 h

R CX(S):q_l

R =-
es(x (s) g1 log g -5

h 1
l-g _ 0|2
log g s=0 q q_1| |2

and also obtain the functional equation

Cx(s) = U VG=9¢ (1 - 5) = |93 2Cx (1 — 5).



0.5 The Castelnuovo—Severi Inequality 7

The Riemann hypothesis for the zeta function (x(s) can be stated in
various ways:

(@) Cx(s) = 0 = Re(s) =

(c) |#X<k)—q"\=0<q’%> (n — ),

(d) Zf flg/x) =0 (fezT,T7]),

(e) S Fe)f1-s5)=0  (feCulg Zf
CX()U

log q

Notice that these formulas are all equivalent. Let f¥(g") := ¢~ "f(¢~™") for
f € C.(g%). Since

~

(fr+f2)(s) = fils) - fals),  (F9)"(s) = F(1—s),

the formula (e) is equivalent to the following

(f) W(fxf%) >0
where
2g
W(f):= Fs) =D F@™ D A =D flg" (1 +q" — #X (k).
Cx (s ) -0 n =1 n

0.5 The Castelnuovo—Severi Inequality

We have a surface X x X and the Frobenius divisor {* = {(z,29")} on X x X.
We see that f is inseparable, df” = 0 and d(id—f") = id. Let A be the diagonal
of X x X. The intersection points of f* N A are all simple and

(7", A) = #X(kn) =14+ ¢" Z/\

(. 0) =Y (", 4), ~

p

Note also that, taking n = 0, we have “#X (F1)”’= (A, A) = 2(1—g). Similarly,
setting f~" = ¢~ "{(29", x)}, we have

(7 A) = 144" ZA"— ”(1+q”—§gy$).
=1

0 if degp 1 n,
degp if degp|n.
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Hence we have

W(f) = J0) + F(1) = > flg™) (. )

nez

:<f(f)’60+6oo_A>v

where f(f) := >,z f(9")f" and &g (resp. 0o ) is X x pt (resp. pt x X). We see
that the Riemann hypothesis in the form (f) is equivalent to the fundamental
inequality

(f % f5A) < (f % f1, 60+ 6s0), or, to the

Castelnuovo—Severic inequality : (f, f) < 2(f,00) (f,000) = 2f(0) f(1).
Note that we can take f Z-valued, so that f(f) is a divisor on X x X.
More generally, let X and Y be curves of genus gx and gy, respectively.

Then V := X xY is a surface. Take f € DivV and put dx := (f, X X pt) and
dy := (f,pt x Y). Then we have the Castelnuovo—Severi inequality:

A ) < bx by 03

Let us prove this inequality (following [MT]). By the Riemann—-Roch theorem
for V', we have

X(F) = B(F) = BN 4 K00y — ) = ) (. f = 6v) +x(Ov),

where dy = 0x X Y + X x 9y. Note that x(Ov) = x(Ox)x(Oy) = (1 — gx)
(1 - gy). We have

(f,0v) = (degdx)dy + dx(degdy) = 2(gx — 1) - 0y +0x - 2(gy — 1).

Therefore we obtain

XU = 4 1)+ (1= gx)by +0x (1= gv) + (1= gx0)(1 — gy)

1
[2 (1) _5X'5Y} +(6x +1—gx)(6y +1—gy)
Then it is enough to show that

X(f) <(0x +1—gx)(6y +1—gyv).

Notice that it does not change dx - 0y — ; (f,f)yifweadd axY + X x b
to f. Hence, without loss of generality, we assume that 0x > 2(gx — 1),
Sy > 2(gy — 1) and h%(0 — f) = 0. Therefore, since h'(f) > 0, it suffices to
show that

RO(f) < (6x +1—gx)(6y +1—gy).
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Let r := 6y +1 —gy. Take y1,...,y- € Y and put X, :== X X y;, fy, :=
fn X, € DivX,, Then we have degf,, = (f, Xy,) = 0x > 2(gx — 1) and
hO(fy.) = 0x + 1 — gx from the Riemann-Roch theorem for X,,. One have
the map

HO(Vaf)—)HO(Xylvfyl)@"'@HO(Xyr’fyr) (0'4)

given via the restriction ¢ — (¢|x, ,...,¢|x, ). Remark that dimH°(V, f) =
RO(f) and dimH(X,,, fy, )@@ H(Xy,, ) = Ox +1—gx)(0y +1—gy).
Therefore it is sufficient to show that the map (0.4) is injection for appropriate
yi’s. Let ¢ be an element of the kernel of the above map. Note that divy >
—f+>i_, X,,. Let Z € X be a generic point and put Y := 7 x Y. Then
oly € HO(?, (f=X_,X,)nN }7) with X, N Y = (%,y:). Since we have
degfNY = 6y > 2(gy — 1), by the Riemann—Roch theorem for Y, we have
RO(fNY) = 6y +1— gy = r. Choose the point y; so that RO(f N Y —
> i1 (Z,y:)) =7 — n. Then, for n = r, we have R%(f N Y — S (@ y) =0,
whence ¢|5 = 0. Therefore we conclude that ¢ = 0. This shows the desired
claim, hence (0.3).

Grothendieck further analyzed the above proof of Mattuck—Tate ([Gr]).
The map h° : Div(V) — N satisfies the following

(I) Riemann-Roch inequality : h°(f)+ A% — f) > ; (f, f—0)+x.

(11) monotone : h°(f) > 0= h°(f +g) > h’(g).
(I11) ampleness : h’(f) > 0= (f, H) > 0.

Here H is a hyperplane section, whence if h°(f) > 0 we have f ~ f+divy > 0
and (f, H) = deg(f + divy)|g > 0.

In our case, we view the function h° as h® : C.(g%) @ Zdy ® Zdso — N,
0 = (const.) (09 + doo) and H = §p + 0.

The idea is as follows

(f.f)y>0 SUN R(n- f) — oo (n — 00) (after changing f to +f)
)

We have (H, H) > 0. Suppose (f, H) = 0. Then, by the above formula, we
have (f, f) < 0. Namely, (-,-) has the signature (+, —, ..., —) (“Hodge-index-
theorem”). Taking the determinant of the symmetric matrix of the intersection
numbers (-, -) of the vectors dp, doo and f, we have:

60 500 f
do 0 1 Ox +
0o det 1 0 1% ~ det — >0
f 5X 5Y <fa f> -

But the determinant is 26xdy — (f, f), hence (0.3).
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In [Har2], it was suggested that finding h° : D — [0,00) where D C
C>®(RT) & Cdp @ Ci is sufficiently rich, satisfying (I), (II) and (III) with
(+,+) defined by

(60, 60) = (00, 000) =0,  (J0,000) =1
(f.80) = F(0 ) (f,05) = F(1),
(fr9) =(f*g"A),

where
(f,A) = f(0) + Z f(s), gh@)=a"tg(a").
¢x(s)=

Then we get the Riemann hypothesis. This is the “Weil philosophy”. Remark
that for Riemann hypothesis and the Artin conjecture for L(s, x), we need to
work with X a Galois covering of X associated with x,

x : Gal(X/X) — GL(V).

Thus we concentrate on zeta functions and do not deal with the L-functions.

0.6 Zeta Functions for Number Fields

Let K be a number field, O be the ring of integers of K, K, be the completion
of K with respect to the prime ideal p of K and O, be the ring of integers of
K. Let m1, ..., 07 +r, be the real primes, so we have
PE,=KegR=R"aC".
pin

Let A be the adele ring of K, A% be the idele group of K and O}, = Hp O;.
Notice that for the real prime 7, we have

o — {£1} for R,
T 1c®  for C.

Then we have Divg = A}, /O} and
Pick = A /0L K* 5 &+

with the kernel Pic(I? = A(Ip/(’)gK K* being compact. Let py be the set of
the root of unit in K. Then we have the exact sequence
* — e — Ofc — ([ Kn)) /[ 05, — Picl) — a3/ (01, K[ K5,) — =

~ ~ -
class Ok
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Since Pic(;) is compact, we see that

Ok~ pyge x ZmHr2—1

and the ideal class group of O is finite.

The following normalization (it is different from the common Weil-Tate
normalization) make sense: Let ¢o, be for finite p the characteristic function
of Op, and for real or complex 7: ¢o, (z) = e 1710 Let dz, be the additive
Haar measure on Kj normalized by dx,(¢o,) = 1, that is,

dx

Y for R,
™
= s nde),  dad
mQan = f; f;, r =1z +1xp for C.
Let || - ||p be the absolute values on K, normalized by d(az,) = ||a||pdzy,
that is,
lal|, = la|  for R,
7 ) a? for C.

Let d*ay be the multiplicative Haar measure on K normalized as

(1-Np™)" forpin,
VT for R,
1 for C.

d*ay = day
lallp

Let v : K, — CW) be the additive character normalized (modulo O;) by
Foo, = ¢o,, that is, ker 1), = O, for finite p, and

e for R,
wn(x) = {ei(x+z) for C.

Here

Fpely) = /K o(x) Py (zy)dy.

P
Similarly, we put ¢, = [[,¢p : Ax — CM and F = &, Fy- Take
0 € A} /O; K* (= the canonical class) such that ¢, (0K) = 1. Namely, if
8{1(’);, is the usual different of K, /Q), for finite p’s, then

7 for R,
Oy =
2m  for C.
We define the local zeta function by
(1 — Np_s)_l for ptn,

Cp(s) = / ) do,(a)llallyd a= ¢ I'(*) for R,
i I'(s) for C.
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and the global zeta function by

o) = T 60 - | dou @il e

-/ (3 o0, () llallp o d"a.
Pick=A} /O], K*

yEK*
where ¢o, . =[], ¢o,. Then the Riemann-Roch theorem asserts that
de(Ak/K) - > ¢o,, (va) =|lall;L > do,, (y0a™").

veEK v

The proof is the same as the one for (0.1). Taking log, we have
W) =log| Y e Zelmh] = dega+ 10007 + x.
YE(@™in

Note that dega = log||al|,' and x = — logdz(Ax /K) = 1 log||d||a, with

|Dk|

-1 _
HaHAK - 7 (QW)QTQ

where D is the discriminant of K. We have

H
o) = [ 3 do,, Callalii o= "5+ [ S b0, Gl d"a.
llallag <1 12k s llal|>1 ez
(Here Hg = “d*a(Pic%))” is obtained by comparing the Haar measure d*a

and the measure d°a ® ‘ff on Picx = Picg) x RT, via d*a = Hig - d°a ® Uit.)
Since the Riemann—Roch theorem gives

/ 3 do el

flveK

- dx(AK/K)’l/ > b0, (v0a Ylall;  d*a

llalla <1 427

H
— ot /K [ Y b0, (00lallf 0+ dalhae /)T
llallage >1 SR s—
we have
Ck(s) = du(hge /K) ! / S do,.. (100)ljalli*d"a
llal e 21 557
H H
+ / 3" do,, (vo)llalls, d*a + du(ag /K) T K HE
llal|>1 s—1 s

yeK
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This gives the meromorphic continuation of (x(s) to the whole plane except
for simple poles at s = 0,1 with residues

1
Res(i(s) = —Hk,  ResCx(s) = Hi - [[0]]4 -
Here we have the equality
2" b Ry
H#hx

where R is the regulator of K and hg is the class number of K. Then one
obtains the functional equation

g1
Ck(s) = [|0]]4,* Cx (1 —s).

For the proof of the functignal equation, we go to the Weil-Tate notations:

Let ¢ (x) := (0x). Then v is trivial on K. Let dz := dz(Ax/K)~! - dx so

that de(Ax/K) = 1. Let F be the Fourier transform with respect to -

x = “da(Picy =

)

]?80(1/) = /AQO(JU)QZ(my)ZZ;

We see that F is the self-dual Fourier transform: FF ¢0,, = ¢o,, - We have
Foo,, (y) = de(Ax /K) '¢o,, (9z) and get

CK(¢OAK (2),s) = CK(ﬁQbOAK’l —5).

Hence we have

(r(s) = de(Ax/K)~ / $0,, (Ba)llalla, d"a = du(Ax /K) " H|0ll5, Cx (1-5).

Note that, taking s = ., we have de(Ax /K) = H@HAK

For Weil-Tate’s case, w Yeann./ © Tri /@ and Yeann. /@ s the “canonical”
character of Q. Note that for number fields K we have a canonical embedding;:
Q — K, but for function fields K there is no canonical embedding: k(t) — K;
a choice of such embedding is equivalent to a choice of ¢ € K*\k* and this
is equivalent to t : X — P!(K). Then, for the number field, we have the
“canonical” differential form which is the pull back of the form from Q, but not
for function fields. Also the normalization dz(Ax/K) = 1 only fixes the global
measure dx but not the local factor dx),, while the normalization dz, (4o, ) = 1
fixes the local factors.

These normalizations are nicer than Weil and Tate’s: In the Weil and
Tate’s normalization, we have

dx
s for R, 2
m2I(5) forR, |z| e ™ for R,
Gn(s) = 1—s T = ¢On = —27|z|?
2m)" 7 °I'(s) for C, |dx A dx| for C e for C.

w2
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Hence the functional equation for the global zeta function (s, (s) is given by

Care (8) = [ [ Go(5) = D> *Cae (1 - 5)
p

with residues at s = 0,1
ResCuc(s) = ~Ck,  ResCue(s) = C| D[ "2,

where Ck := 2" (27)"2h R /#p ic. Further, our normalization is more nat-
ural from the “g-point of view”, which will apear below, and the n-limit which
relates the quantum and the reals. Namely, we can consider in the n-limit ()
1q,q 2|a
7|z|?, etc. Nevertheless, Tate and Weil’s normalization are so popular that we
will adopt their notations in the text.

This method also work for L-function. Namely, one can obtain the ana-
lytic continuation and functional equation of L(s, x) where x is a character
of A} /K*. Here, the point is that we consider only the characters which
are trivial on K*. For such x’s, we see that |[a|[}, x(a) L‘(i;c;() € S*(A)KT,
the space of K*-invariant distributions on A, and is analytic in s. Namely,
we are studying the action of A% /K* on “Ag/K*” which is a problem-
atic space!l When we concentrate on the zeta function, we study the action

of A%/O; K* on Ag/O; K*. Note that the Tate distribution 73 =
llal|3 . Ci*(i) € 8*(Ag )%« X" is holomorphic in s. For Re(s) > 1, 75 . has sup-

— |#2], rather than 7|z|?, and we get polynomials in |z|? rather than

port at A}, whence there is no problem. The problem occurs for Re(s) < 1,
e.g., 74, = dx, the additive Haar measure on Ag and dz(Aj) = 0 (this
is equivalent to (4, (1) = oo). Notice that while S*(Ax )X is very rich,
S(Ag)X" is empty. Therefore we have to work with the non-commutative alge-
bra S(A) x K* or for zeta function S(A)ng X K*/py . Note that, for K = Q,
Tate’s proof reduces to Riemann’s but Tate’s Ag/Q is better than Riemann’s

R/Z = Ag/ZQ because it carry the ergodic Q* action (vs Z* = {+1} action
on R/Z).

0.7 Weil’s Explicit Sum Formula

Normalize the critical line Re(s) =  to iR. Namely, we consider the function
Cax (s+3), and shift f(z) := 272 f(x) so that f%(z) := f*(z) = f(z~'). Then
we have

Ay =F)+f - Y e

Cape (s+3)=0

1 ~ 1
= f.f(s)dlogCAK (2 + s)
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~

ctico 1 1
— i | IR0 = Feldlog e (5 + ) + ) og Dl (e > )

(.- functional equation),

=- Z 21 f(s) /ioo dlog Gl + ) (. Euler product)

i —ioo Gz —9)loell,

For finite p, we have
_lnl n
(f,A), =logNp- > (Np)~ 2 f(Np") + f(1) - log |y |-
n#0

Note that log||0p|[a, = (A,A),. On the other hand, for p[n, it is more

complicated but we give the finite form of (f, A), in [Harl], [Har2] and [Har5].
The following formula connects the “Weil philosophy” with “Tate philos-

ophy” and seems fundamental (see [Harl] and [Har2]): For all p, we have

(F,A), = Fylog |l " Fy  ely * (f1p)(1)

0 -
- 8s’s:ofp‘x‘l° Ty l‘x‘p (flp)(1)

0 _1
B as‘s=0R;|x|" e (D). (0.5)

Here we denote by fl,(z) := f(|x|y), the composition of f with |- |,, and
;™ day
Cp(s)

by Tate’s (local) functional equation. Then Ry, is the Riesz potential. This for-
mula was checked in [Harl] by direct calculation and reproved by later authors,
cf. [Bur2], and [C2] where it is reproved in Appendix 2 in the asymptotic form:

Ry = Fy(lzly") = Gl = 9)

(f, ), = FoBe(a)log |zly ' Fy (£lp) (1) +o(c) (¢ — 00),

where

Bu(z) = 1 for |z|, <e¢,
10 for |z, > e

We like the Riesz potential formulation because
0
RS
zp: ds szo@ P

which change sum over primes (it is rarely understood) to product over primes.
We also can write it as (normalized) trace (cf. [Har2]), indeed, in more than

s 0
Rp_as

s=0



16 0 Introduction: Motivations from Geometry

one way (cf [Harb]). These trace formulas can be globalized to a form that
“shows” why the Weil distribution is positive (but does not prove positivity
because they are obtained via analytic continuation): The Riemann hypothesis
for Q is equivalent to the positivity

Z g](;Tr(e*SZvN"7r(f)7r(f)*7r(q)) >0,

qeQ*

where NV, is the number operator associated with the Laguerre basis at § = 1,
or the Jacobi basis at « = 8 =1 (cf. [Har5] (13.5.70) and (13.5.71)) and f is
a function such that ]’”\(%) + f(—%) = 0. A. Connes also tried to globalize the
asymptotic form of the formula and got

Tr(Pe(m(f))) = 2(logc) - +Z fi8), +o(1)  (e—00),

where P, is the projection approximating “F, B.F, !B.”, but this global for-
mula is equivalent to Riemann hypothesis. Recently, Meyer [Mey2] rewrote
the formula as a cyclic trace.

The following is Burnol’s proof of our formula (0.5): First we consider f
on Qy/Z;. We have the commutative diagram of spaces and isomorphisms:

* Jaly ? *
L2(Qs, d*zy) ™ ~ T 12(Qy, day)
1
REdr
jalyd ey 2 2 et
P PG5t
Y 'Cp(%+3)71 \
. o > .
L2(iR/ Xy, d°s) _ ~ L2(iR/Ap, [Gp(5 + 5)[°d°s)
Cp(5+s)-
(with A, = lig;Z for finite p’s). On each space, we have the following
corresponding operators:
On L? (Q;, d*mp)Z;: On L? (Qp7 dxp) R
1 . ;
Foo) el Al 705
i 1 1
I: (i) a2t I (ii) w(w)H| ! ()
(0) 10g‘£|p (0) log|m‘p
() 1+ 1 () 7' (1)
(*) log|z|p + ‘33|2~7:p10g‘33|p ‘37|p (%) (10g|w\p+f log |z|pF, )
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On L2(iR/\p, d°s): On L?(iR/Ap, [ (5 + 5)[°d°s):
Fio () f(s) f(—s)C”(f irs) Fi (i) s——s 1
CP(Q S) I (’L’L) A(S) s ]’(-\(78) CP(Q + S)
I: (i1) s+— —s ’ 411(;1», )
D Go(5 ts) (o G(5 +s)
I (i) Cp(%*s) I (i) Cp(é—s)
© o (0) ) +dlogGol(y +5)
() - f(s) (*) - J(s)
9 9 . G(L +s) Gl +9)
() g T T :(dlogcp(;_s)>- (%) (dlogcp(;_s))-
Then we have
Tr((log ||, + Fplog |x|pf*1)7r1(f))
0 0
= (g, =T, 7))
n Cp(; + 3)
- dl - —(f,A
Jiy Frtron 230 =~ .2,

= (10g|33|p —Flog\w\p 71) (1)
(loglwlpﬂx\p}' \x\ﬁloglwlplfﬂlp ozl 2 ) (1)
= Fplog|z|,F, Saly ? £(1),

We change from f on Qj/Z; to f on R*. Since we have the injection Qy/Z; —
RT via |- |p, by duality we have the surjection

™ iR — (Q)/25)",
and the local and global Mellin transforms
M, : S(Q,/Zy,) — 8(d°s,), M : S(RT) = S(iR)
are related by m, M f = Mpy(fol-|p) = Mpy(f|p) so that

~

(f(s), Up o ﬂ-p)iR = (ﬂ*f(s), @)(Q;/Z;)/\ = (Mp_lﬂ'*va VP)@;/z;

= (fo | ’ ‘P’VP)Q;/Z;'
This shows that
1
—Tr((log |z[, + Fplog|z[pF, )y (flp) = Fplog |x|;1]:71|$|p 2 (flp)(1)

/f —I—s;

Hence we obtain (0.5).
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Infinitesimal neighborhoods of the diagonal X = SpecZ in the (non-
existing, but see [Har6]) surface X x X is the tangent space TX. Moreover,
on X, we have A*T'(X x X)) =: V, arank 2 vector bundle on X. This explains
the connection of the Riemann hypothesis with SLs. The “phase-space” V'
has the symplectic form (-, -). Its “meromorphic sections” are V(Q) = Q x Q,
its adelic section are V(A) = A x A and its “holomorphic sections” at p are
V(Zy) = Zypx Ly = {(z,y) € V(Qp) | |z, y|p <1} with 2-dimensional absolute
value

gl o frcllalee o} forp o
T B+l for i

For a € A} (resp. a € Q), the “trace” of the Frobenius f, on V' is the line (1 :
a) € P1(V). Note that any line £ € P}(V) gives a maximal abelian subgroup
¢ x A of the Heisenberg group Heis = V x A!, hence the representation of
Heis given by Ind ?fkfl (1) is the fundamental irreducible representation of Heis
with central character 1. Therefore in any realization of this representation we
have a (unique up to constant multiple) distribution d, which is ¢-invariant
under ¢ x A!, i.e., f-invariant. For example, taking the Schrédinger model we
get an embedding P1(A) — P1(S*(A)), ¢ — & e.g., for ¢ € S(A) (resp.
S(Qp)), we have the distribution dp and deo:

So(@) = 0(0) = 7%(p) (unique invariant with respect to ¢(z) — () (yz)),

boo(p) = /A @(z)dz = 71(p)  (unique invariant with respect to p(z) — @(z)b(z +y)).
K

The unitary action of the multiplicative group on these distributions is

A (NE) =T )70 P OE =T,

For the Heis story, see Chap. 12 of [Har5]. For the (many) trace formulation
of the Weil distribution and approximations of the Riemann hypothesis using
g, see Chap. 13 of [Har5]. For X = SpecOk, the compactification of SpecOg
(e.g., SpecZ = SpecZ U {n}) as a true geometrical object, see [Har6]. You will
find in [Har6] also the (compactified) surface X xy X with F being the “field
with one element”.
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Gamma and Beta Measures

Summary. In Sect.1.1 we start from Z, = liLnZ/p", the inverse limit of Z/p™. It
defines a rooted tree with valencies p. The collection of all paths of this tree is Z,.
Similarly we have a tree for projective space lim P*(Z/p") = P'(Z,) = P*(Qp) =
QpU{o0}, the inverse limit of the projective space P*(Z/p™). This is the p+ 1-regular
tree. The boundary is the collection of all path on the tree and is identified with the
projective line P*(Q,).

In Sect. 1.2 we put the p-adic y-measure TZ on Zj, defined by

P (x :xﬁd*x
L@ =kl S (B3>0

and we give the real analogue, the usual y-measure

8 d*x

10 P70

T, (@) = ¢z, ()|z|

2
where ¢z, () = e ™" is the “characteristic function of Z,”.

In Sect. 1.3 we similarly put on P'(Q,) the measure

pr, (72, (z) ® TZD (z)).

This is a projection of the probability measure on the plain Q, x Q, down to the
projective line P'(Q,). We denote it by 75"? and call it the 3-measure; it is given in
terms of the canonical distance function p on P'(Q,):

d*x
Cp(av ﬁ) )

Here (p(a, 8) = (p(a)(p(B)/¢p(ar + B) is the beta function. Again we obtain the
Markov chain on this tree.
We notice that the measure Tgp is Zy-invariant, whence we can look at it as a

(@) = pl(w)p5 ()

probability measure on the quotient Z,/Z, and easily obtain the simple tree on the
quotient space. Also the measure pr, (TZO‘P (z) ®T£P (z)) is Z;-invariant. Then dividing
by Zj;, we get similar tree for P*(Q,)/Zs. Now we further divide the projective
line P*(Q,) by Zy, % Zp. This semi-direct product is isomorphic to the subgroup of
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* *
PGL>(Zy) whose element are of the form (0 *> Our measure 757 is not invariant

under Z, x Zy, but we can project it down to P*(Qy)/Zj x Zp, we denote the image

measure by Téaw . Note that it is not symmetric in the two parameters a and (.

Then we have a Markov chain on the tree [] P*(Z/p™)/(Z/p™)* x (Z/p™), it is called
n>0
the p-adic (-chain.

1.1 Quotients Z,/Z} and P'(Qyp)/Z} X Zy,

1.1.1 Z,/Z%

Every p-adic integer can be written as a power series in p and such a repre-
sentation is unique. Namely we have

Zp =MmZ/(p") = { ap + a1p + agp® +--- [0 < a; <p (j > 0)}.

We here show that the ring of p-adic integers Z, can be identified with the
paths in a tree starting from an origin. For example let us consider the case
p = 3. All element in Zs have a series expansion in 3. There are three choices
for the constant term ag, and each one of those has also three choices for aq,
and so on. We obtain a tree in Fig. 1.1 in this way and regard a 3-adic integer
as a path in the tree from the origin O.

Note that for an invertible element in Z,, we have ag # 0. Hence, similarly,
the set of all invertible elements Zj in Z, can be expressed as

Zy =1m(Z/(p"))" = { a0 + arp + agp® + -+ |0 < a; < p (j > 0),a0 # 0}.

7/3 7/3

Fig. 1.1. Z3
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(Z/3) (z/3%)"
Fig. 1.2. Z3

We remark that the group Zj is a multiplicative group, while Z,, is an additive
group. It is clear that the tree corresponding to Zj is obtained by removing
a first branch of the tree corresponding to Z, because ag # 0 (see Fig.1.2 in
the case p = 3).

The group Zj;, acts on Z;, by multiplication. Let us consider the quotient
Zy/ Z,, by the action and give a tree corresponding to Z, / Zy. In the tree of
Zp, all branches corresponding to ag # 0 are clearly equivalent to Z;. Hence
the tree of Z,/Z; have two branches in the first stage. If ap = 0, we have
also two choices; either a; = 0 or a; # 0. Then all branches corresponding to
ar # 0 are equivalent to pZ,. Continuing this procedure we obtain the tree
of Zy/Z% in Fig. 1.3 and have Z, /Z% = {0} U| ]~ p"Z5 ~ {0} Up". Here we
denote by N the set of all non-negative integers.

1.1.2 PY(Qp)/Z3 % Zyp

Next we investigate the tree of the projective line P*(Q,), which is defined
by the set of all equivalent classes of Q, x Q,\{(0,0)} under the equivalent
relation ~. Here (z,y) ~ (2',y') means that there exists some ¢ € Qj such
that 2/ = cz and y' = cy. Since Q, = Frac(Z,), we have clearly P'(Z,) =
PY(Q,) = Q, U {oo} and write

PHZy) ={0=(1:0}U{(1:2)|zecQ}U{occ=(0:1)}. (1.1)

As is the cases of Z;, and Zj, P(Z,) is also expressed as the inverse limit;
PY(Zy) = limP'(Z/p"). Then we will also obtain the tree corresponding to



22 1 Gamma and Beta Measures

Ly,

- p
pQZ*

-~ P

B

Z/p/(Z/p)"  Z/p*/(Z/p*)*

Fig. 1.3. Z,/Z; ~ p" U {0}

PY(Z/3) PY(Z/3?%)

Fig. 1.4. P*(Z3)

PY(Z,). Since the cardinality of P1(Z/p) is just p + 1 (that is, 0 = (1 : 0),
(1:1),...,(1:p—1) and co = (0 : 1)), the tree of P}(Z,) has p + 1 branches
at the first stage. Then each branch has p sub-branches. Hence we obtain the
tree in Fig. 1.4.
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The action of the unit group Z; on the projective line PY(Z,) is given by
PY(Z,) x Zy> ((w:y),a) — (ax :y) = (2 a ty) € PYZ,).

Similarly, the tree corresponding to the quotient P*(Z,) /Zy, can be obtained
as the case of Z,/Z. Further the group PGLy(Z,y) also acts on P'(Z,) as
follows;

PY(Z,) x PGL2(Zy) > ((w : y), (CCL Z)) — (az + cy : b + dy) € PY(Z,).
Then it is easy to see that the stabilizer group Stab(0) of 0 = (1 : 0) is given by

Stab(0) = {((1: 2) € PGL(Z,)

cezy de ).

This shows that Stab(0) is isomorphic to the semi-direct product Zj x Z, by
the isomorphic map

10

Stab(0) <c d

) — (o) € Z5 X 7,

and, hence, we obtain a smaller quotient P'(Z,)/Z% x Z, of P'(Z,) than
P'(Zy)/Z. From the tree of P'(Z,)/Z, we obtain the following tree cor-
responding to P'(Z,)/Z;, x Z, since two elements (p™ : 1) and (1 : 1) are
equivalent under the action of Z$ x Z, for all n € N (Figs.1.5 and 1.6).
(In fact, (p" : 1) - (1,1 —p") = (1:1) and clearly (1,1 —p") € Z; x Zj.)

Fig. 1.5. P'(Z,)/Z;; ~ p” U {0, 00}
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(1:1)Z x Z,
(1:p)Z; x Zy
(1:p*)Z; % Zy

0
Fig. 1.6. P'(Z,)/Z; x Z, ~ p" U {0}

1.2 v-Measure on Q,

1.2.1 p-~v-Integral

Let p be a finite prime. It is known that Q, is a locally compact topological
additive group. Let dz be the Haar measure on Q, normalized by dz(Z,) = 1.
Since dzx is invariant under the addition and any open set will be represented
as disjoint union of sets such as ¢ + p"Z,, we note that dz(q + p"Z,) =p™"
for all n € Z. Let ¢z, be the characteristic function of Z,;

1 ifw e Zy,
%(”3)_{0 itz ¢ Z,.

We also let d*x be the Haar measure on the multiplicative group Qj, nor-
malized by d*z(Z;) = 1. Since d(a - ) = |a|pdz for any a € Qy, the
measure dz/|z|, is also invariant under the multiplication. Since the Haar
measure on @ is unique up to positive constant multiplication, it holds that
d*z = c-dz/|z|, for some ¢ > 0. Actually,

c= (@) = da(z) ! 1z, = 1)

= (dx(Zp) - dm(pzp))il
— (1 _ p—l)—l
= P(l)’

where (,(s) := (1 —p~%)~! is the local zeta function at p. The function (,(s)
is expressed as the following p-y-integral:

Go(s) = /@ on, (@l (1.2)

In fact since Z,, = | |5 p"Z;,, we have

/@; b, (@lalide = 3 /M; alidiz = 3 p = (1= p=*)~1 = G(s).

n>0 n>0
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1.2.2 n-v-Integral

What is the real analogue of this, or what is the “characteristic function ¢z,
of Z,,”?7 From the complete Riemann zeta function, the local zeta function at
the real prime p = 7 is defined by (,,(s) := 7~ 2I'() where I'(s) is the gamma
function. Suppose (,(s) has the similar n-y-integral

(ol5) = /@ ba, (@) |25 d", (1.3)

where d*z = dx/|zl; is the invariant measure on Q; = R* and |z, is the usual
absolute value. By the Mellin inversion formula, the mysterious function ¢z,
should be given by

1 o+1i00
b @) =y [ Gl ds (0 >0)
=3 ((Reg Gy(s)) a2 (o — —o0)
n>0
—1 n
n>0 ’

7’71'1?2

Hence we have ¢z, (z) = e

1.2.3 ~-Measure on Q,

From the y-integral (1.2) and (1.3), for 8 > 0 and all prime p > 7 (this means
that p=1,2,3,5,...), we define the y-measure on Q, by

d*x
G(B)
Then TZ is a probability measure on Q,; fQ’ TZ = 1. The name of the -

= b2, @)l

/3

measure is given from the gamma function. If p = 7, Tgn is the Gaussian

probability measure, which is invariant under Z; = {£1}. If p # 7, then Tzﬁp
is also invariant under the action Z;, whence gives a probability measure on

Z,/Zy. Notice that for all n > 0, we have Tzﬁp (p"Z5) = p~"P(1 — p~F) (see
Fig. 1.7).

1.3 3-Measure on P'(Q,)

1.3.1 The Projective Space P! (Q,)

We next define a measure on the projective line P!(Q,), which is called
B-measure. Let V(Q,) = Qp, x Q, be the plane and V*(Q,) := {(z,y) €
V(Qp) | (z,y) # (0,0)}. We define a symplectic form on V(Q,) by

(1,91)s (2,92)) = 2192 —1z2  (21,91), (T2,92) € V(Qp)
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y-measure
- I (1=p7")
- L pP(1-p")
0]
O P A-p7")
O PP (1 -p77)
o
Fig. 1.7. v-measure on Z,/Z;,
and an absolute value on V(Q,) by

max{|z|p, [ylp} ifp#n,
el =l@l=1 T (w.4) € V(Q,).

i+l itp =

For p # n, put
V(Zp) : = Ly X Ty,
VH(Zy) : = {(z,y) € Ly ||, yl, = 1}.

Then the projective line P'(Q,) is expressed as P'(Q,) = V*(Qp)/Q; =
V*(Zy)/Z3. For all p > ), there is a canonical distance function p), : P*(Q,) x
P'(Q,) — [0,1] defined by

‘x1y2 - yll‘z‘
() a2 ae) = 8 TR
’ )

The function p, is well-defined. Namely, the value p,((z1 : y1), (2 : y2))
is determined independently of the choices of (x1,y1) and (x2,y2) in the
equivalence class. The following properties are easily obtained.

(i) pp(v1,v2) €[0,1],

(i) pp(v1,v2)

(4i1) pp(vl,vz) pp(vz,vl)
) Pp( )

=0 <= v = v9,

(iv

v1,03) < pp(v1,v2) + pp(v2,03)
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Hence p, is a metric on P'(Q,). Further if p # 1, we have
(iv) pp(v1,vs) < max{pp(vi,v2), pp(va,v3)},
(v) pp(v1,v2) <p™" <= v; =vy (mod p").

For p =1, we have
pn(v1,v2) = |sinf)|,

where 6 is the angle between the lines v; and ve. Let us denote po () (resp.
po(z)) the distance with respect to p, between (1 : x) € P1(Q,) and co =
(0:1) (resp. 0 = (1:0)). Namely,

poc(@) s = pp((0: 1), (15 2)) = 1,2,
pol@) s = pp((1:0),(1:2)) = [L,a ",

It is easy to see that for p # n

pl) =4 HEE D pole) = 4 Tl T €T g )
\x\; if x € Q\Zp, 1 if x € Q\Zyp,

and for p =7
poo() =(1+2%) 72, po(z) = (1+272)72. (1.5)
Finally we have

max{ps(z), po(z)} =1 ifp#n,
poo(@)® +po(x)? =1 ifp=1

and for all p > n

_ po(z)
‘x‘P - oo(x) .
1.3.2 B-Integral
For p > n, we put (@6 (8)
— Cpla)Gp (B
Cp(a,ﬁ) . Cp(a'i'ﬁ) .

Then, for Re(a) > 0 and Re(8) > 0, (y(a, §) is expressed as the following
B-integral,

Coln ) = /@ poc () po(@) " (1.6)

*
P
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Let us prove this. If p # 7, note that for n € N we have from (1.4)

pP ifxc P" Ly,
poo(®)*po(x)’ = 4 1 if x € Z5,
p " ifzep"Z,

Hence the right hand side of (1.6) is equal to

—na —nB _ L—p o F _ ()G (B)
PR = 1m0y T et )

n>1 n>1

On the other hand if p = 7, from (1.5), the right hand side of (1.6) can be

written as
/ (1+2%)"2(1 —|—x72)7§d*x = / (1+x)"2(1+ afl)ggd*x
* 0

a By _ r($)0(5) @) 8)

=By p) = r(et%y  Gla+p)

where B(a, ) is the beta function. Hence we obtain formula (1.6).

1.3.3 B-Measure on P! (Q))

From the (-integral (1.6), for @ > 0 and 8 > 0, we define the 8-measure by

B . a B d*x
Tp T pOO(w) po(x) Cp(aaﬁ)

The name of the S-measure is given from the beta function. Since the pro-
jective line P1(Q,) is expressed as (1.1), T;‘”B gives a probability measure on
P}(Q,) for all p > n. Further since Tg‘”@ is invariant under the action of Zy, it
is a probability measure on P*(Q,)/Z;. Here we can take p both finite or real
prime. If p # 7, we have

p"*  ifn <0,

o =p )1 =p7P) .
T;»ﬂ((l (")) = (1 — po—p) X <1 ifn=0,
p~™ if n > 0.

(See Fig. 1.8.) Note that while Tg‘”@ is not invariant under the action of Zy x Zj,
we can project 7';}’5 to a probability measure on P! (Qp)/Zy; x Zy. Tt holds that
for p # n

bz k) = P T {(1 —p ) ifn =0,

(1—poh) p~ ifn>0

since, for n = 0, we have 1+ p™"* = (1 —p~ %)~ ! (see Fig.1.9).
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(B-measure
00
’// * —2a (1-p~*)(1—p~ P
- Pz pre 0T
- (DT —a (1-p~*)(1-p~ %)
P 2B P pmem)
. - . * (1-p~)(1-p~ ")
O + o (1:1)Z, (1—pab)
- (1:p)Z pf (=P~ ) 1=p=7)
P)ep (1-p==#)
. 2\ 7" —28 (1-p~*)(1-p~ )
oo (pT)Z, p (1-p-a—p)
0
Fig. 1.8. B-measure on P'(Q,)/Z;
([-measure

* —ay—1(1—p~*)(1—p~ P
Sz ez, (L—p) 0T

—B(-p~)(1-p~F)

ke (1p)Z;D<ZP p (lfpfa*l?)
o 2y —25 (1—p~*)(1—p~F)
id (1p )ZPIXZP p (1,1)—&—;3)
L3\ 38 (1—p ) (1—p~ P
Nz, p=38 (p” 027
"0

Fig. 1.9. B-measure on P'(Q,)/Z; x Z,

1.4 Remarks on the v and 3-Measure

1.4.1 B-Measure Gives v-Measure

The [-measure is more basic than the y-measure. Actually the y-measure is
obtained by taking the limit @ — oo of the S-measure. To see this, we first
consider the case of a finite prime p # 7. Since po(z)” = \x\g on Z, and

poo () — ¢z, (),
Gl B) — Gp(B)
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as o — 00, it is clear that the S-measure converges to the y-measure. For the
real prime p = 7, remark that

TP (@) = do(x) (o= 00),
where Jo(z) is the delta measure supported at 0. Hence we consider the

following scaling limit. By the Stirling formula we have

_ Gl
SOt )

[e%

Vs e

68 ~ (

This yields that
o

() ) = (1) (e T

_B
=)

Lty T
"¢ (8)
as @ — co. Hence we have Tﬁ"ﬁ((;r)fé ) — Tgn (z) as @ — oo. Note that,
more generally, we have for ¢ > 0
. 1
50(.13) if A< 9
-2 s x
o,B a . C\2 _cyz2 3 d*x . _ 1
TG )= () e g A=y T
1
000 () if A > 5

1.4.2 v-Measure Gives 3-Measure

Next we show that the y-measure gives the S-measure. Let us denote by pr,
the push forward from the set of measures on V*(Q,) onto the set of measures

on P1(Q,). Then the measure pr*(T%P ® TZD) gives the S-measure. Actually it
holds that

lal lazl

o TB _ * ;é
Jog 07 = [ o e enten

‘x‘g * a+p3
= d . .
G(0)6(9) /@; @ dz,(a- L) lal}

_lalgl,alye

Cp(@)Gp(B)
= z)%po(z)? L .
- pOO( ) PO( ) Cp(avﬁ)

Cpla+B)
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Hence we have pr, (TZO‘p ® TZD) = 7'1?’5 . Notice that in the second equality we
use the relation

¢z, (a)¢z,(b) = ¢z,(|a, blp)

where |a, b|, on the right hand side denote any element of Q,, of absolute value
|a, b|p; this is shown as follows. We have for p # n

1 ifa,beZpy,

0 otherwise

(pr(‘a? b‘P) = { = (pr (a)¢Zp (b)

and for p =7

a,b = e*’n'(\/a2+b2)2 = €77Ta2
¢Zn s Oln

e ™ = ¢y (a)éz, (b).

1.4.3 Special Case a =08 =1

As a final remark we consider the -measure at a special value of the param-
eters, that is, « = § = 1. For a finite prime p # 7, Tz}’l gives the unique
PGLsy(Zy)-invariant probability measure on P!(Q,). For the real prime p = n,
74 gives the unique O(2)-invariant probability measure on P'(R). Note that
O(2) = GLy(Z,). Similarly, the y-measure TZ at 0 = 1 gives the additive
measure

TZIP () = ¢z, (z)dz.
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Markov Chains

Summary. In Sect.2.1 we show there is a bijection between probability measures 7
on the boundary space 90X of a tree X, and Markov chain on X. For each point x on
the tree, we consider the set of all the paths going through x and call it the interval
I(z). The interval splits into intervals I(z") corresponding to each arrow = +— z’, and
we give this arrow the probability 7(I(z"))/7(I(z)). The sum of the probability is
equal to 1. This is a Markov chain. We then give a brief description in Sect. 2.2 of the
boundary theory of general transient Markov chains. Let X = || X, Xo = {20}
be the state space, P : | |, Xn X Xny1 — [0, 1] the transition probability. Then we
have

Probability measure 7, (z) = (P*)"s,(z) (z € Xn),

Green kernel G(z,y) = P" "(z,y) (z€ Xn,y€ Xn),
. G(z,y)
Martin kernel K(x,y) = .
( y) G(x07 y)

The Martin kernel gives a metric. The sequence {y,} is a Cauchy sequence if
{K(z,yn)} is a Cauchy sequence of R for all z and {yn} ~ {yn} if {K(z,yn)} ~
{K(z,y;,)}. Then we obtain the compactification

X = {Cauchy sequence of X}/~ = X U0X.

Recall the theorem that every super-harmonic function f is equal to K, for some
4 which is a probability measure on X U 0X. Here a function f is called super-
harmonic if Pf > f. If Pf = f, we call f a harmonic function and p is a measure
supported only on the boundary dX. The set Harm(X) of all harmonic functions
on X is divided as

Harm(X) = Harm (X )ext U Harm(X )non-ext
and the boundary 0X also decomposes as

aX = aXext u aXnon»ext-
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Here a point y € 0X is called extream if K5, = K(z,y) is extream harmonic
function. Then there is one-to-one correspondence between the probability measures
on 0Xext and the harmonic functions on X.

2.1 Markov Chain on Trees

2.1.1 Probability Measures on X
Let X be a tree and zg € X the root. For n > 0, we denote by X,, the set
X, :={x € X|d(zo,z) =n}.

Then X decomposes as the disjoint union of X,; X =||,~,X,. Note that
Xo = {z0} and X,, is a finite set. The boundary dX of X is defined by the
inverse limit of sets X, or as the collection of all paths starting from the
root xg,

0X = @Xn = {53 ={z,} ’.Z‘n € Xny d(XpyTpy1) = 1}.
For z € X,,, we denote I(x) C 0X, which is called the “interval” of z, by
I(z) = {& ={an} € 0X |2, = 2}

and give a topology in X by regarding the family {I(z)|x € X} as open
base of 0.X.

Let 7 be a probability measure on the boundary dX. Then we obtain a
function 7 : X — [0, 1] defined by 7(x) := 7(I(x)) and it satisfies

Two)=1, ()= Y 7(@@) (z€Xy,) (2.1)
m’eX,,L+1
since I(xo9) = 0X and I(z) = ||, I(z'). Here we write x +— 2’ instead
of d(xz,z’) = 1. Conversely, let T be a function on the tree X satisfying the
condition (2.1). Let 7(I(z)) := 7(«). Then 7 gives a probability measure on
0X since each open set of 0X is expressed as the disjoint union of some
intervals I(x). Therefore we have the following one-to-one correspondence;

1:1 [ the function on X satisfying
M (0X) — { the condition (2.1) }

Here 91, (Y) denotes the set of all probability measure on Y.
Now given such a 7, we define the probability of going from z to z’ by
P(x— ') :=7(2')/7(x). It is clear from (2.1) that

Y Pla—a)=1 (zeX). (2.2)

z/eX

ey
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Hence we have a Markov chain (the condition (2.2) is called the Markov
condition). Namely, we have a tree X, which is called the “state space”, and
the function

P | Xnx Xpg1 — [0,1]

n>0

satisfying the condition (2.2). We call such a function P the “transition prob-
ability”. Conversely, if we are given a tree X and a function P satisfying the
Markov condition, we can get a probability measure on dX as follows; For
any x € X, we have the unique path zg — x1 — --- — x, = x from z( to z.
Define the function 7 : X — [0, 1] by

7(z) := P(xg — x1) -+ P(xp—1 — Ty, = ).

Then we have from (2.2) that

Z T(2') = Z P(xgr—x1) - P(rp_1 — )Pz — )

Tz’ T/

=P(xogr—11) - P(xn_1— 2) Z P(x — 1')

Tz’
= 7(z).

Hence the function 7(z) satisfies the condition (2.1) and 7(I(z)) := 7(x) gives
a probability measure on 9X. We call 7 the harmonic measure of P. Hence
we obtain the following one-to-one correspondence;

W(@X)é{ Markov chain on X; }
1 .

transition probability P
2.1.2 Hilbert Spaces

Let P be a transition probability and 7 its harmonic measure on 0X. Then
we can obtain the probability measure 7, on X,, by

Ta(®) = 7(I(2)) := P(o = @1) - - P(zn1 =) (z € Xn),

where zg — x1 — - - - +— x,, = x is the unique path from g to x. This can be
also written as 7,(x) = (P*)"d,,(x) where P* is the adjoint of P and ¢,, is
the delta function at z¢ (see the next section). Hence, for all n > 0, we obtain
the Hilbert space

Hy 1= (X m) = {f : Xo = C| I |1, < o0},

where || f||n, = (f, f)}j{f and (-, )y, is the inner product of H,, defined by

(f,9)m, == > [(@)g(x)ma(@).

Xy
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For each n > 0, we have an embedding H,, — H,,+1 defined by
Hyspr— ¢ € Hpprs ¢/ (@) = p(a),

where € X, is the unique element such that z +— z’. This is an unitary
embedding, that is, it preserves the inner product, and we hence identify H,,
with a subspace of H, 1. On the other hand we have the orthogonal projection
from H,, 1 onto the subspace H,

Hyp1 3¢ —p=Pp €H,; Py(z):= Y Plara) @)
e’ €Xp 4

z—x’

In fact, we can easily show that o' — Py’ € H,™ == {f € Hop1 | (f,9)m,., =0
for all g € H,}.
Since we have a probability measure 7 on dX, we have another Hilbert

space

n+1

H:=00X,7)={f:0X > C|||f||ln < oo},
where || f||g = (f,f)}f and (-, )y is the inner product of H defined by

(f,9)u = [ [(&)g(2)7(d2).
0X
There is also an unitary embedding map H,, — H for all n > 0 defined by
H,>p+— ¢ € H; @(i‘) = ()

with & = {x,} and this is an unitary embedding. The orthogonal projection
from H onto H, is given as follows;

. 1 . -
H>@+— pe Hy: o(y) == o (2n) /I( )gp(w)T(dx).
P P P P P
T T, e T

Hy ¢ =H ¢ =..C g ¢ ~H O .

m

)

H

2.1.3 Symmetric p-Adic 3-Chain

Let us describe the Markov chains associated to the p-adic trees and measures
on them. We first give the symmetric S-chain on the tree P*(Q,)/Z; with
f-measure. The set of all points on the tree P'(Q,)/Z is identified with
X = N x N, the state space. In fact, let

X, = {(4,j) € Nx N|max{i,j} = n}.
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Fig. 2.1. Symmetric $-chain on P'(Q,)/Z;

Then X,, can be identified with P*(Z/p™)/(Z/p™)* by the following corre-
spondence;

Xn 3 (i) 7 ("7 p" ) € PHZ/PM) /(Z/P")"

One can easily obtain the probability measure of each arrow (see Fig.2.1).
Remember the projection from P'(Q,) onto P*(Q,)/Z;. If we want to
know the probability measure of an arrow in the tree of P1(Q,), we divide
the probability of the projected arrow in P'(Q,)/Z5 by the number of the
arrow of P!(Q,) corresponding to the given arrow in P*(Q,)/Z;. For example
if « = 8 =1, it it easy to see that the probability of each arrow is given as in
Fig.2.2 (for the case p = 3). Note that if « = 8 = 1, the S-measure T;’l is the
unique PGL3(Z,)-invariant measure. In this case we call this the “random
walk”. Random means that the probability of each arrow is alway the same

at any stage. But this is only a = 5 = 1.

2.1.4 Non-Symmetric p-Adic 8-Chain

The symmetric 3-chain on P'(Q,)/Z; is still too complicated for us. We next
consider the chain on the tree P'(Q,)/Z% x Z,. Since this is not symmetric,
we call this non-symmetric G-chain. Note that the tree of P'(Q,)/Zy x Z, is
obtained by collapsing all of the paths corresponding to (p" : 1)Zy for n > 0
of P*(Qp)/Z; together. Let

Xo={(i,j) eENxN|i+j=n}.
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1—-p—
1—p7a— N

(1-p~*)p~ "~
o U

Fig. 2.3. Non-symmetric 3-chain on P'(Q,)/Z; x Z,

We also regard X = N x N as the state space by the following correspondence;
Xn 3 (6,5) — (L:p"9) = (L:p") € PYZ/P™) /(Z/p")" % (Z/p").

The probability measure is also given in Fig. 2.3. We will concentrate on this
chain because it is very simple and will expect a real analogue of the chain.
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Notice that the dimension of the Hilbert space H,, = ¢?(X,,, 7,,) is given by
dimH, = #X, =n+ 1. Now H, is embedding into H,;; and the dimension
grows by 1 at each stage. Therefore we conclude that there is a unique function
©n # 0, up to constant multiplied in H, N(H,_1)* and obtain the orthogonal
decomposition H,, = Cp,, & H,_1. Let us decide this function. First it is easy
to see that

w1 =1, (2.3)
where 1 is the constant function. Next ¢y is the function on X; = {(1,0),(0,1)}
and satisfies (¢1, o), = 0. Namely,

©1(1,0)71(1,0) + ¢1(0,1)71(0,1) = 0.

Since 71(1,0) = (1—p~)p~?/(1—p~ 2= P)and 71(0,1) = (1—p~?)/(1—p~2—F),
we conclude that

i) = (1 _piﬁ)pﬁ if ('Lv.]) = (1’0)a
At = {—(1 —p ) i G0) = (0. 1) 2

Similar on the n-th set X,, = {(n,0),(n — 1,1),...,(0,n)} for n > 2, the
function ¢,, is given by

on(i,j) = ¢ —pP—1 if (i,7) = (n — 1,0), (2.5)
0 ifo<i<n-—1.

By the embedding H,, — H,1, the function ¢,,, which is an element of H,,,
can be viewed also as the function on the following spaces Hy for N > n.
Hence we also obtain the orthogonal decomposition of the N-th layer Hy
from (2.3), (2.4) and (2.5);

@ Cg&N,ma

0<m<N

where

1,
ﬂﬁ if 0 <i <N,
(3
onali,g) —oy ifi =0,
wm ifm—1<i<N,
_pﬁ ifi=m-—1, (m > 2).
ifo<i<m-—1,

@le.]
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Remember that the function ¢,, can be naturally viewed as the element of the
boundary space H = ¢?(0X, 7). Therefore the Hilbert space H is also written
as the orthogonal direct sum over all m > 0;

H = @(Ccpm.

m>0

Identifying the boundary 0X = P}(Q,) /Zy, % Zyp, we have

¥Yo = 1,
o1 =1+p" —p M )pz, — (1 —p~ )1,
Om = pﬁm(bpmzp _ pﬁ(mil)(ﬁpm*lzp (m > 2)

since, say for m > 2, pp, = (1= p=P)p " Gpmz, — pP"= 1 (ppm-1z, — ¢pmz, ).
We will denote in future Hy by H]g?g[ﬁ) (The reason why we denote («)
but not «, 3 is that it is not symmetric for o and 3.) The boundary space H is
)B ()B
p(N),m

the basis ¢,, of H by gp,()f%ﬁ . We call wé?;f) ., the p-Hahn basis (an analogue of
)B

the Hahn polynomial) and go;(,,m the p-Jacobi basis (an analogue of the Jacobi
polynomial).

also written as H,()a . Further we denote the basis oy, of Hy by ¢ and

2.1.5 p-Adic y-Chain

Let us consider the y-measure. Take o — oo in either the symmetric 8-chain
or non-symmetry (J-chain. We get the following tree in Fig.2.4, called the
p-adic v-chain.

Fig. 2.4. ~-chain on Z,/Z;,
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Similarly we obtain the orthogonal decomposition of Hy and H;

Hy:=Hyy = D Copmm

0<m<N
H:= HZIBP = @ (Cgogpvm’
m>0
where gop(N) o (resp. cpgpﬁm) is the basis of Hy (resp. H) defined by
oo = 1
(1—p P’ if0<i<N,
iy (i:3) = et H#D <
Pr(N)1 if i =0,
(1—pP)pf™ ifm—-1<i<N,
Oy :9) = —pﬁ( D if i =m— 1, (m > 2).
0 if0<i<m-—1,
and
SDZP,O = (pr’

Sogp’m = pﬁmgbpmzp — pﬂ(m_l)gbpm—lzp (m Z 1)

We call ‘ng,m the p-Laguerre basis, it is the analogue of the Laguerre
polynomial.

Note that if 8 = 1, the y-measure can be written as Tzlp = ¢z, (z)|z| d*z/
(p(1) = dx, where dx is the Haar measure of the additive group Q, normalized
to be a probability measure by dz(Z,) = 1. This show that Tzlp is an “additive”
measure. Hence the probability of each arrow in the tree of Z, (which is over
that of Z,/Z;) is given by 1/p, therefore it is also random walk see Fig.2.5
(for p = 3).

Notice also that if we take the limit § — oo, the «-measure TZ'BP becomes
the probability measure on Z since TZBP (x) — 0 for x € pZ,. Furtherif z € Ly,
we have TZ (z) = ¢z; (z)d"x/(p(B) — d*x and this gives the “multiplicative”
measure.

2.2 Markov Chain on Non-Trees

2.2.1 Non-Tree

Now let us consider the real analogue. We already obtain the real analogue
of the measure on the boundary, the real analogue of the y-measure and
(B-measure. Then what is the real analogue of the Markov chain? We usually
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X

1
1 p
p
1
D
1
0 1 /
p 1 p
x
T
p
1
p 1
1 p
p

Fig. 2.5. Random walk on Z,

represent a real number as a path in a “tree”. For example, in decimal expan-
sion, each real number is identified with a path from the origin in the 10 + 1
regular tree and we obtain R, the set of all real numbers, as the boundary
of the tree. Here we sometimes identify two paths, for instance, 1.0000... is
identified with 0.9999. ... This shows that the boundary is not totally discon-
nected, hence this is a non-tree (for any tree, the boundary is always totally
disconnected). In this section we study the Markov chain on non-trees, which
can have continuous boundary.

2.2.2 Harmonic Functions

Let X =|],>0Xn, Xo = {0} and X,, be a finite set for all n > 0. We call X
the state space. Let P : | |,y Xn X Xpt1 — [0,1] be a transition probability,
that is, P satisfies -

Y Pra)=1 (z€X,). (2.6)

' €Xnt1

Then we says that we have a Markov chain. If for any x € X, there exists a
sequence Zo,Z1,...,%, = ¢ such that z; € X; and P(z;,z;41) > 0, we say
that x is reachable from zy. We assume that every state x € X is reachable
from zg. The function P can be extended as a function on X x X by giving 0
if two points x, 2z’ are not connected. Therefore we can regard P as a matrix
over X x X.
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We also regard P as an operator which acts on ¢°°(X), the space of all
bounded function on X, as follows;

= Y P(x,2)f(2)
z'eX
It is easy to see
(i) f>20=Pf >0,
(it) P1=1
from the Markov property (2.6).
We have the adjoint operator P*, which acts on £}(X), defined by

P’} = 3 ) P, ).

This operator satisfies
(i) p>0= P'u>0,
(#4) / Py / = Z
zeX
The Laplacian A is given by the operator
A:=1-P
The function f : X — [0, 00) is called harmonic if

Af =0, f(zo) = 1.

(Here the second condition is a normalization.) Note that the constant func-
tion 1 is clearly harmonic. Up to a constant multiplication, this is equivalent

to the equation
=Y P(x,2')f(2')

We denote by Harm(X) the collection of all harmonic functions. Notice that
Harm(X) is convex. Namely,

fo, f1 € Harm(X)

Aoy A1 >0, A+ X2 =1 = Ao fo+ A f1 € Harm(X).

The set Harm(X) is also compact for the topology of pointwise convergence.
If we can take Ag, A1 > 0, then such a function is called non-extremal and we
let Harm(X )non-ext be the set of all non-extremal harmonic function;

Harm(X)non-ext = {)\0f0+)\1f1 | anfl S Harm(X)a )‘0,)\1 > 0a>\0+)\1 = 1}

The harmonic function is called extream if it is not non-extream and we denote
by Harm(X )ext the set of all extream harmonic functions. Then we obtain

Harm(X) = Harm(X )non-ext U Harm (X )ext.

This is a basic decomposition of a convex set (see Fig. 2.6).
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Harm(X)non—ext

Fig. 2.6. Harm(X)

2.2.3 Martin Kernel

The Green kernel G is given by the operator
G:=A"'=>"Ppm
m>0

If we view P as a matrix on X X X, GG can be expressed as follows; Since
P™(x,y) is 0 unless z € X,, and y € X4, for some n € N, we have

G(x,y) = Z P(z,z1) - P(Tm-1,Y)

Ty L1y Tm =Y

where the sum is over all paths from x to y. Fix a point y € X. Then the
function G(-,y) : X — [0,00) has finite support and is essentially harmonic
except for the point x = y. Namely,

G(z,y) = Y Px,2)G(',y)  (z#y).

Tx’
If x = y, we have G(y,y) = 1 by the definition. Therefore we conclude that
AG(-,y) = by,
We next define the Martin Kernel K by

G(z,y)
G(xo, ZU) '

Hence this function will also be harmonic outside of z = y if we regard K (z,y)
as a function of z for a fixed y € X. Note that

K(SL’,y) =

G(z0,y) > G(zo,2)G(7,y).
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and we obtain the bound of the Martin Kernel,

K(z,y) < Glao, )’

Now the Martin metric d : X x X — [0, 1] is defined by

A2 = 3 gy O Gl )| (o) = Ko po)].

on+1 #X
n>0 r€X,

The sequence {z,} is a Cauchy sequence with respect to the Martin metric
if, for every z € X, {K(x,z,)} C R is a Cauchy sequence. We say that two
such sequences {z,} and {z/,} are equivalent (we write simply {z,} ~ {«],})
if d(xn,z),) — 0 as n — oo. This is equivalent to { K (x, z,,)} ~ {K(z, )} for
all x € X. This clearly gives an equivalence relation on the set of all Cauchy
sequences and we obtain

X := {Cauchy sequences on X }/~.

This is a compactification of X. Actually, for z € X, the constant sequence
{zy} with z,, = x for all n > 0 gives a Cauchy sequence, whence X C X. We
then obtain X = X LU 9X where 0X := X \ X.

The Martin kernel K(z,y), which is defined on X x X, is extended to
X x 0X as follows; For x € X and {z,}/~€ 0X, we define

K(z,{xn}/~) = nh_)rgo K(x,xy).

(Since {K(z,x,)} is a Cauchy sequence in R, the limit exists.) This is well-
defined. Fix a point y = {yn}/~€ 0X. Let us write Kd,(z) = K(z,y). Then
this is always Harmonic:

Z P(w,x/)K(x/,y) = K('T’y)

If we take y1 # y2, then we have K¢,, # Ko,,. More generally, for any
probability measure p on the boundary 0.X, the function

Ku(z) = |  K(z,y)u(dy)
0X

is always a harmonic function.
The main theorem of the potential theory is as follows:

Theorem 2.2.1. For every harmonic function f € Harm(X), there exists a
probability measure p € M4 (0X) such that f = K,,.

We here gives some remarks. The function f is called super harmonic
if Pf > f. The proof of Theorem 2.2.1 goes via showing that every super
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harmonic function f is of the form f = K, where p is a probability measure on
X = XUOX. Note that if f € Harm(X )ext, then the corresponding measure
1 has support at one point. Therefore f = K, for some y € 0X. We define

O0Xext i= {y € 0X ’ Ké, € Harm(X)ext},

In generally, we have 0X = 0Xext L OXponext- FOr our case, we have 0X =
0Xext- Now if in Theorem 2.2.1 the probability measure p is supported on the
extream points, then it is unique. Therefore, for general Markov chain (on a
non-tree), we obtain the following one-to-one correspondence;

Harm(X) AL oo,y (0Xext)
K, «——p

This is the one-to-one correspondence stated at the beginning of this chapter.

In particular, the constant function 1 is always harmonic. The correspond-
ing unique measure 7, supported at the extream points, is called the harmonic
measure.
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Real Beta Chain and g-Interpolation

Summary. In Sect.3.1 we have the real analogue of the p-adic Markov chain. The
state space is just N x N. We give the probability on the arrow from (0, 0) to (0, 1) by
aiﬁ and to (1,0) by aig, respectively. If we arrive at the point (4, 5), we replace a
by o+ 2i and 8 by 8+ 27, respectively. Then the boundary is given by P*(R)/{#£1}.
The harmonic measure is the measure 7(*° = pr_ (7 (z) ® 74 (x)), the projection
of the product of two real «-measures down to a measure on the projective line. We
call this the real 3-chain.
In Sect. 3.2 we introduce the g-zeta function

G =, o =Ta-a

(@50 75y

It interpolates the p-adic (,(s) = (1—p~°)~" and the real {,(s) = I'(:). Here there
is a slight problem with the real limit: we have to introduce a factor (1 — ¢)° which
destroy the periodicity of (4(s). For the beta functions this problem disappear.

In Sect. 3.3 we construct the interpolation between the p-adic and the real beta

chains, that is, the ¢g-8-chain. Again the state space is N x N. We give the probability
on the arrow from (0, 0) to (0,1) by 1i;‘ji5 and to (1,0) by qff;;ﬁ?, respectively.
If we arrive at the point (,7), we replace a by o + ¢ and 8 by 3 + j, respectively.
The boundary is now given by ¢~ U{0}. Here ¢° is the limit point of (4, 5) as j — oo
and, the one more point, 0 is the limit point (,0) or ¢g* as i — co. We see that the
g-(-chain interpolate between the real and the p-adic (3-chains.

3.1 Real 3-Chain

We saw in Sect. 2.1 there is a one-to-one correspondence between the Markov
chains on a tree and probability measures on the boundary. But there is no
such correspondence on a non-tree.

Let X = N x N be the state space again and Xy := {(i,j) |i +j = N}.
We give a Markov chain, called the real [-chain on X. Let us start from
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a—+ 2
(4,5 +1) a+3+2(N+1) (i+1,5+1)
B+ 25 B+ 25
a+ B +2N a+B+2(N+1)
(i) ot 2 (i +1.9)
o+ [ +2N

Fig. 3.1. The real 8-chain

the origin (0,0). We can go to (0,1) and (1,0) from the origin and give the
probability on each walk by « and (3 respectably. To obtain the transition
probability, we normalize by dividing by « + (. If we reach the point (¢, j),
we replace o by a4 2¢ and § by 8+ 27, respectively (see Fig.3.1). Namely, if
i+ 7 = N, we put the probability as

y

PG+ L) = 1T
'

P g+ 1)) =

Remark that the product of the probability from (i, 5) to (¢ +1,7 4+ 1) is same
independent of which way you go. This shows that the probability does not
depend on the path, but only on the initial and the final points of the path.

3.1.1 Probability Measure

To apply the potential theory, we first need the probability measure on the
finite layer Xy. Let (i,75) € Xy, that is, ¢ + 7 = N. From the definition, the
probability measure Tjo\’,’ﬁ (i,7) is given by

2 (0,5) = (i, 5) = (P*)V b(0,0) (i, 5)-
We claim that
_ NUGya+2i, 8+ 2))
ilj! Gy, B)

To prove this, denote by 7(i, j) the right hand side of (3.1). Note that the prob-
ability measure 7 is characterized by the following equations; 7(0,0) = 1
and

™) (3.1)
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o+ 2 B+ 2j

LI =TIE ) g oy TR 4 g vt

Hence all we need to do is to check that 7(i,7) also satisfies these equations.
It is clear that 7(0,0) = 1. So let us check the second equation. From the
recursion formula of the gamma function I'(s 4+ 1) = sI'(s), we see that

N+ G4 o NA1 i
7'(7/,‘7"_1)_7_(17.7)3-_‘_1 a;ﬂ_'_Na ’T(’L-’-l,j)—’r('é,]) ’L+1 a;ﬁ-f—N
and

(N +1)(N +2) (5 +i)(5+1J)

%(i+1,j+1):7~'(i,j) (+1)(G+1) (oﬂzr,@ _|_N>(0442r,3 _|_N+1).

Hence the equation

o+ 24 B+2j5

%(i’j+1)a+ﬁ+2(N+1) +%(i+1’j)a—|—ﬁ+2(N+1) =706+ 1,7+1)

is equivalent to
L1 N+2
jH1 i+l (DG A+
and this is actually true since i + j = V.

Taking o = 3 = 2, we have 7']2\,’2(2',]') = N}H for all (¢,5),i+j=N.

3.1.2 Green Kernel and Martin Kernel

We next want the Green kernel G((4, ), (¢',5")) for (i,7) € X,, and (¢, j') €
X,. By the definition, it is clear that G((4,7), (¢',5')) = 0 unless i’ > i and
j' > j. Remembering how we defined the probability of the chain. From the
property of the transition probability P, the Green kernel G((i, ), (¢, ")) is
equal to the measure at (i’ — ¢, j' — j) with replacement o by o+ 2¢ and 3 by
B+ 2j. Namely we have

TORRRAE G i~ §) i i’ > and § > ],

) (3.2)
0 otherwise.

G((l’j)’ (i/v.j/)) = {
Since we obtain the Green kernel, we can now get the Martin kernel. Let
us write it down. The Martin kernel is given by K ((i,j), (i', ') = 7o 212

n'—n
(' —i,5 —j)/TS,’B(z",j/) for i > 1 and j' > j (otherwise, trivially 0). One can
calculate it explicitly from (3.1). Actually, it can be written as
e GRS
G D
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_ ' =mt NG 2i 2 —4), B 42 +2(5 — 5)) (@, )
(=) =) Cn(a+2i, B+ 2j) Cnla+2i, B+ 25")
_ (n' —n)! 14 Cn(a, B)
(@ =) =) 0! Cpla+2i, 64 25)
Therefore we obtain
(n —n)! i'l5 Cola, B)
K((i,4), (i',5)) = @ =G =)t n'! Gyla+ 24, 8+ 2§)
0 otherwise.

if ¢/ >iandj > j,

(3.3)

Remark that the factor ¢,(a, )/, (o + 2¢, 8+ 25) does not depend on 7/, j'.

3.1.3 Boundary

Now let us obtain the boundary of X. We first decide the Cauchy sequence. Let
{zn} = {(in, jn)} be a Cauchy sequence of X. By the definition it means that,
for any (4,7), {K((¢,7), (in, jn))} is a Cauchy sequence of R. In particular, let
us pick (4,7) = (1,0) and (0, 1). Plugging in formula (3.3) of Martin kernel,
the sequences

(in + Jn — 1)! Zn']n' Cn(avﬂ)
(in - 1)'.771‘ (ln +Jn)' Cn(a + 27ﬂ)

— Zn Cﬂ(avﬂ)
in + jn Gyl +2,0)

K((la 0)? ('Lm]n)) =

and

FO L)) = znj-:yn Cn%a(og ?2)'

should be Cauchy sequences. This means that either

1. There exists some io, and joo such that (in, jn) = (ico, joo) for alln > 0, or
2. ip + jn — 00 (n — 00) and j, /i, converges (in wide sense) in [0, 0o].
Conversely, as we will check below soon, the Martin kernel converges for all

(i,7) whenever j,/i, converges in the wide sense. Therefore we obtain the
boundary;

0X = [0,00] = P (R)/{1} = P*(C)/CV,

where CV) := {z € C||x|, = 1}. Note that {£1} = Z;.
Now assume j, /i, — ||} as n — oo with 2 € [0,00]. Then we need to
show that, for all (4, 7), the limit

in+in— 00
in/in—lx|3
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exists. This is a simple calculation. Actually, from (3.3) again, we have
K((sz)7 (inyjn))

_ (Zn +jn7i7j)! Zn']n' C’V](avﬁ)
(in +dn)!  (in — ) (Gn — 5)! Cn(o+ 24, B+ 25)

_in(in = 1)+ (in —i4+1) - Gn(in — 1)+ (Jn =3 + 1) Cn(e, B)
(in + jn)(in +jn = 1) (in +Jn —i =3 —1)  (plo+2i, B+ 25)

— Jn—J

1 1 ! ! . :
<1+z2><1+z:ﬂ)...(l+z:t:ﬁ)~(1+;‘_Z)<1+;Zﬂ)'~.<1+?nH’_ﬁ)
1 i+ = 1Y Cnla+ 26, 5+ 25) .
1'<17in+jn>”'<171i:ijn> na;(;ﬁ)* ]

Therefore we have

: LoNie 1 N Gylen B)
lim  K((i,5), (in, :< )( ) KD ¢
.inﬁ.—jn_l,olo? (( ]) ( n Jn)) 1+ |$|% 1+ |x|772 Cn(a+27f,ﬁ+2])
In/itn—|T n
(3.4)
This also gives the extension of the Martin kernel to the point z in the
boundary [0, co].

3.1.4 Harmonic Measure

From the calculation above we obtain the boundary 90X = [0, 00]. We next
would like to calculate the harmonic measure. Remark that the harmonic
measure is the measure on the boundary which corresponds to the constant
function 1 (which is always harmonic). Remember that the real S-measure is
given by

Hence, by (3.4), the Martin kernel K ((4, ), z) is given by

4 4 o FO+20,8425 (o
K((i,),2) = poo(2)* po(x)? Cn(a%(%,glr %) = K r“ﬂ(a;)( ). (3.5)

We claim that the real S-measure T;‘”B is the harmonic measure on the bound-
ary 0X = [0,00]. Let us show that Kﬁ;ﬁ = 1. In fact, by (1.6), we have for

all (¢,7)
77?+2i’ﬁ+2j (x)

798 ()

K on(iyj) = K((i,j), 2)mP () = /ooo ol @)y "

oX
0 . .
_ /0 T;‘”Z”B”J () =1.

Hence we obtain the claim.
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3.2 g-Interpolation

There is no one-to-one correspondence between harmonic probability measures
on the boundary and non-tree Markov chains. But we saw that the real (-
measure is the harmonic measure of the real #-Markov chain. Both the p-adic
and the real 8-chains have the same state space N x N. Here we construct a
g-interpolation between them.

3.2.1 Complex B-Chain

Before we state the g-interpolation, we just make a remark about complex
prime 7. Let dz be the Haar measure on Q, = C (usual Lebesgue measure on
C multiplied by two). Then we have

d(az) = |a|pdz, la|l, =a-a=l|a]? (a € C).
Let d*z be the Haar measure on C* normalized by

dv 1 drdf

d*x = =
|22 r 7

(x =re? € C*)
Then the complex v-integral is given by
/ e_”|x|2\x\f,d*x =a°I(s).

On the projective line P*(C), we also define a metric p by

|z1y2 — y1:c2\7,

PUTL 91 (2 292) = (0o ) (al2 + [ael2)

and

poo(@) s = p((0: 1), (15 2)) = (14 [22)7",
pola) = p((1:0), (1:2) = (L4 [o] ).

Then the complex [S-measure is defied by

%
FoB . d'x
ol

z)%po(x)?
—poo( ) pO( ) Cn(aaﬁ)’

where (; (e, ) is the beta function;

() I(B)

(e, B) := B(a, B) = Fla+5)

Then we have
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a+j
B+ B+J
a+B+N a+B+N+1
a+pf+N

Fig. 3.2. The complex (-chain

Cnle, B) = /]Pl((c) Poo(@)po ()P d* .

Now we consider the complex $-chain. Let X and X be the same as the real
(-chain. For (i,j) € Xx, we give the probability by

P((i’j),(i-i-l,j)) = af;_'iN’
P G+ 1)= T

see Fig. 3.2.
Remark the real beta chain is obtained by replacing a by /2 and by
(B/2, respectively.

3.2.2 g-Zeta Functions

Remember the local zeta functions for a finite prime p; (,(s) := (1 —p~*) "1,

and the complex prime 7; (,(s) := I'(s). Let us compare these functions.
Notice that the function (,(s) is periodic with period lig; and has simple
poles at lzg;Z. On the other hand the function (,(s) is “Z-periodic”, that is,
Cn(s+1) = s¢,(s) and has simple poles at s =0,—1,-2,....

finite prime p complex prime 7
local zeta function  (p(s) := (1 —p~%)~! Cp(s) :=TI'(s)
s 2m
periodicity G(s+ ) ) =Gls)  Gs+1) =sG(s)
ogp
o
poles ™y —N

logp
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The simplest function which has both the same periodicity and poles of
the local zeta function is

Cals) = o | (E

(@ a3

We call (4(s) the g-zeta function. We see that the function (,(s) interpo-
lates these two local zeta. Notice that (,(s) has both periodicities mentioned

above. Namely, it is periodic with period ligz; Col(s+ 1322) = (4(s), and “Z-
periodic”; {4(s +1) = (1 — ¢°)(4(s). And the poles of (,(s) are located on

1/2-lattice —N + ligilz.

Let us see that (,4(s) indeed gives an interpolation between ¢, (s) and ¢, (s).

1. For a finite prime p # 7, we have
) S
Jim G () = Gols)

2. For the complex prime 7, the limit is not so simple. We recall the Jackson
g-gamma function I,(s) defined by

G-
G(1)(1—q)7*
We have just seen that the function (,(s) is periodic with period 13222'

On the other hand the factor (1 — ¢)~* is periodic with period log?{{i_q)Z.

Then taking the product of this two function, we lose the periodicity. This
is why we prefer to work with (,;(s). The ¢-gamma function I(s) actually
gives a g-analogue of the gamma function since

Iy(s):=

_ 1+n _ o1tn g2t s—1
— —s+1 1 ql _ 1 q 1 q
Fq(s)_(l_q) Hl_qs+n_H1_qs+n(1_q1+n)

n>o n>o
Taking the limit ¢ — 1, we have from the Stirling formula

1 2 s—1
lim [,(s) = H —|—n< +n)
q—1 n>03+n 14+n

h L2 (V=N
N—oos(s+1)---(s+N—-1)
o TEID(N)

N—=co I'(s+ N)
= I'(s).

(N +1)571

N* (N(N + 1)t ~ N¥)

(Remark that the second line is the original definition of the gamma
function by Euler.) This shows that

i G(8)(1 =)

2 L)1 — gt~ )



3.3 ¢-p-Chain 55
Define the g-beta function (4(«, 3) by

@8
WlonB) =t B, (1)
27

This function is nice since it is periodic both in « and § with period log g’
Note that the original beta function does not have such properties. Let us see
that (;(c, B) also gives an interpolation of (,(c, 3).

1 Ly(e) 14 (B)

={1=q I'y(a+B)

1. For a finite prime p # 7, one can obtain (y(«, 5) by the p-adic substitu-
tion @ ;

(1- Q)Cq(aaﬁ)‘ o — (pla, B) = (1—p-o—B8)-1 (N — o0)

b=l

zo |

a

2. For the complex prime 1, we have ¢,(«, 3) by

— G, f) = B(e, ) (N — 0)

any q€(0,1)
1

(1=q)¢q (e, B)

q=q N

and, for the real prime n = R, have also (,(«, 3) by the real substitu-
tion @ y;

(1—61)Cq(0l,5)‘ — Gy, 8) = B() 5) (N — o0)

b)
any q€(0,1) 2°2
1 8
g=q N ,a=§ 8=

3.3 g-3-Chain

We next consider the chain called the g-3-chain, which is also a g-interpolation
between the p-adic and the real §-chains. The state space is X = N x N and
the N-th layer X is also the same as in the real §-chain. For (¢, ) € Xy, we
define the transition probability by

(1B
P((Zﬂj)? (Z + 17])) s 1 _ qa+ﬁ+z+j ) (3'6)

o 1—gPti
P((i,), @ +1)e= | o+

It is easy to see that the p-adic substitution @) and real substitution (@) yield
the (non-symmetric) p-adic and real S-chains, respectively;

g-f3-chain @ the p-adic B-chain (N — o0),
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g-f-chain @ the real G-chain (N — o0).

In this sense, the ¢-B-chain interpolates between the p-adic and the real (-
chain. Notice that if we take the limit N — oo in the p-adic substitution @,
the probability on the walk from (i, ) to (i + 1, j) vanishes unless j = 0. This
means that there are no path from (i, 5) to (i + 1, j) unless j = 0 in the p-adic
(B-chain. Hence the form of the tree of the non-symmetric p-adic §-chain is
given in Fig. 2.3. Remark that in the g-case the probability of given two points
depends on the path which connects them. More precisely, we have

P((i,9), i+ 1,7)P((i + 1,7), (i + 1,5 +1))
=q-P((6,4), (6,7 + 1)P((5,5 + 1), (i + 1,5 +1)). (3.7)
When g becomes 0, as in the p-adic limit, we get the vanishing of (3.7) hence
the form of a tree; while when ¢ becomes 1, as in the real limit, we get from

(3.7) the independence of the probability on the path, as noted for the real
(B-chain.

3.3.1 g-Binomial Theorem

We want to analyze the ¢-(-chain and the probability measure, the Green
kernel, the Martin kernel, and so on. Before that, we recall the notation of
g-analogues. We denote the g-number by

1—¢°
[s]q := 1—¢q

and the g-factorial by
[nlg! := [nlg[n —1]q - [1g (n €N).
Note that [1], = 1 = [0],. We define also the ¢g-binomial coefficient by

= e o], =1
k], (k]! [n — K]g! 0], 0 q'
The fundamental properties of the g-binomial coefficient is
e K e
q q q

Now an important identity is the following g-binomial theorem. Let X
and Y be operators which act on some space and satisfy the g-commutativity;

XY =gV X. (3.8)
Then we have
N
(X +Y)V = Z {k} yN-kxk (3.9)
0<k<N q

One can prove this formula by a simple induction on V.
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3.3.2 Probability Measure

Let us consider the g-Markov chain. Notice that

B € e e € (L B
Pf(’é,]): 1—qa+ﬂ+i+j_1 f(z_l,j)‘i‘1_qa+ﬁ+i+j_1f(za]_l)'

This can be written as
P f(i,j) = X f(i,5) + Y (i, 5),
where X (resp Y) denotes the move in the x-direction (resp. y-direction)
and acts on f by multiplication by the probability. From (3.7) or Fig. 3.3, we
see that X and Y satisfy the g-commutativity (3.8). Now let us calculate the
probability measure by applying the g-binomial theorem (3.9). The probability
measure is given by
7 (0,4) = (1. 3) = (P")V6(0,0) (0, )

for i + j = N. By the g-binomial theorem, we have

7—]?é/"ﬁ (’Lv .]) = (X + Y)Né(O,O) (Za j)a

N _ ..
Z [k] YNEXFS0.0)(1, 5).
0<k<N q

(1 _ qa+i)q5+j+l

(4,5 +1) 1 — gotptititl (i+1,7+1)
1— ¢t 1— ¢t
1 — gotB+iti 1 — gotB+iti+l
(i:j) (1_qa+i)qﬁ+j (i+1aj)

1 — gotB+iti

Fig. 3.3. The ¢-(-chain
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Now X (resp. Y) acts on the delta function 69 ¢)(i, j) by pushing it 1-step
in the z-direction (resp. y-direction), YN_ka(S(O’O) (,7) has support at the
point (k, N — k). Hence putting ¢ = k and j = N — k, we have

_ {N} (1-¢"+7h) 1-¢") (1-¢*t N (1-¢%)¢
o

i | (1 —qotfriti=1) (1 = gatB+i) (1 — gatB+i=1) (1 — goth)

= |:N:| Cq(ﬁ‘i‘]) Cq(Oé"Fi) Cq(a-i-ﬁ) qﬂi
il, a® G Glasrivnt

Therefore we obtain

N] Cola+i,8+7) pi (3.10)
q

8P, §) =
N (’j) |: Cq(avﬂ)

7

3.3.3 Green Kernel and Martin Kernel

Let i + 7 = n and i’ + j' = n. By the similar observation at the real 3-chain,
the Green kernel is given by

T g =g iz 2
0 otherwise ’

G((i,), (', 4") = {

and the Martin kernel is also given by K ((4, 5), (', j')) = Tg,ti;lﬁﬂ(i/—i,j/—j)/

Tf:,’ﬁ(i/,j’) for ¢/ > i and j° > j (otherwise, 0). More explicitly, we have from
(3.10)

{n’—n} Calat @, 8477 (i

oo L =i Gl i B+ )
K((7/7.])7(7/7]))_ |:n/j Cq(0l+i/,5+j/) p
i/ q CQ(a’ﬁ)
_ m:ﬂq gl B) —Bi+3 (i —1)

], Glati B4 ) |
Hence we obtain the Martin kernel,

’

[2*?](1 Gla, ) —Bit+j (i —i)
K((ivj),(i/’j/)): [?’/]q Cq(a"i_i’ﬁ"’_j)

0 otherwise.

if i/ >4 and j' > 7,

(3.12)
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3.3.4 Boundary

We next calculate the boundary. Again recall that the sequence {(in,jn)}
is a Cauchy sequence if {K((i,7), (in,jn))} is a Cauchy sequence of R for
all (¢, 7). In particular, {K((1,0), (in,jn))} is a Cauchy sequence of R. Since
K((1,0), (in, jn)) is expressed from (3.12) as
tntin =1 _ in _ 4B
K((1,0), (ins jn)) = | o b Gl =179 (1 )
] Glat 1A g U1y

this is equivalent to the fact that either one of the following holds,

1. There exists some o and joo such that (i, jn) = (ico, joo) for all n.>> 0,
2. ip — 00 as (n — 00).
3. There exists some i such that i, = i for n > 0 and j, — oo as (n — o).

Conversely, as we shall see soon, the Martin kernel converges for all (i, 7) if
one of these hold. As a consequence, we obtain the boundary;

X=xu{otug¥, ax={0}ug",

where g" € gV is the limit point of the sequence {(n,k)} as k — oo and {0}
is the limit point of the sequence {(n,ky)} as n — oo, any &/ s (see Fig.3.4).

We claim that ¢” converges to {0} in the boundary, just as we have seen
in the p-adic (-chain. To prove this, we need to know the extension of the

cmemete-
o
|
-
Q
N
1
1
1

AA A

/N S

N W W |
S 0= lim g"

O n—oo

Fig. 3.4. The ¢-{-chain
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Martin kernel to the boundary. Take ¢ € (0, 1). First of all for any ¢ < n, we
have from (3.12)

K((i,j),gn) = k11—>r1<;lo K((’Lv.])? (n’ k))
[letn—i=d]

n—1

T Cq((% ﬁ) —Bi+j(n—i)
_klgr;o [kzn]q Cola+1i,847) ’

_ Cq(1 +n) Cq(oz, B) q—ﬂz‘+j(n—z')
C(1+n—1) ¢(a+i,8+7) '

Hence we have

C(Z(l + n) Cq (a’ ﬁ) q—ﬂi+j(n—i)
0 otherwise.
(3.13)
This is an extream harmonic function which has support at ¢ < n and gives
the extension of the Martin kernel to the boundary. But the boundary has
one more point. Then we similarly calculate K ((z, ), 0);

ktn—i—j
[ I,

if i <m,

n—1

T Cq((% ﬁ) —B+j(n—1)
=1 J .
i [k;n]q Glati B+ )1

Therefore we have

GB) o Gl@) GlatBED s
K((i,7),0) = ¢ Gl +14,5) Gla+i) (ola+B) ’
0 otherwise.
(3.14)

It is also easy to see that this is an extream harmonic function which is
supported at j = 0. From (3.13) and (3.14), we have lim, . g" = 0. Further,
all the point in the boundary X = {0} U ¢g" are extream, it holds that
3X = 8Xext~

3.3.5 Harmonic Measure

Finally we give the harmonic measure of the ¢-8-chain. Let
(3.15)

We call qu"ﬁ (¢g™) the g-O-measure. This is the probability measure on the
boundary. Remark that the measure 7';"'6 has support at ¢" and this is the
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open and dense subset of 0X. We claim that this is the harmonic measure of
the ¢-0-chain. First of all, for all ¢ < n, we have from (3.13)

T _ Glatn) Gan) GB)  aimmi—sn
728 (gn) C(L+n —1) (a+n) (la+1i,8+7)
_ G(l+n) gl B) —Bi+j(n—i)
Cq(L+n—1) (la+1i,8+7)
= K((l,j),gn)

Therefore we have
Tth+iaﬁ+.j (gn*i)

Ta,,@ n
£ (

K, on(i,j) = /8 ()07 ) = g")

n>0

e q")

By the definition, this shows that the g-S3-measure is the harmonic measure.
We check the last equality. Namely,

¢’

The g-beta sum: Z 798 (g Z la+n)

=1. 3.16
n>0 n>0 1 +n) C‘J(a B) ( )

This will be the most basic g-summation. It is sufficient to show that
-3
1 +n)
Remember that

Cq (a)Cq (B)

WoB) = ot B)e 1)

Hence it is equivalent to show that

Z Gql a+n Cq(1) Bn

an+ﬁ 7>0 Gla)  G(1+n)
B (1—qa)(1—qa+1)-~-(1—qa+"‘1) bn _. »
"L Ggu-@)et-gy O TED)
Note that
e’ _ o4l o atn—1
Z(a7ﬁ)_qaz(a7ﬁ+1)zz(l ¢ )(1—=¢*")---(1—gq )qﬁn(l_qa—i-n)

250 (1-q9(1—g¢* - (1—q")

g™ =g (1 g

gy A—attha- o
=0 i) g

n>0
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=(1-q¢")Z(a+1,8)
and similarly

1— qa)(l _ anrl) . (1 _ anr’ﬂfl)

( Bn n
Z(a,B) — Z(a, b+ 1) = 1—
ay g~ (L= (L =gt (1= g™ 5,
=(1-q") _ q
n%:l Q—ql—¢*)-(1—g")
=(1-¢")Z(a+1.0)q".
From these two equation, we have
Z(a, ) = Z(a, B +1) = (Z(, ) — ¢" Z(e, B+ 1)) q".
Therefore we inductively obtain
1— qa+5
Z(0.8) = Z(@B+1) | !
1— qa+ﬁ+1 1— anrﬁ
=Z(a,0+2) 1_gfrl 1 g
¢ (B)
=Z(a,00 .
( )Cq(a + )
By the definition it is obvious that Z(a, c0) = 1, whence we obtain the result
¢ (B)
Z(a,B) =
@)= ()

This completes the proof of (3.16).



4

Ladder Structure

Summary. In Sect. 4.1 we study the ladder structure for Markov chains on trees. In
Sect. 4.2 we specialize to the p-adic $-chain. On the N-th layer of the p-adic -chain
Xn == {(i,j) € Nx N|i+j = N} which is identified with P*(Z/p")/(Z/p")* x
Z/p", we get the Hilbert space H;Z{g of dimension N + 1. Each space embeds
unitarily into the next stage and all of them embed unitarily into the boundary
space HS™? = 02(PY(Qp)/Z5 % Zp, 75*'7). This is because of the tree structure of

the p-adic B-chain. On each next stage, we obtain the new function gpl(oo(‘])\,%’m of the
N-th layer which is orthogonal to all the function of the N — 1-th layer. These
functions give an orthogonal basis of the N-th layer and, in the boundary space,
they also gives an orthogonal basis.

In Sect.4.2 (resp. 4.4) we give the “ladder structure” for the g-3 (resp. real 3)
chains. In the case of the ¢-8 and the real 3-chain, we do not have a tree (we have
loops). We have an embedding of the N — 1-th layer space into the N-th layer space
but it is not a unitary embedding. So we need something else. We introduce the
following difference operator

w(i+1,7) —p(i,j +1)

Dep(i, j) = ; :
q'(1—q)
We consider the operator as the map on the N-th space H;Zi,ﬁ) = 0*(Xn, Té(o}z,ﬁ) to
H;?;Pfj“. Note that both parameters o and 8 go up by 1 and N goes down by 1,

respectively. We denote its adjoint by D* and then obtain the ladder

pr(e)s Py prla+1)s o= pa+2)s

@ > a+1)B+1 > a+2)6+2

q(N) < q(N—1) < q(N—2)
DY DT

N—-1
Here the operator D7 is a constant multiple of the adjoint D*. One can check that
the operators DT and D satisfy the relation
DND]J\; — Dj\}_lDNfl = (COHSt.) . idH(a+1)[3+1.
q(N—1)
We call it the Heisenberg relation up the ladder. It follows immediately that if we
just take the constant function 1, going up the ladder m step, in other word, acting

with DT m times on 1, gives an orthogonal basis of H;(O‘K,’?;
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@é?}vﬁ,m = (D*)mlH(a+7'L)ﬁ+"'L7 m = 07 17 RN N.
q(N—m)
Taking the limit N — oo, we get the boundary space denoted by Héa)ﬁ. Now
the difference operator D is defined by
) = el
7(1—q)

and again we obtain its adjoint D™ and the ladder;

De(y) = Y

D D
H(®B _ 7 gletuset > pgledst
Dt Dt

The operators D and DV again satisfy the Heisenberg relation up the ladder, and
the constant function 1 also gives the orthogonal basis cpg'fﬁ{a , m > 0, by going m
step up the ladder. One checks that the Martin kernel K gives the compatibility
between this finite difference operator and the operator on the boundary. Hence we
have the diagonalization of the Martin kernel. Note that it is not an orthogonal
projection (as in the p-adic case) because the norm of gofﬁgf is different from the

norm of gof;z‘l)\,% "
a a)B > a+1)8+1 a+1)8+1
oo € H™? H{ > pfom )
m o+ m
()8 (a)p (at1)+1 (a+1)B+1
Ko Ko Kav—1) Kav =)
v v Dy v v
(o) (a)B > (a+1)B+1 (a+1)B+1
Pa().m € Hyy < Hoyv ) 3 Po(n-1).m
DY
Taking the p-adic limit (@), we see that the basis ¢\ converges to the basis

ga,(g?ﬂf which we have obtained before from the tree structure. Similarly the g-basis

() (a)B (a)B
Pe(N),m Iy p(N),m n(N),m?
«

tively. We call the basis Po(N of the finite layer the g-Hahn polynomial and of the
boundary the g-little Jacobi polynomial.

In Sect. 4.3 the ladder structure of the g-y-chain is obtained from the g-3-chain
by taking the limit @ — co. We have the ladder

converges in the p-adic and the real limits to ¢ and ¢ respec-

s S S,
> >
Hiny < . Hynoy <. HyN=s)>
DN DN*I

where Hf(N) is the space of the N-th layer of the g-y-chain and D and DT are
finite difference operator. The ladder satisfies the Heisenberg relation up the ladder.
Hence we again obtain the basis

m(m—1)

(D+)m1Hﬁ+vn

s _
Pa(N),m = [m],! N



0X

Xo X1 X2 X3
The p-adic (-chain

0X

N

Xo Xi X2 X3
The g-B-chain
00
Xo X1 X2 X3

The real 3-chain

0X
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Xy ={(6,j) eENxN|i+j=N}

. (a)B _ p2 (a)B
Hilbert space Hp?l\” =0(Xn,, p(aN>)
()8
measure Tp(N)

(a)B
p(N),m

X = PM(Q,))/Zy x Zj ~ p" U {0}

orthogonal basis ¢ (p-Hahn basis)

Hilbert space H*? = ¢ (0X, (O‘w)
measure iR
orthogonal basis <p§, i (p-Jacobi basis)

Xn={(i,j) eENxN|i+j=N}

Hilbert space Hé?‘g,f =0 (X ,7'%3,6))
measure T;(alzf)a
orthogonal basis cpé?%a)’m (¢-Hahn basis)
X =4 "u {0}
Hilbert space H(*? = ¢ (0X, (O‘w)
measure iR
orthogonal basis ¢\ (g-Jacobi basis)

XN:{@ﬂeNwa+j:N}
H (N) = (XNv (N))
measure Tna(f,)

orthogonal basis cpn( Nym (Hahn polynomial)

Hilbert space

0X =[0,1] = P'(R)/{#1} ~ P'(C)/CV
Hilbert space ~ Hy” = L*(0X, ")
measure ooh

orthogonal basis ¢y’ 5 (Jacobi polynomial)
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m(m—1)
Here (—1)™q 2 /[m]q!is a normalization constant. We call this finite g-Laguerre
basis. When we take the limit N — oo, we have on the boundary the similar ladder:

HP

D> s D - s
+1 +2
7 < Hq < Hq ?

D* D*

where
iy _ elg") — (g™
1

Dp(g") = | _ . (p(g") — (1= q")g Pelg"™)).

One can check that S"qﬁ(m m gives the p-adic basis in the p-adic limit ®). We denote
the boundary space by ng = ?(0X, qu) where X = ¢g" U {0} and Tzﬁq is the
g-y-measure given by

gy G a
. Ca(1+1) Ca(B)

In Sect. 4.4 we take the real limit of this g-ladder-structure. On the finite layers
we still have difference operators Dy, D]'f,, but on the boundary we obtain differential
operators D, DT. The Heisenberg relations up the ladder are preserved. We obtain
basis for the finite layers and the boundary Hilbert spaces. These are the classical
Hahn polynomial and the classical Jacobi polynomial.

In Sect.4.5 we study the Laguerre basis. We do not have a real y-chain. The
a — oo limit of the real (-chain, or the real limit of the g-y-chain, both give the
trivial chain N with Prob(i — ¢+ 1) = 1, and with only one point as boundary.
Nevertheless, the boundary ladder structure of the g-y-chain converge in the real
limit, and similarly, a normalized o — oo limit of the boundary ladder structure of
the real B-chain converge. These are equal and give the ladder structure for the real
~y-spaces, giving rise to the Laguerre basis.

We summarize the relations between our different basis in one commutative
diagram of limit transitions:

(@8 (- ® (@B (s @ a8 .
wp(N),m(’L’]) = quuv),m(ZA,]) > Wn(Ar\r),m(lv])
j—roo0 j—o0 I o0, j — o0, j/i — I
a—oo |
|
® i—00,q—1Jq" 2
8, 4 i —o0,q—14g" —po(z) 3
oo erm (') < el (g") ‘ > o (@)
|
\4 @ \ Y
8 . a — oo L a — oo . oo (273
Gy (:9) < N (8 ) B -7 wi= ()2
— OO
Jj—oo j—o0 N
~
v @ v i—00,qg—1 1‘1[ ~>7r’r2\* v
i i ’ 7 l-q v
@5 ') < @8 g )
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In Sect. 4.6 we consider the “missing” real units. In the p-adic case, we have the
following simple exact sequence

* * |'|p VA
* Zy Q, —p" —

and, in the real case, we have

« s ZE— Qy LB RY — &

Here the p-adic units Zj, is given by Z;, = ,upfleQPZ” where p,_; is the set of all
p — 1 root of unity. Zj is an open subset of Qp, while Z; = {%1} if n is real, or
ch = {zecC | |z|ln = 1} if 1 is complex, and they are both closed subset of Q.
This shows that we are missing the part “e?PZ»” for the real units.

An early motivation for our investigation was the desire to do an “Iwasawa
theory” for the Riemann zeta function. In the usual Iwasawa theory one construct
the p-adic L-functions as Z,-valued measures on Z; = liLn(Z/pN )", or the Galois
group Gal(Q(p,0)/Q) = lim Gal(Q(p,v)/Q). In the real case we would like to
understand R™, or rather the infinitesimal neighborhood of 1 in R™, as similar inverse
limit, but now with loops, i.e., a Markov chain. The Markov chain is obtained as the
a = 3 — oo limit of the real S-chain, just as the tree chain for Z;, = @(Z/p]\')* is
the a = 8 — oo limit of the p-adic 8-chain. The ladder structure is preserved and
it gives as basis the elementary symmetric functions on the finite layers, and the
Hermite polynomials on the boundary. We have thus “finite quantum mechanics”
approximating the usual creation and annihilation operators.

4.1 Ladder for Trees

Recall the chain for a tree. Let Xy be the N-th layer and Hy = £*(Xn,7n)
the corresponding Hilbert space (see Sect.2.1). Here

T~ (z) = P(xg — x1) - Plen_1— z) (z € Xn),

where zg, 21, ...,z is the unique path from x( to z. We have a chain on a tree
X =|y>o X~ and embeddings

K*tHNBQOi—>K*Q0€HN+1,

where

for the unique point z € X,, such that z — z’. Further we have also the
orthogonal projection

K:HN+1BQ5i—>Kg5€HN,

where
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T’

Note that K* is the adjoint operator of K since

(‘pv HN+1 ZCP 7_N+1( /)
= Z > @@ )p(a) (@) Pla — o)

z/ T—T

= > e@)( Y Pl )@@ (@) = (K, 9)m

!

Here we use the equation 7y 41(2') = 7n5(2) P(z — ') with z — 2. Hence we
obtain the ladder

*

>
HN< HN+1 .

K

Note that
K*p(a') =Y (@)K (z,2)rn (x),

Kg(x) =Y ¢l K (w,a') v (o),

2!

where K (x,x’) is the Martin kernel;

if x— o, P !
K@a)={m@ 770 P
0 otherwise, N+1(2')

Therefore these maps K* and K are given in terms of the Martin kernel.
On the boundary dX of X, we have also the Hilbert space H = (?(0X, 1)
where 7 € 91 (0X). Then there is an embedding

where
Kye({zn}) == o(an)

and also the orthogonal projection
Ky :H>p+— Kyp € Hy,

where
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where I(z) = {Z = {@,} € 0X|Zn = z}. Then K} is also adjoint of K
because

(@ Ko = /a @ Ki(E)(@)

=Y vten) | IRCLC

= plan) Eng(an)rn(en) = (Knd, 9y -

TN

Then we have also the ladder

reXnN
Kyo(o) = | 3K (n,3)7(@)
X
where K (x,{zxn}) is the Martin kernel;

! ife=ua
K(z,{zn}) =1 v (x) Y 2 lim K(z,zn).

. N
0 otherwise, e

Spectrally, we have the orthogonal basis ¢,, of H and ¢y, of Hy;

H= @ Com, Hy = @ Con,m.

m>0 0<m<N

Since K is the orthogonal projection, we have

% _ JoNm ifo<m<N,
N@m 0 otherwise.

This is similar to the projection Z, — Z/p".

We remark that for the p-adic chain, the embedding K* : Hy — Hyy1
is unitary and the projection K : Hy4+1 — Hpy is orthogonal, and similarly
for the boundary space these are obtained from the Martin kernel, and reflect
the projections Z/pN*t1 — Z/p" and Z, — Z/pY. But in the case where
we do not have a tree, K* is not always unitary and K is not an orthogonal
projection. Therefore we can not identify Hy with a subspace of Hy;1 and
also with a subspace of the boundary space H. We next see the ladder for the
non-tree g-0-chain.
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4.2 Ladder for the g-3-Chain
4.2.1 Finite Layer: The g-Hahn Basis

Let us consider the g-f-chain. Let Xy = {(i,j) € NxN|i+ j = N}. Denote
by HP = 62(XN,T(0‘)B) the finite N-th layer. Here 7% ig defined in

q(N) - q(N) a(N)
Sect. 3.2;
B N| Gla+i,8+7) s
Té(zzfg(lvj) = [z] ol )qm
q

CQ(O‘, ﬁ)

Notice that T](\?)’B (,7) can be written as T](\?)’B (i,5) = C’(g?ﬁ,’@)téﬁ)\g (i,7) where
@B Co(1+N) 1008 5y o Sal@+ DG(B+7) g5
o) Gla, B)¢g(a+ B+ N) a(N) Ca(L 4 1)Cq(1 +4)

It is clear that C’;?]z[ﬁ) is a constant. Therefore we may concentrate on the

normalized measure té?}v’g) of Té?ﬁ,’? . For example téB\})(i, j) = ¢ if we take

a=p=1.
Let ﬁé?ﬁ,ﬁ) = (X, té?}v’g)) be the corresponding Hilbert space. Consider
the difference
gl (1)1
V. Hq(N) Sp— Vpe Hq(N71)v
where

qz(l_q) ((Za])eXNfl)

Ve(i, j) =
Then its adjoint
v I?](\}lll Spr— Vipe I?](\})l
is given by

o(i, g —1) = (i —1,5)
q‘(1—q)

Notice that they satisfy the ¢g-commutativity:

V*(P(l’j) = ((Za]) € XN)

V*V =4¢VV*.
More important for us is that the adjoint operator V* is expressed as the sum
of two operator X,Y where

@(i - laj) Y(p(i,j) — @(ivj - 1)

Xl == —g) S ¢(l-q)
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Then X and Y again satisfy the ¢g-commutativity;
XY =¢Y X.

Therefore, applying the g-binomial theorem, we calculate the m-th power as
follows;

(V)i ) = (X +Y)" (i, j)

_ 1 S [m]q(—l)qu(k2l)<p(i —kj—m+k).

. m
(qz(l - Q)) 0<k<m k
Now we make a trick. Let us consider V as the operator from ﬁé?ﬁ,ﬁ) into
fl(g(a;i)gﬂ and write this as Dy . Namely, we have the operator

—v. s r7(a+1)5+1
Dy =V_: Hq(N) — Hq(Nil) .

Then its adjoint D} is given by

11 (a+1)ﬁ+1
D* — t((I) (N) *tQ(Nfl)
N t(a)ﬁ t(l)l
q(N) q(N-1)

By the simple calculation, we have explicitly

1

Dye(i,j) = | _ q{(1—q°‘+i)(1—qj)s0(i,j—l)—(1—qi)(1—qﬁ“)q*%(i—1,j)}'

Hence we have the ladder

@i P zernser DN E s(as2)pee

[e}% > (e > [e%

Hywy < = Hywony < 7 HywZy)
Dy Dy _4

Notice that in this ladder, upper indices go up by 1 and lower indices go down
by 1.
* * r7(a+1)8+1
Now we calculate the operator [Dy Dy — Diy_1Dn—1] on Hé(N_)l) . Let
(i,7) € Xn—1. Then we have

DnDNe(i,5)
T _lq)qi (Drne(i,5+1) — Dyo(i+ 1,5))
= ; 5 1= T = @i, 5) — (1= ") (1 — ¢ TT)g P — 1,5 +1)

(1 —q)%q
+ (1 =g A = ¢ )g (i, i) — (1 —q*T A - ¢?)p(i + 1,5 — 1)}

and
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D}kV—lDN—IQD(Z”j)

— (1 i q) ((1 _ qa+1+i)(1 _ qj)DN,up(i,j _ 1)
_ (1 _ qi)(l _ qﬂ+1+j)q—ﬁ—1DN_1<p(Z- o 1aj))
“ _1q)2qi {0 =¢"™) A=) (00 5) =0l + 1,5 - 1))

+ (1 =)A= ") P (i, ) — (i — 1,5+ 1)) }.

Notice that in the calculation of Dy _;Dny_1¢(%,7), ¢ and j remain the same
but « and B go up by 1. Now the miracle occurs. Canceling the terms
ot —1,74+1) and ¢(i + 1,5 — 1), one obtains

[Dy Dy — Dy Dyv—1]i(i. )
= (i) g (0 =01 =) = (=g 1 - )
+(1 =g ="’ — (1 - )1~ g7 g7}
) _1q)2qi {( =1 =q)+ (¢ —¢")g " (1 - q)}
= o7, T

= (i, )l + Blag ™"

= 410(2’])(

Notice that the constant [a—i—ﬁ]qq’ﬁ is independent on both 7 and j. Therefore
we obtain

[DNDy — Dy_1Dn-1] = [a + Blqa". (4.1)

This shows that we obtain a constant multiple of the identity operator for
the difference between going down and going up in this ladder. We call this
the Heisenberg relation. Note that the difference D always kill the constant
function 1 and, actually, the constant function is characterized by the equa-
tion D1 = 0 up to a constant multiple. Therefore one can regard D as an
annihilator operator, D* as a creation operator and the constant function 1
as the vacuum.

Define
~(Ot),@ R *\MM _ * ~(o¢+1)ﬁ+1 ~(o¢)ﬁ
Pa(Ny,m "= (D*)™ - 1131((1?13-1)yg+m =Dy - Py(N—1)m—1 € Hq(N)' (4.2)

Then using the Heisenberg relation and the relation
[m]gm —1+a+ ﬁ]qq_ﬁ_m—H =[a+ ﬁ]qq_ﬁ +[m—1]gm+a+ ﬁ]qq_ﬂ_m“,

we inductively obtain

S8 _ oy slat)ptl
DN@y(xym = DNDNGy(n—1)m 1
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_ . (a+1)B+1
= ([0‘ + Blqq f+ DN—lDN—l)‘P((;?N—)U,m—l

—B— ~(a+1 1
= [mlgfm = 1+ a+ Blg @ HgE I (43)
Hence we have
Dy DNGYN) = [mlalm =1+ a+ Blaa TG00 .
This shows that the function @;?I)Vﬁ) m i the eigen-function of the number
operator D% Dy with eigenvalue [m],[m — 1+ a+ 3],¢ ?~™*!. Note that the

eigenvalues for 0 < m < N are all distinct. Therefore 4,5((1?])\?) m are orthogonal

basis of the space fféa,ﬁ), whence of H;?K,ﬁ) . We finally calculate the L?-norm

of @é((xj)vﬁ)m as follows; Using the relation (4.3), we have
~(a)B 2 _ (=) =(@)B N
HSOq(N),meI((If(xgjﬁz = (‘pq(N),mv @q(N),m)H;‘(’%;

_ (5@)B % ~(a+1)B+1

= (Pa(nym> N%(N—l),m—l)ﬁg:%;

_ ~(a)B ~(a+1)8+1

= (DN‘Pq N)vm7SOQ(N_l)vm_l)ﬁI((,((X;PSH

_B— ~(a+1)B+1
= [m]q[m -1 + o+ 5]qq A m+1|‘¢2?N_)1)7m_1|‘%(?]¢1)£+1 .
a(N—

Hence we obtain inductively

1298 |12

_ ,—Bm—""5Y
Py(N),m ey = [m]q'q |

[ (amypem
L1
xm—-1+a+g8m+a+pbly---2m+a+ -2,
m(m—1)
= CQ(O‘ +pB+2m—1) (q 2 >_1q*ﬁm . (C(a+m)5+m)71
Gola+B+m—1) [mlq! Neom
(4.4)

Note that, by the normalization of the measure, we have Hl‘|%(n+m)ﬁ+m =
a(N—m)
(a+m)B+my_1
(Covzmy )7

Now we introduce the normalized basis

m(m—1)

w0 Glat B4 N +m) [mlg! T

m(m—1) . o . .
(The factor ¢ 2 " is essential for the p-adic limit, ch(g(f;f;ﬁ;) is essential

for the real limit.) Under this normalization, from (4.2) and (4.3), we have

1k (at1)B+1 — a)B
—(1 = g N TLDR QIS = g TN
_ +1)8+1
—(1 = g* DN L = =1+ a+ Blaa el
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From the calculation (4.4), we obtain

I¢] 2
10998 112 (s =
q(N),m H 0

N:| Cq(a+mvﬁ+m) Cq(a+ﬁ+2m—1,a+ﬁ+N) —Bm
q Cqle, B) Cla+B+m—1,a+B+N+m) '

()8

Moreover one can calculate the explicit formula of Po(N)m

binomial theorem as follows;

by using the g¢-

@é??@m(i,j)

‘ Il vk, Y s hemyp Sl H i+ kB4 +m — k)
2 m—k]qu( D' Cla+i,8+7) :

0<k<m
(4.5)

With some more calculation (g-chu-Vandermonde) we can rewrite this in a
form showing more clearly the dependence on (i, 5):

@8 . _  GlatB+N) i il ik,
Pam ) = 0 g+ N m) og%m [m— k]q[k]qq RSN

w g A=) (B+E) Colatm)Cg(B+m)
Cola+m — k)G (B + k)

4.2.2 Boundary: The g-Jacobi Basis

Now let us extend the ladder to the boundary 0X = ¢ U {0}. Remember
that, for fixed 4, the point g° € gV is obtained by taking the limit of (4, j) as
Jj — oo. We have already obtained the Hilbert space Hé“)ﬁ = (30X, Téa)ﬁ)

where Téa)ﬁ is the harmonic measure defined as (3.15). Here we also consider

the normalized measure

19 o= Gyl By = ST ?>) "

and the associated Hilbert space nga)B = (?(0X, t,(la)ﬁ). Then we again obtain
the following ladder;

D D
8 _ 7 pletnl T > flasste
D* D*
Here the operator D is defined by

©(g") — (g™
q'(1—q)

and its adjoint D* is easily calculated as

Dy(g") :=
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D*p(g") = la +ilgp(g") = [ilea Pl ).
Then we have also the Heisenberg relation

DD* — D*D = [a + ﬂ}qqiﬁidﬁéa+1)[3+1.

Then we get the basis cp((fi),ﬁ of the boundary space ﬁé“)'@ defined by

m(m—1)
@8 — —1)m? (D™ i
<)Oq, ( ) [m]q' ( ) H((I +m)B+
This is also expressed as
e (g = Jim @07 (0, 4). (4.7)

Hence the operator D is the limit of the finite operator Dy. Remember that
()p
Py(its)m

to the finite case, the basis @gm (g°) is also eigen-function of D*D. In fact,
by the same way to (4.2), one can obtain the following simple formulas

(i,7) is the eigen-function of the number operator D% Dy. Similarly
(a )ﬁ(

D*go(aﬂ)ﬁﬂ 1-m, (a)B

[m]qq Pq,m »
_D(p(a)ﬁ =m—-14+a+0q c,off“mﬂ
whence
D D) = [mlyfm — 1+ o+ Blag~ "~ +Hpe)?.

This shows that the function cp,g )5 is the eigen-function of the number oper-
ator D* D with eigenvalue [m],[m — 1+ a + 8],¢~#~™*1. By the same reason
for the finite layer, cpé%ﬁ are orthogonal basis of the space FI&”‘W , whence of
Hé”‘)ﬁ . Note that the norm of gofﬁq){@ is given as follows;

H(p BH — CQ(]-) Cq(a—i—m,ﬂ—l—m)cq(a—l—ﬂ—i—Qm—l)q,,@m

T G m) Glanf) Gla+ Btm—1)
Remark that we can check directly that the basis QO;?I)Vﬁ)  and <p§?,2f go to

@L((XJ)VB)M and cp,(ﬁq)f , respectively, if we take the p-adic substitution @);

o ® (s . .
O an(03) = 5N i),

«@ @ «@ i
e (g") — e (D).
Also we can get the explicit formula of <p,(1 w (g%) by just taking the limit
(4.7). In fact, from (4.5), we have
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« 7 i k(k—1) —m
)= 5 L] e
0<k<m q

G(1)  Cela+i+k)

. 4.8
GA+R) Glati) s
=y { ‘ } (—1)kgik . ¢ 5 7 Hh=m)(Bk)
m—k
0<k<m q
G(1)  Gla+m) (B +m)
G +Fk) Gla+m—k) ((B+k)’
whence in the limit ¢ — oo we pick up the £ = 0 term in the last sum,
@By — T (@B iy —ms (1) C(B+m)
Pam (0) = Hm @77 (g%) = ¢
o O) = B o () =0 ) g (9)
Some calculations gives the equation
o (g") -3 {m} (_1)kq’“<’“2‘1) —km G(B) Gla+B+m+k—1) WEERL
P’ 0) oLz LR CGB+E) Cla+B+m—1)
Note that this is the polynomial in ¢*. Further it can be written as
()B( i
QDq(,;r)zﬁ(g ) = 2¢1(—m,a +ﬁ+m - 17ﬁ, 1 +Z)a
©g,m (0)

where

T¢S(a17"'?aT;/Bl,"'?ﬂs;’Y)

(B CalBs) e gy om0 a1
= Colar) - Cylan) nzz:o(( 1H"q )

C(I(al + n) T Cq(ar + TL) g
Cg(1+n)C(Br+n) - ((Bs +n)

and 2¢1(—m,a + B +m —1,3; 1+ i) becomes a polynomial in ¢°, called the
little g-Jacobi polynomial.

Now we have the basis of Hilbert spaces for both finite layer and for the
boundary and operators between them. Therefore we obtain the following
diagram:

D
Hga)ﬁ - = Héa"rl)ﬁ-‘rl

D+
. . 49
K K (4.9)
)5 b (@t1)g+1
(e} > (e}
Hq(N) < Hq(N—l)
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Here Kq(?lzf) CHMP H;?K,ﬁ) is a map on H\? to the finite layer H;?K,ﬁ)
defined via the Martin kernel K on Hga)’ﬁ as follows;

Kielig) = | K((4).g"elg")ms P (g").
q(N) ox
From (3.13) one can calculate explicitly K(g?lzfﬁ)w(i, Jj) as

i+n)'

1 Clao+i4+mn) 54,
(@ T al ) 154+ (g
>0

Using the (4.2), we see that this diagram is essentially commutative in the
following sense.

(1—gtPtNy=1pt o FlatDB+1 _ pr(a)fB D+,

q(N-1) a(N)
+1)8+1
(1= ") Dy o K = Kin 2 o D.

This also shows that the operators D and D are compatible with the Martin
kernel. Immediately we have

(a)B .
K@B @5 _ | Poym LOSm SN,
anyTem 0 if m> N.

Just like in the p-adic case, we have diagonalize the Martin kernel in this

sense. However, remark that this is not the orthogonal projection because
B 8 B8
|\<p,§%21 HH(SQ)L; # Hgo((]?])V)mHHé?% The map K;?]zf) is a g-analogue of the

reduction modulo p% of Z,.

4.3 Ladder for g-+-Chain

4.3.1 Finite Layer: The Finite g-Laguerre Basis

We here recall the g¢-v-chain. This is obtained by simply taking the limit
a — oo of the ¢-B-chain. Let H('f(N) =0 (Xy, T(’f(N)) be the Hilbert space for
the finite layer with the probability measure

B ()8 _ N} C(B+7) i
T = lim 7 =1 .
oo = Jim, 738 = [} . G

We have also the same difference operator Dy and its adjoint D} between

Hqﬁ(N) and Hqﬁ(';\,l_l) by taking the limit o — o0;
- e(i,j+1) —p(i+1,))
Dnop(i,j) = ; ,
2 71— q)
. .. 1 o i N . .
Diye(i,j) : = 1_q{(1—qj)so(m—1)—(1—q )1 =" g (i — 1,5)}
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and hence obtain the ladder

8 Dy s PVL s
> >
Hyny < = Hywvony < 7 Hyvg
DN N-—-1

In particular it satisfies the Heisenberg relation

-8
* * q .
DnDy — D Dn_1 =
WDy = Diabion = i

The orthogonal basis cp's (™) f H f (™) is similarly defined as

@)
,m

m(m—1)

(D)™ i

8 — (1™
Py(N),m = (-1) [m],! a(N—m)

More precisely we have from (4.5)

3 S i Ik k(1) (k_m)ﬁ(:(ﬁ‘i‘j‘i‘m_k)
@q(N),m(lv.])_ Z |:m_k:|q|:k:|q( 1) q * ! (q(ﬂ‘i‘]) .

0<k<m
(4.10)

4.3.2 Boundary: The g-Laguerre Basis
Similarly for the boundary space ng = ?(0X, qu) where

B v (s () ¢
72,(97) 1= B = ey ()

(a)B

a(itg),m OF also by

the basis cpgq m 18 just obtained by the limit j — oo of ¢

the limit o« — oo of go((ﬁq)f:

05, m(g') = lm QB (i) = Tim {00 (g") (4.11)

Jj—00 a— 00

Of course one can construct the basis from the following difference operators;

» e(g") — (g™
Dyp(g') : = : ,
©(g") di(1—q)
* (i 1 i i —B it
D*o(g") 1 = 1_q(s0(g)—(1—Q)q w9 ).
Then we have
m(m—1)
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whence from (4.8) or from (4.10)

8 iy _ i )k P +(k—m)s (1) .
©2,m(9) oggmL”—kL( )q QOB

From (4.11), we have

05 m(9)

@Z(I’m(o) - 2¢1(_m7 oo,ﬂ; 1+ 7’)

Hence we obtain the following diagram between the boundary space and
finite approximation.

D
B > B+1
H q < HZQ
D+
B B+1
Ko LN
,g D BJ\r/l
>
Hywy < Hynoyy
D+
N

Here KqB(N) : Hzﬁq — HqB(N) is also defined via the Martin kernel;

Kl d) = [ K((i,5),9")e(g") (9")
q 5X q
n(ﬁﬂ)

_Cqﬂ-i-j Zcql—l-n

i+n).

In this case, we obtain compatibility

+ o gBHL +
DNOK(N 1)—K(N)0D ,
DNOK(N)_Kq(N 1)oD.

From this equation, we get the diagonalization of the Martin kernel

a(N)TZam ) if m > N.

We call the basis @Z(I’m, which is the polynomial of degree m in ¢‘, the ¢-

Laguerre polynomial. By taking the limit &« — oo of the formulas for @é?;)nﬁ ,

the m-th basis of H(ga)ﬁ which we call the g-Jacobi polynomial, one can obtain
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the corresponding formulas for ‘qu,nr In this sense, the g-Laguerre polynomial

cpgq m is a limit of the g-Jacobi polynomial.

05 mlg') = lim i (g").

a—00

It can be also expressed as the limit of the finite ¢-Laguerre basis:

@Zq,m(gi) = lim @qﬂ(i.;j),m(iaj)'

Jj—oo
Notice that the difference operators similarly satisfies the Heisenberg relation

q .
* * —
DD* - D*D 1 qldHZg:L
Hence we have the following properties

+1
=Dt = [mled T

by the definition, and
q—ﬂ
l—q

8+1

B —
_D‘qu,m = Zgm—1
(This is obtained by the induction on m by using the Heisenberg relation.)
In particular we have
g (m+6-1)

B

1 —q (qu,m'

D*Dg; . = [ml,
This shows that cpgq’m are the eigen-functions of this number operator D*D

—(m+p-1) . . . .
and [m],? 1:1 " is the eigenvalue. Since the eigenvalues are all different for

different m, this is an orthogonal basis. We have the explicit formula of this
function

5 iy i vk FED o kysk(i—ktm)  Ga(1)  Go(B+m)
<k< (4.12)

and the L?2-norm of this basis (by using the Heisenberg relation)

B _ G (1) GB+m) —Bm _. ~B
ez mlliy = o Xy ey © = Cam):

Also we calculate the special value of this function at 0, that is the limit
i — oo of the value at g°. If we take the limit i — oo, each term in (4.12)
vanishes unless k = 0. Therefore we have
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05 m(0) = Jim 7 m(g") = Cf(m). (4.13)

Let us give just two properties of this basis. First of all, one can get the
formula

(6 ) = CE(m).
(This gives formula (4.13) for s = 0 since this measure for s = 0 is the delta
function.) We also have the expansion of the basis @me

Coym = D Cf DLy my-
0<j<m

4.4 Ladder for n-3-Chain

4.4.1 Finite Layer: The n-Hahn Basis

In the second subsection, we saw that the basis of Hilbert space for p-adic

(-chain is obtained by the p-adic limit @). Here we consider the real limit,
11-3-chain. We start from the finite layer Hy vy := £*(X, T;(’f,)) where T;(’f,)
is the probability measure given in (3.1);

ap o o~ [N Gyl +2i, B+ 25)
Tn(N)(Za])_( > K Cn(avﬁ) .

Define the difference operator Dy : H;“(’f,) — HS‘JVQLB;)FQ and its adjoint DY, :
H(X+275+2 _ Ha’ﬁ as

]

n(N-1) n(N)
D)= (“ 57 4 N) (00 + 1) — ol +1,9),
Diveti )= (77 M) TG +i)etii 1) i +)eli—1.5)).

Then again we have the following ladder

Dn—

DN 1
a3 > rra+2,8+2 > rra+4,84+4
oy < " Hye™n" < Hyy
DN DN*I

Similarly to the case of the g-f-chain, it is easy to see that these operator
satisfy the Heisenberg relation;

a-i—ﬂ)

DyDf; = Dy D1 = ( ;

id ;;a+2,842.
Hov)

a,p

The orthogonal basis ¢, 'y .,

is obtained by
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1
8 — +
@Z(N),m = (_l)mm. (D )mlH:T(J;fmmﬁ)Jrzm.

It can be also given as the limit

. 75 .
Py m (6, 5) = lim @5 1, (3. 9)

_ Z ( i >(j>(_1)k(n(a+2(i+k),5+2(j+m—k))'

oLt \m—k) \k Colo+ 2i, 8+ 27)

We have also the following relations;

D+ a+2,8+2

n(N 1),m— 1_m(p

n(N) m’

+5) a+2,8+42

_DN‘pn(N) _<m_1+ 9 n(N—1),m—1"

Therefore we have also

a+ 0 8
DY DN yinym m<m_1+ 9 )%03(N),m

This shows that the basis ('077( N)om is the eigen-functions of the number opera-

tor D+ Dy with the elgenvalue m( -1+ a;ﬁ), whence an orthogonal basis

of HY, ’B The norm of %

(N is given as follows;

n(N

(N)Q,(a+2m,ﬂ+2n) Cn(a+B+4m —2,a+ B+ 2N)
m

a8 -
”“"n(N),m”H;’(*fé) ¢n(a, B) Cpla+B+2m —2,a+ B+ 2N +2m)’

4.4.2 Boundary: The n-Jacobi Basis

We next study the boundary space Hﬁ"ﬁ = L?(0X, Tﬁ"ﬁ) (see Sect.3.1). We
must treat the boundary a bit more delicately. Recall the boundary dX and
the harmonic measure Tg"ﬁ on 0X;

0X = (0,00 = PA®)/{£1),  79(2) = poc(@)° pola)’ gn?:m'
Change the variable
PYR)/{£1} >z +— 2z € [-1,1]; 2 = poo(®@)? = polz)? = 1-— 552.
14 2?2
Then it holds that
1 14z 1 1—2z

2_ p—
Pol@) = 2= g
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1/1 11 —2\"1
0T
2 2 2

Then we have an isomorphism

Hv?’ﬁ ja Lz([_l’l]’ <1—;Z>g_1(1;Z>§_12Cniiﬂ)>.

Again we have the ladder;

D D
a, > a+2,6+2 > a+4,6+4
H?? < H?? < H??
Dt Dt

Here the operators D and DT are defined by

D = pucla) 2 pol)
D* = o) 0% )" )

and these are the limit of the operators Dy and D7, v respectively. One can
also see that they satisfy the Heisenberg relation

a+p

DD*—D*D:( .

) idHf,a“)ﬁﬂ .
Note that D7 is the adjoint of D up to a constant multiple. Remember that

for finite layer H® o N), the orthogonal basis cpn( Ny is the eigen-function of

DxDN with eigenvalue m( -1+ a;rﬁ ) On the boundary space, we can
also obtain the orthogonal basis go?‘]ffl which is the eigen-function of DT D.

Actually, let
m 1 m
901] ’gb = (—1) m! (DJr) 1H;7+2m,ﬂ+2m.

Then we have

2,542
—Dre AT = mpp
a+ 3 2,842
—Dcpn”@ = (m— 1+ 9 )@?L,’Hf ,

whence

D* Dy, = m(m —l—l—a;ﬂ)cp;‘ﬁ.

This shows that gogﬁl is the eigen-function of the number operator D™D with

the same eigenvalue as goz(’]%) whence an orthogonal basis of Hﬁ‘*ﬁ . More

,m’
precisely, it can be written in terms of two types of limits. In fact, it is the

limit of the real finite approximation 907;(2 iyam
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ppm(@) = lim @l (i.). (4.14)

j/i—a?

On the other hand, it is expressed as the limit of the boundary function for
g-f-chain;

a B .
ppm(@) = lim gia (g). (4.15)
at—po ()2
Also it can be written as the function in z since Z; — zifi/j — 22
Pol(z) = lim Xl (i)

i,j—00
ij
itj

— Pg/2—1,a/2—1(z)

—z
)

where Pﬁi’ﬁ (z) is the classical Jacobi polynomial of degree m. The norm is
calculated as

B2 Cola+2m, B +2m) (la+8+4m —2) 7™

& = .
llen, Hy? Gy, B) Gla+B+2m—2) m!
Remember that ¢, («, 3) is the beta function and similarly ¢, () is the gamma
function (multiplied by 7~ 2).
Now we obtain the following diagram

D
HB > gat+2,5+2
n < n
D+
(a)B a+2,8+2
Kn(N) K’r,(N—l)
"5 by 12642
(o > « 3
Hyiny < Hy(v2
D+
N

where K;Y(’I%) is also defined via the Martin kernel:

e g) = | K(G ), 2)e(@)my? (z).
ax

From (3.5), it is represented as
g = [ ela)ry o),
PI(R)

Then we have the compatibility of the Martin kernel and DT and D.

a+2,8+2 _ a,B
Kywny 0P =Dno Ky,
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KB oDt = Df o K202

"(N) 7](1\/'_1)
and hence
KB oof — Py HO<m <N,
n(N)¥'n,m 0 Fms N

Therefore we have the diagonalization of the Martin kernel K;(’f[) in such a
sense. However, again it is not an orthogonal projection on the finite layer.

But, in a sense, it is regarded as a real analogue of the p-adic reduction modulo

pN

It is natural that one consider the real y-theory by taking the limit as
a — 00. However, as we have noticed before, there is no finite layer for y-chain.
We do not know how to normalize it, whence there is no finite approximation.
But on the boundary, if we take a scaling limit & — oo, we can obtain the
classical Laguerre polynomial and, instead of the f-measure, the y-measure.

The limit (4.14) and (4.15) can be checked directly. More conceptually,
these follow from the fact that the operator

z 0
20x°

oz 0

5y = (L2427

D = poc(@)2po(2)

is obtained as the limit of the corresponding operator. Since the operator D+
is just adjoint of D up to a constant multiple, we only need to look at the
operator D;

1. We now calculate the limit

: - . B N o
gg;DNﬂ%ﬁ:igg(a26+w+yﬂwmy+n—w@+Lﬁ)

:2 j/i—a2

2

Note that if we take the limit ¢,j — oo with j/i — z*, we have

i—j 1 1 1— a?

ivj  1-a? 14 L 1422 T

Define
o i—J
=@ [0 = B
o(x) (2) andset @(i,7) <z +j)

Then we have

paae = (57 e ) (05501 (5 T0)

a+ﬁ+“%'éc_j_1)_¢0_j+w

2 T\t i4+1 i+j+1

:_2 ( ).
i+ji+1 2

441
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Therefore one obtains

lim Dy®(i,j) = -2 0 d(z).
by 0z

On the other hand it is clear that

aiw(x) - (;’ch(z)) ai G ;iz)

- (iq’(Z)) (1 1452)2
=4 2 0)) ol pola)? !

Hence we have

oz 0

~2, 8() = p@p0(a) 2 ¢

() = Dep(x)

This shows that the operator Dy converges to D as i,j — oo with j/i —
2
2.

2. Another case is the limit ¢ — 1, i — oo with ¢* — po(x)? of the difference
operator D : H\®? — plethett
' o(g') — (gt
bty - A0 ot
¢'(1—q)
Define
z2=14272)71 = po(x)?, o(z) = ®(z) andset ®(g"):= O(q").
Then we have

() () _ 0
lim . =
g—1,i—o0 ql(]_ — q) 0z

at—po ()2

D(2).

On the other hand we have also

aax‘P(w) = (652@(2)> 881‘ (1+27%)

= (5.5 o

-1

) 5 P e
whence 5 5
5, 8(2) = po(@) po(2) 7 () = Dep(a)
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4.5 The n-Laguerre Basis

Remember that we unfortunately do not have a real y-chain. However we do
have a basis on the boundary space for the real g-measure. We consider the
scaled limit of & — oo of the Jacobi basis. We denote the boundary space by
HZ'B,,, = L2(R/{*1}, 7'5”) where Tzﬁ” is the n-y-measure defined by

B —mz? |, .12 dx
T, (¥) =e x .
2,(7) 1l . 5)
Note that ¢, (8) = W*SF(Z). We have also the ladder
D D
+2 +4
HE _TOHD T H

Dt Dt

Here D is the scaled limit o — oo of the differential operator D%"'B which we
have obtained for n-(-chain. It is given as

D=t (5) (5 ) o5 em((52) )

where 7(a)p(r) = ¢(a~'2). Now this limit is easily calculated as

1 0

= oz’

Then the adjoint operator D* = D7 is given by

D= Jim (1)) o0 en((57) )

and has a simple formula

.]ja —71':62 ﬂ_ .ra 2 ﬁ
an)e ol = =g g 7~ o

And again these operator D and D* satisfy the Heisenberg relation

* 2 —
D* =¢™ \x\nﬁ<—

DDj; = Djy5D = idypsa.

Using this formula, we have the eigen-function of the number operator DD*
with eigenvalue m given by
Oy = (D)™ (D)L oz
n

This basis can be expressed in various ways. First of all, it is given by the
scaled limit of the classical Jacobi polynomial;
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Similarly one can write this by the limit of the g-Laguerre basis as follows:

o (@)= lim of (). (4.16)

q—1,i—00
q* 2
1-q

From the definition we have again a simple formula
1 1 9\m 2
—7mm B+2(m—1)
m! (Qx ax) € [
o mY, e GolB+2m)
-1 kSN 2k
2 (e G

0<k<m

2 —
02, m(@) =€ |afs?

= (—1)"LE " (ma?),

where L2 (z) is the classical Laguerre polynomial. Then let us check the
formula (4.16). Remember the g-Difference operator for the g-Laguerre basis;

[w@gzwwg—¢¢“>
¢'(1—q)
Take the limit ¢ — oo, ¢ — 1 in such a way that lqjq — 2. We also put
i
pl)=2(:), z=m a(gh)=2(," )
Then we have
B(:) ~ @(gz) _ B(z)~Dlgz) 0

(1 - Q)D(I)(Z) = qi qi+1 = z—qz - aZ(I)(Z)
l-q¢ 1-g¢
as ¢ — 1. Changing the variable x to z, we have
o) = el
Hence we have
1 o 0
2rx dx 0z

We finally see the limit of the special number C’;f(m). In the p-adic limit
® (note that the p-adic limit ¢ — 0 but ¢® — p~?), we have

@

CPm) = CP(m) := {1 ifm =0,

1 (1—p=P)pP™ it m >0,

Similarly in the real limit (), it holds that

@

Cfm) > Cmy =T ST ) (5

m! (B ml2\2 2

With these values the formulas for the g-Laguerre basis at the end of 4.3.2
continue to hold in the p-adic and real limits.

+m—1).
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4.6 Real Units

Let us now consider the limit «, 3 — oo of the p-B-chain. The “up-stares” of
this chain is the tree with valencies (p — 1) at the root, and all other valencies
equal to p. The probability is given by 1/(p — 1) at the first stage and 1/p at
the other stages, whence it is the random walk. Namely, each arrow gets the
same probability from the same point. The boundary is Z;, and the harmonic
measure is just multiplicative Haar on Z; normalized by d*(Z;) = 1. We
consider the same thing for the real.

We take the limit o, 5 — oo with a = ( in the n-8-chain. The probability
of going from (i, j) to (i+1, ) or (¢,j+1) is given by 1/2. Then the probability
measure on the N-th layer Xy is very simple. In fact it is given by the limit

a = 3 — oo of the probability 7-7%1[5)7
i ; . N1
To(ny (4, 5) = QILII;O 77(]?]1;;(@,]) = 119N

Let us obtain the harmonic measure on the boundary. At first, the Martin
kernel is given as follows;

(@ +5 = (+35) " oiti
K((i,4),(¢,5") = ¢ (@ =G =) @ +35)!
0 otherwise.

ifi' >4, j' > 7,

One can check that the sequence (i,,j,) in the state space converges in
the Martin metric if and only if j,/i, converges in the wide sense in
[0,00] = PL(R)/{£1}. Equivalently, z”jrg“ converges in [—1,1], that is the
Cayley transform. We also extend the Martin kernel to the boundary by

K((i,j),2) = lim K((i,5),(i,5") = 27 po(x)* po()*

3=zl
for x € [0, 00] or, by the Cayley transform,

K((i.5),2) = lim  K((i,5),(i,j) = (1 +2)"(1 - 2)

il ’
i/ —j

i+
for z € [-1,1]. Here

1—a?

2= poo(@)® —po(2)* = o

Hence, the harmonic measure on the boundary is just given by §,—; for = €
[0, 00] or d,— for z € [—1,1].

Let us denote the N-th space by H, () = 52((i,j),7n(N)). We have the
operator Vy : Hyny — Hyn-1) and its adjoint Vy @ Hyn_1) — Hyn),
which are the limit o =  — oo of the operators for the n-(-chain;
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Vne(isj) = @(i,j+1) =i+ 1,5)
Put V} := NV%. Then it can be written as
Vie(i,g) = de(i,j —1) —ip(i — 1, 7).
Then we have the ladder

VN VN—I
> >

Hynvy _ Hyn-1) _ Hyn-2) .
vk Vi

This again satisfies the Heisenberg relation up the ladder
VNVE = Vh Vi =idm,.
We define the basis of Hy by

m 1

Gn(Ny,m = (—1) "

! (VJr)mlHr,,(Nﬂn)

(we normalize ¢ soon.) It has an expression as the limit & — oo of the real
Hahn function;

o e iN( .
B0 F)n(nym =2 lim @5 (G5 = ) (k> (m_k>(—1) ’
0<k<m

1,...,—-1),
-

where o, is the m-th elementary symmetric function of N variable:

O—N,m(xla"'vl'N): E le...xjm'
1<j1 < <jm <N

We also have the following formulas by using the Heisenberg relation.

=V @n(N—1)m=1 = MBy(N).m»
—VNGy(N)m = Pn(N-1),m—1-
Hence we have
VNVN@y(N).m = MPy(N),m
This shows that the function @y ,, is the eigen function of the number operator

Vi VN with eigenvalue m, whence @, n),m is the orthogonal basis for the
N-th layer. The L?-norm is calculated as

N
~ 2 o
1200yl = ()

To see the limit of these at the boundary, we need to scale. Let us scale the
operator V  as follows;
Dy :=V21rNVy



4.6 Real Units 91
Then the adjoint operator is given by

2

* +
Dy = N V-
Similarly we put
e m 1 D* m
Pn(N),m = (_1) m!( ) 1H'r,(N—7n)
This is the old function up to a constant, that is,
(2m) % i
Pn(N),m = 1 Pn(N),m

(N(N=1)---(N—=m+1))?

Hence this also gives an orthogonal basis and the L?-norm of it is easily

calculated as

2 _ (@emm
H@n(N),mHHU(N) -

Now this is much better than the one for ¢, (y),, because it is independent
on N. Let us associate (i,7) with the point

Ni—j [_ N N}

i—j
w(i,j) = o\ o "

V2r(i+g)  V2mi+j
Then the measure 7 becomes the measure
1 1 * N
Tn(N) = 2N +Z z']' VanN (25\/%N * 25* \/217rN> ‘
i+j=N

Here *N denotes the N times additive-convolution. By the central limit
theorem, this converges as N — oc;

_ 2
TNy — € " dw

This is why we consider the scaled limit.
Now the limit N — oo of the operators Dy and D}, converges as follows;

0
D D=-—
N ow’
B 0
DYy — D* =™ aweimz = 5, ~ 2T

These act on the space H, := L*(R, e_”“’2dw). They satisfies the Heisenberg
relation

DD* — D*D = (2r)idp, .
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And we obtain the basis

m 1 *\ 1
Pram 1= (=1 (D)L,

We have also an expression of the basis as as the limit of the finite layer;

(pn,m(w) = lim %On(iJrj),m(iaj)'

w(i,j)—w

Also it can be written as the scaled limit o = § — oo of the real Jacobi basis;

. o\ _
Onm(w) = algr;o @Z&%)’m(z) z:%jw: oW o (8111) o Tma

and these are the even and odd Hermite polynomials top-right of (Fig.4.1).

Now we are looking at the parameters (o, () of real S-chain. We first
notice the special point (1,1). At this point, we have a unique probability
measure on the projective line that is invariant under the orthogonal group.
Similarly, at the point (2,2), we have a unique probability measure on the
projective line over the complex which is invariant under the unitary group.
Let us take the limit of one parameter, say o, as @« — oo. If § = 1 and
o — 00, we obtain the additive Haar measure |x|717d*x = dx and the Laguerre

basis for L?(R/{+1}, e‘”2|x|}7d*w), which are essentially the even Hermite

I6] even and odd Hermite
o) 7
Jacobi /,’/
/Gegenbauer
N === mmmm - m—m———— - T/
20
/7 |
,2nd Chebyshev odd Hermite
S 2 S
A |
’ 1 1
Fegendre i
pJ) RN !
15t Cihebysh:ev E even Hermite
L b A 1T Tt HE—
o | | |
S i i i
0 L L L L e}
0 1 2 3 n 00
Laguerre

Fig. 4.1. n-B-chain («, )
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polynomials. Remember the operators D and D*. For the real case, they act
between the space with 8 =1 to # = 3. For § = 3, we have also the Hilbert
space L?(R/{£1},e ™ |z[3d*x), and the Laguerre basis is essentially the
odd Hermite polynomials divided by x. Now if we take the limit « = 8 — oo
diagonally, at the point (0o, 00), we get the space L? (R,e‘”2dw) and the
basis for this space consisting of both odd and even Hermite polynomials.
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g-Interpolation of Local Tate Thesis

Summary. In Sect.5.1 we give the g-interpolation between the p-adic and the real
theory of the local (and unramified) part of Tate’s thesis. We study the Hilbert space
H? = L*(G, ") where

Q;/z; = p” for p,

d*
G =< R*/{£1} =R*" for n, P (z) = |z|® v
2 ¢(B)
g for g,
Here the measure d*z is the Haar measure (resp. counting measure) on G for 7 (resp.
p and ¢) and |- | is the corresponding absolute values:
pfordp(a) for P,
|a] = ¢ usual absolute value of a for 7,
q" (a=g") for q.

The measure 7° is called the Tate measure. Note that the following stories are true
for all subscripts p, n and ¢. Let .G - U(HB) be the unitary representation
defined by

_B _
P (@)p(z) = lal =% p(a~'2).
Let H® = Lo (@, 77), where G is the dual group of G}

iR/ ligi Z for p,
G=1; ! 8y — P B 0
= (¢iR for n, T(s)—C2+s,2—s d’s,
iR/ li’griIZ for q,
and

logp/2mw  for p,
d°(it) =dt- < 1/4n for n,
|log ¢|/2m for q.
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We have the cyclic vector ¢z of H?;

{1 if z € Z,, for p
0 ifx¢Z,, ’
pola) = { O Hwgl

e for n,
1/¢(1+mn) (z=g") forg,

and the decomposition of the representation 7° into the continuous sum (= integral)
of the 1-dimensional irreducible representations given by the characters in G is as
follows;

H = H”
¢z — 1,

7 () — lal° - 1.

More generally, the isomorphism is given by

’—>T§+S = ac7'§+s x
0 ()= [ ety (an

In Sect. 5.2 we describe the Fourier—Bessel transform F° on H”. It is the operator
that intertwines the representation ©”(a) and 7°(a™'): F°7°(a) = 7 (a™")F?, and
it corresponds to the operator 2 on H? given by

PR A% Jls) e o).

We have for any ¢ € H?

T(F) =777 (p)
and this characterizes the Fourier—Bessel transform. Then we obtain the explicit
expression of the kernel F? (using the Bessel function for the real case). Notice that,
in the g-world, the kernel Cq} B)}"qﬁ (g™ ') is symmetric in the spectral parameter
and the geometric one n. This symmetry is lost in the p-adic and the real limits.

We have also the convolution and co-convolution structure;
*3 _

HP @ HP _ HP

Ap

For the case of ¢, this interpolates the convolution and co-convolution structure
on S(QP™)¢EnZ) for p, and on S(R®™)9" (resp. S(C¥™")U) for the real (resp.
complex) 7. The operators *g and Ag are adjoint to each other. Remark that the
convolution is not defined on the Hilbert space but the Schwartz space. We also
obtain the following equivalent expressions:

ApFP (w,y) = FP () - F(y),
FP o1 %5 p2) = F (1) - FP(02).
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In Sect.5.3 we introduce the Basic Basis, which does not have the spectral
parameter

. (q(l) qm(m+")
Pm.q(g") = Co(T4+m) C(1+m+n)
¢z, ifm=0,
B Gm.p(z) = {QSP'"LZ; ifm >0, for ®,

722 )™ 2
Omp(z) = ( fn[) e for (@).

We denote by Hé /7 the Hilbert space generated by {®m }m>0 with norm

1 BY...(1 — gPtm—1 m
H¢m”Hg/Z=Cf(m)=( ") (1—q ) —mp

(1—q) - (1—gm)
1 if m=0,

- {(1—1)_5)19"” if m >0, for ®;
(ii:n for (@.

The boundary space HY = L*(G, ¢z7°) of the Markov chain after multiplication
by ¢z is a subspace in HqB, for which we have the Laguerre basis ¢z - ¢2,. H(S/Z is
also a subspace in H, 5, and the Fourier-Bessel transform F? interchange H(g /z and
¢z - HZB , carrying the basic basis to the Laguerre basis. Then we have the following
diagram for ¢, p and n:

J*=*g¢z
J
Jed ~ 5 7o 5
o/z = 7B > ¢z - Hy Pm < > 9n Prm
C- ¢z

Here, for the p-adic case, the embedding ¢ and j are the unitary embeddings
and give “;-Space” of Hpﬁ , which is the space of the function supported at p™ C pZ.
On the other hand for n and ¢ cases, these are dense embeddings. The adjoint j* is

given by (-convolution with ¢z.
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We then introduce some invertible operators X and Y on Hf by
Xe(g") =4q"p(g"),  Yelg") = elg" ).
They satisfy the g-commutativity relation;
XY =qVX.

Let N := X +Y, Ay := (1 —¢) 'Y 'X and A_ := Y[l — X (1 — Y)]. These
operators are nice in terms of the basic basis. Actually, we have

Néwm =q " pm, Aidm = [m+1eq " Pmt1, A_pm = Pm—1.
They satisfy the slo-relations AL N = ¢™'NA+, A_ A, — A, A_ = N, and an extra
relation

A_AL —q 'A A =id.

It is this extra relation that gives rise to the Heisenberg relations up the ladder.

5.1 Mellin Transforms

5.1.1 Classical Cases

Here we study the unitary representation 7 : G — U(H) of a group G. We
assume that G is non-compact and commutative so that the representation
theory is very easy. In this section, we mainly treat the case

G~ Z for p or g,
R for 7.

One can also write these groups in a multiplicative way:
v/
P for p,
G, =Q /7 =
v =/ {R+ =R forn.
Here we denote by RT the set of all positive real numbers. For the p-adic
case, all the representation of G, is determined by 7(p) € U(H). On the other
hand, for the real case, it can be written as 7(e!) = ¢4, where A: H — H is
a self adjoint operator; A is the infinitesimal generator of the unitary group
m(et), it is defined by

7(e)ep.
=0

Mo —
T
We assume that the representations of these groups are multiplicity free, in the
sense that there exists a cyclic vector ¢ € H. Namely, Span{ﬂ(g)¢ | g€ Gp}
is dense in H. Let p(g) := (¢,7(g)®)u. Then p : G, — C is a positive definite
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function in the following sense: Define the inner product (-, )¢ (¢, : Ce(Gp) X
C.(Gp) — C, where C.(G)) is the set of continuous functions f : G, — C
which have compact support, as follows:

e = [ dndohlonfplor's) (g € CAG).
pXGp
Then this is a positive definite inner product on C.(G). Let us write

()6 = / dgf(g)n(g)o € H  (f € ColGy)).

Gp
Then we have

(x(F1)és 7(f2)8) ,, = / / dgrdgafr(gn) fa(g2) (g )b, 7(92) )i

GpxGyp

_ / / dgrdgnfr(g1) folg2) ooy g2)
GpxGyp

= (f1, f2>cc(c;p) :

This shows that H is the completion of C.(G,) with respect to the inner
product (-, '>CC(GP)'

To decompose the representation, we look at the dual group
2

iR/ o

iR for p = .

T
N Z forp+#n
% x| N\ )
Gy = (Q/Z3)" = gp

We denote an element of Q) by a and an element of the dual (@; of Q) by s
(i.e., s is a character of Q). The duality (:,-) : Gj, x @p — C is given by

(a,s) = lal, (a € Gy, s€ @p).

For a function f on G,, the Fourier transform f (note that this is a function
on Gp) is just given by the Mellin transform:

fo) = [ f@lalira
GP
and its inverse transform is given by

fla) = /G F(s)lalz*ds,

where d°s is the measure on @p which is normalized by this duality:

logp
2T

1
4

for p # 7,
d°(it) = dt -

for p =n.
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The properties of the Mellin transform is as follows:

— ~

(fr* f2)"(s) = fils) - fa(s),  F*(s) = F(s)

where f*(a) := f(a™1).
Now let us decompose the representation. All we need to do is to introduce
the positive function

o= [ (@)l

Then p(s)d°s is a measure on @p Since G, is non-compact, H decomposes as
the continuous sum of the irreducible one dimensional representation of G.
This decomposition is given by

H = 2 (@p,ﬁ(s)do(s)) = H
¢+— 1,
m(a)p — lal; -1 (a € Gp),

~

m(f)gr—f(s)- 1 (f € Ce(Gy)).

Since the set of element m(f)¢ is dense in H, to check that the above is a
well-defined isometry, it is enough to note that

(r(f)bom(F2)) , = fo # f5 % p(1) = /5 F(5) Fo(s)(s)ds.

In the case of the reals, we also have that the operator ¢4 on H corresponds
under the above isomorphism to the operator of multiplication by s on H.

We specialize this general theory to the context of Tate thesis [Ta]. In
Tate thesis, we consider the unitary representation 7 : Q; — U (L2 (Qp, dw))
defined by

m(a)p(z) = lal,Ppla” e) (¢ € L} (Qy, da)).

We always specialize to the “unramified” part, which means that we are taking
Z,-invariants, and consider only
T Q)2 — U(L*(Qp, dz)™).

The unramified part was also studied by Iwasawa independently of Tate. Let
us generalize the above as follows. The Tate measure 7'1’36 (x) on Q,, is given for
6> 0 by

g d'x

P G(B)

7, (2) = |z
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Note that TZ (z) = ¢z,(x) - 75 (z) is the y-measure which we have studied
before with

the characteristic function on Z,, for p # 7,

62, () = | —xla? _
e 7 for p=n.
Let
Hf = LZ(QP,TZ?)Z;
For example if § = 1, 7} (x) = dx is the additive Haar measure on Q. Further
if 3 = n for some positive integer n, H} can be identified with
GLn(Z,
H ~ LX(QS", da) ),

Any element ¢ € Lz(Q;?",dx)GL"(ZP) that is invariant under the compact
group GL, ( Z,) can be written as p(z1,...,2n) = @(|z1,...,2p|p) With @ €
H}. Let 7r :Gp — U(H, %) be the unitary representatlon deﬁned by

my (a)g(x) := lal, " 2p(a” x)

We next consider the decomposition of this representation. We can take the
cyclic vector of Hy B as ¢z, We get the positive definite function

i) 1= (62, @16, g = ol [ 6, @10, 7 )] S
Then it is shown that
P3(a) = poc(a)? po(a) . (5.1)
In fact, for the case of p # n, we have
:png/ b2, @)z, @)l ©
P P PC ( )
/ By () ]2 dz) % it >0,
= I .
/ bz, ( |$|§Cp( )— ifn <0

_2

— [Lp" 2 1Lp ",
On the other hand for the case of p = 7, we have

_B 2 _2 d*x
B — 2 —nlz|;(1+]al; %) .8
p2(a) = lal / el al D g
K Tk "¢y (B3)

-5 oy

= laly * (1 + |al, ")~ >
_s o
() ()

_B 17[3

:‘lva‘ﬂ”l’ai ‘772

This shows the claim (5.1).
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Let us calculate the dual measure 7 of 7. By (5.1) and the formula
laly = po(@)/pocla) we have

7= eds = s [ pllafda

P

- d°5/ poe(@) ~po(@) 3+ d"a
_ o s B
=d s~Cp(2 + s, 9 s)
16} 2 d°s

= ¢ +s ‘ .

p<2 ) pGp(B)
Hence we have the decomposition

= LX(Qp, )% 5 L2(Gp,70) =2 HY

¢Zp — 1,
mB(a)z, — a3 1 (a€Gy).

p

The isomorphism is given by

s d'a
oo o) = [t Gt

Qp
In the case of p =1, we have also the infinitesimal generator

0

a=1)g0(37) o 81& t
0

© Ot

= _<§ * mdi)“”(x)

iAp(x) = B(aaaa

Namely, z(g +x dcfr) is the self-adjoint infinitesimal generator.
One can obtain more precise information from the following commutative

diagrams: In the case p # 1, we have

g

NS
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where S ((@p)zrj is the set of locally constant compactly supported functions

on Q, which are invariant under the action of Z;. For example, by the inverse
s

map of 72 +S, the polynomial F'(p~%,p~*) is mapped to F(’]Tg (p), 75 (p~1))¢z,

For the real case, we have

5+s
Taf

Cl-(5 +z)]e ™ =Cla?e " ~ Cs)

~ (Mellin transform)

(C[a@aa ’a:l]

B
The inverse map of 7.} " take the polynomial F(s) to F(Wf(aaaa la=1))0z

e
5.1.2 g-Interpolations
Now we want the g-interpolation of these local stories. We work on

Gq = g~

for some letter g (we use the letter g different from ¢ since in the p-adic limit
we want to let ¢ — 0 but keep ¢g" = p”ZZ). We define the ¢g-Tate measure for
G, by

7_,6 ny . CQ(I) ng
(0= T

This is a positive measure for g > 0, whence we have the Hilbert space

HY :=(*(Gq, 7). The “g-absolute value” is defined on G, by [¢"|; = ¢". Let
755 Gy — U(H(f) be the unitary representation of G, defined by

T2 (gM)elg™) = a7 (g™ ™).

For the cyclic vector, we take

N . 1 H(l—qm) for n >0,
Definition: ¢z,(9") = . (1+n) = m>n
q 0 for n < 0.

Then we have
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Actually, let us calculate the p-adic and real limit of ¢z . First of all, notice
that
1 forn >0,

0 forn<O.

(}i_f{(l) ¢z,(9") = {

Hence, in the p-adic limit @ (recall that @ means that ¢ — 0 in such a way
that ¢° — p=? and ¢" — p"Zy), we see that ¢z, — ¢z,. This case is very
simple because the group is the same; Gy ~ G,. On the other hand in the
real limit @) (recall also that (@) means that ¢ — 1, n — oo in such a way that

lqjq — mx? € R/{%1}), since

1
¢Zq(g )_ Cq(l'i‘”)
_ I T
g%@1+k DFq 2 g
_ (1-q)F Cyk RO g\
2 g a-m V(L)

one gets that ¢z, — ¢z, .

With the representation 775 and the cyclic vector ¢z, , there is associated

the positive definite function on G
Pe(9") s = (92,75 (9")92,) s
= 3 0, (M) (g 1) g, (52)

k>0

We next calculate the Mellin transforms of p(g™). We denote the dual group
of G4 by

211
/

G, := iR Z
a ’ log q

The g-Mellin transform of f : G, — C is given by
file) = Y06 = | r@lelya
Then the inverse transform is given by

N —ns jo o/ - logq
:/1h®q dys, %W%:ﬁWQ y
Gy ™
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From (5.2), we see that the ¢g-Mellin transform ﬁqﬁ of pqﬁ is given by

= Z pg(g")a"™

_ Cq(l) k('ngs) Cq(l) m('gfs)
C(1)Ga(B) mZ G+ G m)?

_ G5 +9)6(5 —9)
Ca(1)¢(B)

=Gy ey )

whence the dual measure is given by

73(s) 1= pP(s)d°s = gq(g + s,g - s)d°s.

Therefore we obtain the decomposition of the representation H 5:
HP = (Gy,70) =5 Ly(Gy,77) = 1)
¢Zq — 1,
(9" )bz, — ¢"° - 1,
ﬂf(f)(ézq | fq(s) -1 (f € CC(Gq))-

The isomorphism is given by

i) = fﬁ(f ) S g ().

Again one obtains more precise information from the following commutative
diagram:

B+S

ANV 4

Here S, := Span{w’(9")¢z, }neZ.
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5.2 Fourier—Bessel Transforms
5.2.1 Fourier Transform on Hg

Recall that the Fourier transform F = .7:; is a unitary operator from the
space H, = Hé = L*(Q,, dx)Z; to itself. Moreover, F satisfies the following
properties:

F=F"=F",
Foéz, = ¢z,
]:w;(a) = w;(a_l)}".

Note that the third property shows that F intertwines the representations 71'117 (a)

and 7} (a~"). Similarly if we consider the space H = L*(Q¥", dx)%En(Z0)  we
have the n-dimensional Fourier transforms F}'. This is also a unitary operator
from H} to itself and satisfies

=7 =)
Fpbsge = g,
Frat(a) =7 (a”)F).
More generally, for any 5 > 0, we have the operator }'5 : Hﬁ — Hﬁ satisfying
F =) =)
Fio=o,
}fwﬁ (a) = wf(a_l)]:f.

The operator .7-"5 on Hpﬁ corresponds to the operator .7?5 on }AII? ,

B ~
+ B
Tp2 S . H. » > ]—"5
p Py
Fh FP

where the map ﬁg : fIg — fIg is given by
BLF(s) = Fl=s),
It is also clear that
28 _ (FBYF _ (7B
]:p_(]:p) _(]:p) ’
TB1 —
Fi1=1
because the measure 7/ (s) is symmetric in s — —s.
We can always write ff by using a kernel ff 1 Gy x Gp — C;

Flow) = [ o} (w.)r(da),
G

P
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Since FJJ intertwines the action of ¥ (a) and 7/ (a™!) for a € Gy, we sce that
the kernel .7-"5 (x,y) depend only on x - y. Then it is easy to calculate that

F (@) = G(B) (92, (x) —p~ ¢, (pr)),

Ao =20 @O ) = @)l w2,
k>0 n ’

where Jg(z) is the Bessel function. In particular for 5 = 1, we have

Fha) = | (0, (0) =7V, () = b, (@) =L 0z @)
1R (2rz2)F
Folz) = Z (=1 2(13' " cos(2mz).

k>0

5.2.2 g-Fourier Transform

We now construct the counterpart g-theory of the previous subsection, that
is, the g-Fourier transforms: The operator ]:é? on Hqﬁ is defined to be the

operator that corresponds to f;f on H 5

qu A Hfllg - ! qﬂ
A ()
7 70
where ﬁgf(s) = f(—s). Note that, since 7’ and 1 are invariant under s — —s,

we have
* —1
R =
Floy, = bz,

Flrl(g™) =nl(g~™)FL.

Similarly, .7-"5 is given by the kernel .7-"5 Gy — C

Floly) = / o(2)FL (x - y)rl (dw).
G

q

Then what is the kernel F?(x)? Note that F? is defined by the equation
q q

6 _

8 S S
7'q2Jr (-7:(}690) =17 (9),

equivalently
T8 (Flo) =77 7(9), (5.3)
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or, explicitly,

I e@rie prim = | e,
GyxG, G,
This is equivalent to the equation (for all ¢’s):

T CQ(I) xﬁfs * 3 Cq(l) S 7k, Cq(l) .13'675 2)d* &
L, e gy i A ey = a0 et

Notice that the integral is just the sum on ¢gZ and that |g"|, = ¢". Hence the
kernel F/(y) is uniquely characterized by (for Re(s) = 'g ),

e C(Z(l) S Pk, Cq(ﬁ)
/Gq Fy (y)gq(s) lylod™y = C(B—s) (5.4)

Actually, we claim that
F2(g™) = 1¢1(00; B; 1+ 1)

_ Gq(B) _ k(k—1) (1) (1)
() S 2 i Gataen

:Cq(ﬁ) 1k, RS G(1) G(1) (14n)k
) G (1) k%:o( DO Gaen G nt

Then, for 0 < Re(s) < 8, we have

[ Fw g Wy

_ CQ(ﬁ) ns _1\k k(k;l) Cq(l) CQ(I) Bk

=Gl 22 L b
q ms q 1 k(k—1 q 1 —s

- iq((f)) m>0q Cqégr)m) kzx](_l)kq o qul(Jr)k) ¢ =)
) i
&) (5 - 9)

_ L)
Cq(ﬁ - 3).

This shows that F(g") as given by (Cp) satisfies the formula (5.4). Further,
it is easy to see that the two expressions (Cp) and (C,,) are the same because
expanding 1/¢,(1 4+ n + k) in (C,) gives the expression
1 n— R (1) k e oD Co(l) nk
]:'/3 1y kﬁ[_lk 5 q /3:||:_1 2 q .
G0 = 2 a0 G| g
which is symmetric in 8 and n. This symmetry between the spectral parameter
0 and the geometric parameter n is unique to the g-theory, and is lost in the
p-adic and real limits. The expression for the kernel /7 (resp. .7-"775 ) is obtained
by taking the p-adic (resp. real) limits of the formula (Cp) (resp. (C)).
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5.2.3 Convolutions

We here study the convolution structure. Let 1,2 € C?(@;?”)GL"(ZP).
Then, we have the additive convolution of ¢ and s:

©1 %0 2(y) = /
Q3

p1(x)pa(z —y)da.

It is clear that 1 %, @2 € CSO(QS?")GL"(ZP) and the convolution product *,,
is associative and commutative. Further, it holds that

Fp (@1 #n p2) = F (1) - Fp (p2)

for the p-adic and real case. Next we want to describe the convolution structure
which interpolates the convolution of the p-adic and real one. Define

55(:31,...,:3”) ::/G ]—'qﬂ(xl~y)~~~}'§(xn~y)7'f(dy).

The function (55 (x1,...,2p) is well-defined, is symmetric in the variables
T1,...,T, and homogeneous in the sense that

(55(yx1,...,yxn) = (55(m1,...,xn)|y\q_ﬁ.

For example, if we take n =1

we have

Cq(ﬂ) |£L'|7B
G()

ég(x, x) = reproducing kernel for Hqﬁ =0z
We next study the co-convolution A'g:

Agcp(xl,xg) = p(r1 P x2) 1= / cp(mo)ég(xo,xl,wz)T;}B(dmo).

Gq
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Then Ag satisfies the co-commutativity relation:
p(e1 ©p w2) = (w2 Op 1)

and co-associativity: in fact,

o1 ®gxe B - Bgxp) = / go(mo)ég(xo,xl, e ,xn)Tf(dmo).

q

The convolution is the dual operator of the co-convolution. It is defined by
©1 %5 p2(20) == // o1(21)@2(22)08 (w0, w1, 2)7) (w1 )70 (dar).
GqxGy

Then the duality of convolution and co-convolution is expressed as follows:

(Ag%,@l ® <P2)H§®H§ = (0, ¢1 *p 902)H5
= /// @0(%0)@1(%‘1)@2(%2)(55(%0,.Z‘l,xg)Tqﬂ(d.]?o)Tqﬁ(d$1)Tqﬂ(dJ?2).
Gy xGgxGyq

Further it holds that
ff(m Dg x2) = / Tf(dmo)ff(wo)ég(xo, 1,22)

Gq

- //G . T2 (dwo) TP (dy) FE (20) FP (z0 - y) FP (21 - y) FP (22 - y)
fZX q
= FOFS(FL (1 - )F (w2 ))(1)
= FP (1) - FJ (x2).
Similarly, we have

FP 1 %5 92)(y) = / 78 (dxo)pn *5 93 (20) FP (o)

Gq
-] 2 (o) (dn )5 (oo (1) (2238 (w0, 21, 22) F ().
Gy xGgxGy
Changing the variable zg — z¢/y, and using homogeneity
_ Zo
|y‘ ﬁ(sg( y ,x1,1‘2) = 65(x07yx1a y$2),
we have

FP (o1 5 92)(y) = / /G ) e (e 7 s 95 )

[ s e w)pa(e) 7 () 7 )
GyxGy

= Fio1y) - Fiea(y).
These are the basic properties of the g¢-Fourier—Bessel transform, which

interpolates the p-adic and real one. Note that the extra parameter § is
indispensable for this interpolation.
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5.3 The Basic Basis

Let us consider the space £2 (gN, T;f) - H;f with 7'5 (g™) = ¢ gq(%)) Note that
q

q"’ (1)
Cq(l +n) Cq(ﬁ)

qu =¢g, TP =

and TZ = ¢z, 'Tpﬂ for the v probability measures in the p-adic and real cases.
Let HZBQ = (2 (gN,qu). Then we have ¢z, - HZBQ =02 (g", (1 + n)qu) and

bay - HE, € 2(d,78) € HE.

Consider the p-adic and real limit. It is easy to see that

A A A
® ® ®

q: ¢z, Hy, < (7)) ¢ H
@ @ @

\4 \% \

UE ¢z, -H, <  H} ¢ HJ

Here ng = (2 (pN, TZBP) and

d*x - d*z
Hy = (Rl © ) HE = (R el ).

"G (8) "G (6)
We have also ¢z, - Hy = L?(R/{+1},e™ [a]7 & 7).
Now define the Basic Basis:
Pqm(g") = (éq((llfm)) 6 ji miny (MZ0 (5.5)
Note that
6000 = ¢ (14 = 0l0")

and ¢g,, is supported at n > —m. Taking the p-adic and real limit, we have
for m >0

¢ _ {Qi)p_mZ; for @7
q,m

I (7r:102)me*7”’”2 for @.
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In fact, we have limgy .o ¢g,m(g") = d4-m ¢n, that is in the p-adic limit @), we
obtain the characteristic function on p™™Zs. On the other hand taking the
real limit (7)), we have

ny __ C (1)(1_q)m m? qn m 1 1 m, —mz?
bam@) =" 0 TG s men T T

Now we denote by ng/zq the Hilbert space with the basic basis {¢q,m } mez

as orthogonal basis with norm

By~ ) G(BEm) g
, =G C(L+m)  G(B) '

2
lbamilly |

Note that ng /2, is both a Hilbert space, and a space of functions on g%;

H‘gq/Zq - {Z am®q.m(9") Z |am > CE (m) < oo} C HY.

m>0 m>0

We have also isometries

8 ~ B ~ B
HP > Hy z, - Hy > ¢z, Hy, ¢ HP
W W W
(bq,m l = (pgq,m l > ¢Zq Sogq,m

since these orthogonal basis all have the same norm.
Let us calculate

s _ G(1) Gq(1)
Tq (¢Q,M) - Cq(S) Zﬂ: Cq(1+m) Cq(1+m+n

_ C(Z(l) Cq(s + m) q—ms
G(L+m)  Gyls)
= Cg(m)

qm(ern) s

)q

Recall from the theory of the Laguerre basis, we have the formula

T; ((qu ' @[Z{hm) = ngq (wgq’") = Cqﬁ_s(m)
These show that
8
2

Bts g S —s
T () = C2 T (m) = 757 (62, - 05 )

Therefore we can conclude that

fqﬂ((bq”n) = (qu wgq,m
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and the isomorphism ng /2, — ¢z, - ng is given by the Fourier—Bessel

transform }";16 . The following commutative diagram gives a summery for the
theory of the ¢g-Fourier Bessel transforms:

B
‘7:61

C: ¢z, C-1

Here the map ¢* (resp. j*) is the adjoint operator of the inclusion i (resp. j)
and it is given by

i"o=¢z, -9  (resp. jTo = ¢z, *5 @)

We get another expansion of the kernel }"qﬁ

Fla y) =

¢q,m(x) , m( )® q( )-
= Cqﬁ(m) SDZ,I, Y)9z,\Y

and similarly

We have an algebra acting on H. qﬂ generated by X and Y

Xop(g") ==q"0(g"),  Yo(g") =" ")

with g-commutativity:
XY =¢Y X.

These are invertible operators;

Xo(g") =g "elg"), Y elg") = plg"th)
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Using the g-binomial theorem, we see that N := X + Y satisfies

N¢q,m = q_m¢q,m~

This shows that the basic basis are eigenfunction of the operator N. Notice
that we have
A_¢gm = dgm—1 with A_ ==Y [l —2 ' (1-Y)],
A+¢q7m = [m + 1]qq_m¢q,m+1 with A+ = (1 — q)_ly_lX.

The conjugation of X, Y with fqﬁ are also useful:

-1
FOYFP =y,
FOXFP=(1-Yy HX'1-Y).

For example, in the real limit (), we have

(1 )X — 722,
r 0

8 x 0
202’ (a

— q)71(1 — q'BYfl) — 4+

(=g (1-Y)— o

and conjugation with .7-'? gives

}_ﬁ<_x 8)j__5:5+x8

n 2 0x 2 2635,
Fy(ma®)F] = (§ u ;;aax) W; (_gaax)
179> p-10
:_471'(81‘2 T 633)

1 140 4.0
4 et ox

We call the algebra generated by N, A, and A_ the “g-Heisenberg algebra”.
We have the relations

AyN =¢"'NAL, A A —A A =N (sly-relations)

and an extra relation

A_A; —q'A A =id. (5.6)

This extra relation (5.6) explains the Heisenberg relation up the ladder for
the boundary space of the Markov chain obtained before;
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B > rB+1 > 1 B+2
HZ < HZ < HZ
D; D;+1
$z- 2 bz dz- 2
\ \ \i
¢z, - Hj ¢z - H ™! ¢z - Hy T
A A A
FP R FOHL 2 FP+2 2
v Al v AL v
% > 778+1 > 77842
HQ/Z < HQ/Z < H@/Z
Ay Ay
Then the Heisenberg relation
+_ "’
DDy —Dg D= 1_q1dH§+1, (5.7)

when written by using the diagram above in terms of the operators A, and
A_, translates into the extra relation (5.6).
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Pure Basis and Semi-Group

Summary. In Sect.6.1 we obtain the basis for the total space H? from the basis
of its subspace Hf and H(g /2 A remarkable phenomenom occurs in the real case;

B8_
with 2 (z) = L2 1(7r:v2) the Laguerre basis for HZI,

T (2 (2)) = (—I)CUB*S(m) :a polynomial with zeros at s=3,8+2,...,8+2(m —1),

TZSn (2 (V22)) :a polynomial with zeros at Re(s) = S

In Sect. 6.2 we give the semi-group G® with 7°(G® ) = 7°4(y) for ¢, p and .
The picture can be summarized in the diagram:

a;—[ﬂ+s
Tot+B < T a+p
A N e
id Gg
a+p Fots a+3 a+3
HQ/Z < N > ¢z - Hy < N > HJ
m
f}/a < i ]}/a
id=Gg° GP el
\ Fa \ \
H(S/Z< - > ¢y - Hy < - > Hy
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We notice that for ¢ and p, GP is given by convolution with the measures of the
finite layers of the y-chain.

In Sect. 6.3 we give the global semi-group Gg, and describe its basic properties
very briefly (this is the only chapter where we do global theory in this book). In
particular, we point the relevance of Gg to the explicit sums, and give an equivalence

of the Riemann hypothesis in terms of Gg.

6.1 The Pure Basis

Let us specialize the Sect. 5.3 to the case of 1. We have the Laguerre basis

51
D) =P = ()" LE (ma?).

This is the orthogonal basis for HZﬁ?7 = L*(R/{+1}, e*”2|x|g ch§>)- Then
n
om()e” "
is an orthogonal basis for H} = L*(R/{£1}, |x|] do ). To normalize the

N ¢n(B)
2

Gaussian, we replace = by v/2z in the basis cp,ﬁn(x)e’ "2 . Namely, we put

6_
P (2) := 9051(\/2x)6—m2 =(-1)"L3 1(27r3v2)e_7”’:2.
Then @ (z) is also an orthogonal basis for H.

s

Let us go to the analytic space via 7} +s, where the infinitesimal gen-
erator of the action of the multiplicative groups ('g +x 51) corresponds to
multiplication by —s:

Span{®4 (z)} = (C[:zc]e*”2 = Span{(g + xaax)ne*”Q} C Hﬁ
A A A

¢ 2 2t

Y % R
Span{fp(s)} = Cls] = Span{s™ - 1} c Ay

Here Flﬁ = L2 (z’R, Cn(g + s, 'g — s)dos) is the dual space of Hﬁ and
N B
To(s) =7 7 (@0,)

is the orthogonal basis for ffg , which corresponds to ®2 (x). This is equiva-
lent to

@y, = Aﬁ%(i +”“"ai)e_m2'

Since the measure ¢, (g—l-s, g—s) d®s is symmetric in s and —s, we immediately

=~

see that, depending on m, 2 (s) is odd or even;
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Hence we have

The recursion relation

TR = i+ DT () — (m =14 D) P2,

is equivalent to

(5 +a i)@&(@ = (m+ 1)@, (z) — (m— 1+ §)¢>fn_1(w)~

2 0

This recursion (6.1) is also equivalent to

S g 0
1 s P41
23 (=™ ?
Ptm—2
0 0 m-—1 s
_ (=nm 5 B O\ s
= detfpr (s = (5 Fe ) Jori)

where
pr,ﬁn:Hﬁ—> @ (C~(I>gl
0<n<m

119

(6.1)

is the orthogonal projection (this is called the Jacobi matrix). Note that the

zeros of the orthogonal polynomial fﬁb(s) of degree m are located in the line
iR (in general, the zeros of the orthogonal polynomials are always contained

in the line of orthogonality). Since

*
s d'x

i B s _ > 5—1 B
Pa(s=y) =m@hy = [ Li emate iy 0

(6.2)

the zeros of this function of s are contained in the vertical line {s € C ’ Re(s) =

g} Similarly, since

o = [ LA el
- (—1)m0575(m)
_ <—1>m(ﬂ—s><ﬂ—s H)...(ﬁ—s +m—1),

m)! 2 2 2

(6.3)



120 6 Pure Basis and Semi-Group

the zeros of 77 (¢P)) are contained in s € {3, 3+2,...,3+2(m—1)}. Remark

that the zeros of 7, $(®2)) are located in the vertical line while the one of

7, (©2) are in the horlzontal line (but the only difference between (6.2) and

(6.3) is the factor 2). For the cases of 5 = 1, the fact that the zeros of fﬁl(s) are

contained in the line Re(s) = 1/2 is noticed by Bump and K-S Ng (see [BN]).
We have again the ladder

g P> are P s s
H77< H77 < Hﬂ

+ +
Dg Dsis

Here

Dg:ﬂﬁ_(g—i_xa@:r)’ D_:;(1+271m36x)'

Note that D+ = B(D7)* and is the same operator as DE : H'B+2 — HB of
Sect. 4.5. These also satisfy the Heisenberg relation up the ladder

D’D+ D}

ﬁJrQD = ldH,ff+2 .

Then the basis ®2 (z) for Hﬁ can be written as
(D+)m LeT T

Since D; is the same operator, we have also an expression of the Laguerre
basis ¢/ :
(=™
P, = (D)™ -1,

m! Z,,

We can translate the ladder to the analytic spaces

D~ D™ -
1y " Hp Hy
+ +
2 " 2 e 2
\ - \ B \
ap _ THP? T Hp
DTt D+
Dg Dgia

Here
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Also we have the Heisenberg relation

~

D—-nD+t _ Dt -
D Dﬂ —D5+2D —1dﬁ5+2.

Then, using this relation, one can prove by induction that fﬁl(s) have all its
zeros on the line Re(s) = 0 (this is why we call ®?, the “pure basis”). Similarly,
we have the expression

2= (—nljm (D)™ L.

By induction, we have explicitly

5 (Dm B s B
f = 2! 2F1(—m,4—|—2;2;2)

k(n(ﬂ‘FQm)Cn( +2k+5)
m' Z( ) G(B+2k) ¢, (5 +5) ?

m>0

These are called the Meixner—Pollaczeck polynomials.
We next consider the p-adic pure basis. Let

g = ¢Zp7
(I)gm 5* ¢p*’”Z; + (_1)5@§P,m = (1 + (_1)5‘7:6>¢m,p (m > 0),

where § € {0,1}. This is an orthogonal basis for H = L*(Q,/Z;,
In the analytic space, we put

P |x|p< (E))-

-;;ﬁmfé(s) P = 2+3((I)§m 5)
= G (m) + (1G5~ (m).

Recall that C5(m) = (1 — p~*)p™*. Then it is easy to see that

Fal=s) = (=1)"Ji(s),  Fjop = (-1)"ep,.

The g-theory for ®2, and f7 (s) which interpolates the p-adic and real one
is a special case of the Askey—Wilson polynomials.

6.2 The Semi-Group G”
We next study the function G'g on G, = g% defined by

¢(B+n)

Galg") i= zq(l +n)
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Notice that Gg is supported on g™ for n > 0. Let us calculate the p-adic and
the real limit. First of all, for the limit @), we see that

0 for n < 0,
Gpp"Zy):= lim GJ(g") = q(1—p?)~" forn=0,
a#=p=F 1 for n > 0.

On the other hand, for the complex n limit, we have

B — : B¢ .n
G, (x):= q_,ll,nil_;oc G, (9")
qn—|z|?

= Jim Z Go(1 = 5 + k) Cq(1) Bk

g —z12 k>0 Cq CQ(l + k)
—  lim 2:(1—Q“ﬁﬂl—Q”ﬁ%-%l—qkﬂ)¢m¢m
e 2 (1= g) (1= ) (1 )
S == k=)
B k! g
k>0
B-1
= (1 — |:E|f]) .
For the real n case, we always replace § by /2. Hence we have
o 0 for |x|, > 1,
Gﬁx:1—$221: B _ K
7]( ) ( | |7])+ (1 _ |$|3]) 5 —1 for |,CL'|,'7 S 1.

The basic property of GP for all p, n and ¢ is given by

| P @latda = g(s.9). (6.4)
G

In fact, for the case of ¢, we have from the ¢-@-sum,

| i@l Zw s = (s ).

n>0 1+n

Hence we obtain the formula (6.4). Then, taking the p-adic and »n limit, we
have (6.4) for the case of p and 7.
Now we define the operator G, which is the same symbol G as above, by

oty = [ )G w/)ela).
For example, for the case of ¢, we have

EZWWQ fiZ: ;(dﬂ

- qﬁ”ZCqﬁ n—m)e(g™).
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Then let us calculate the Tate distribution of GP¢;
m(GP9) = 75 (). (6.5)

Actually, since

ol e )
/. ) “ = g1 s)

we have

(o= [Tyl Al
(G7yp) = () ) G"(y/z)p(x)

_ [ s [ e
= cal L ey Ew]ew

=7 (p).
Hence we obtain the formula (6.5). Therefore {G”} is a semi-group, that is,
GPrLGP2 — Gﬂﬁ-ﬁz’

lim G? = id.
B—0

Note also that the cyclic vector ¢z is characterized by
7°(¢z) =1, and hence GP¢y = ¢y.

For example, for the case of n, we have

B8_

Glily) = 2l (1= Jy/a]2) 2 ()

d*x
R+t Cn(ﬁ)
1 / 2 251
= de-x(|lx|z —|yl7) 2 o(x).
6o(8) S @ — W) £ el@)
This shows that the operator G'g is just the fractional differentiation modulo

the change of the variables z — /2 and y — |/y.
Next we regard G as the map

Gg cgeth ., ge

It is easy to check that G* intertwines the representation 7:

et 7B (a) = 7ra(a)G'g )
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and it preserves the cyclic vectors. This also follows from (6.5) which gives
the following commutative diagram:

B

gets 0 =g
TQ;BJFS 2 0 ot
\i ” \
ﬁ'aJrﬁ > f_ja

Notice also that (6.5) gives
F(GPp) = F(p)
since
P (FOGPg) = TN (GP) = I ) = 7 (FOH).

Then, for all p, n and ¢, we have the following commutative diagram:

o G?
¢Z'HZ+IB >¢Z'H%

A A
Fots 2  F*
\ \
a+0 «
Hoz id > Hyyz

Since the basic basis is map via F* to the Laguerre basis ¢7 ,, multiplied by
¢z, we conclude that

GP(¢n-o5t0) = b 05,

We also can view the operator GP as an operator on the boundary space H7 +B
of the Markov chain.
Let G° := ¢, - GP - ¢y : HZO‘"’B — Hg. Then we have

+
Glogtl = o5 .

For example, for the case of g, we have

B ny __ n,BCq Cq ﬂ—’_m_n) 1 n
Glo(g™) = ¢(1+m) Zq B) ol tm—n) (14 m) P97

n>0
b e
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Here we use the relation

|:m:| qnﬁCq(ﬁ"_m_n) _ 7_,6
q

n (1 +m —n) alm) (72 = 1)

and Tﬁm) is just the measure of the m-th layer of the ¢-G-Markov chain.

6.3 Global Tate-Iwasawa Theory

Next we study the global theory. Let A be the adele ring of Q. The global
Tate measure Tg is defined by

£ = @ € S WA

p>n

where S*(A) is the space of distributions on the adeles, the dual space of
S(A) == Q,>, S(Qp) with respect to ¢z,; and we are interested only in Q-
invariant distributions; also, for simplicity, we concentrate on ((s) rather than
on L-functions and take Zj := Hp>,7 Zy-invariant distributions. For 3 > 0,
Tg gives a positive measure on A. Hence we have the Hilbert space

Hg = L*(A, T )Z (1) — ®H£ with respect to ¢z,.
P21

We take the cyclic vector ¢z, = H >y ¢z,- Let A™ be the idele group
and |- [s := [[,5, ] [p be the global absolute value. Consider the unitary
representation

~ _8
mp ALY — UHY); 7 (a)p(@) = lal, > pla'a),
Then the dual Hilbert space H g of H g is given by

A= L2<(A*/Z*{j:1} ®gp< +ity, s b_ z‘tp)d%p)
p=n
= ® ﬁf with respect to 1.

p>n

We again obtain the decomposition of the representation wg

8 _~. 178
H, — H.
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We have the global Fourier-Bessel transforms F. := ®p>n »

Hg which intertwines wg( ) and WA( ~1) and it corresponds to f"f on fIg
which transform ¢ to —t for ¢t € (A*/Zi{£1})". Similarly, we obtain the

spaces
B ._ I
H, = QHL,  H, s, = QHg,a,
p>n p>n

on the space

The important thing is that, in the measure @), (,,(g + itp, g - itp)dotp
on 17,
t={tp}p>y € (A/Zj{+1})"
and
(A*)Z:{+1})" = H(@ /Zy)" =R x H R/ (“infinite torus”).
P20 p>1

Notice that, corresponding to the homomorphism given by the absolute value
A*/ig{il} |]a A*/Z* Q* = R™,
we have the dual homomorphism given by the diagonal embedding
(R =iR — iR x [] ZR/ = (A*/Zi{x1))".
]

More generally, taking the dual group of all quasi-characters, that is, taking
Hom(-, C*) instead of Hom(-, C(!)), we have the diagonal embedding

(C—>(C><H(C/

et logp

The very definition of the global zeta function as Euler-product is just the
restriction along this diagonal embedding;:

=Hmwﬁﬂammﬁ,

S

p=n P21
_ Cals)Ca(?)
pl:[ncp s, 1) (pl:[nCp Spy tp ) — Cals+1t)

Thus the meaning in the global part of the Tate-Iwasawa theory of the
restriction to the characters which are trivial on Q* is that we are work-
ing with the action of A*/Q* on the space A/Q*, or for zeta, with the action
of R* = A*/Z:Q* on the space A/Z;Q*:

Thjg 1 RY = AYVZLQT— U(LP(AZQ, 7).
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For 3 > 1, the Tate measure Tg is supported on A* and the space

Jald

% J% Nk d*x
g = LAAY/23Q7 7)) = 12(RT,00 00

Ca(B)
makes perfect sense. For 5 > 2, ¢ = ¢z, is a cyclic vector, and the space
HE/Q* is the completion of C°(R™) with respect to the inner product

< d*x|x|?
(f1, f2) = / TS e Sl ()0(e).

(:A(ﬁ) q1€Q* q2€Q*

We obtain the spectral decomposition of the representation wg /Q of RT on

B .
HA/Q*.

e

/0" AN L2<iR,§A(§ + s, b — s)ds)

2

In the “critical stript”, g € [0,1], TA is supported on the hole of A (e.g., at
B =1, 7} is additive Haar measure). The action of Q* on A being ergodic
we need to work With the non-commutative algebra S(A) x Q* instead of

S(A/Q*) = {X co- ¥laz) | € S(A),z € A*/Q*}.

Next we look at the global semi-group. We have the function,

= H GP (xp) (x € A).

p>n

Then Gg (x) is well-defined for Re(3) > 1 and is supported at [—1,1] x ZCA
and is Z} {+1}-invariant. We also define

Gg(x) = Z GY(qz) for =z € A*)Z:Q* =R*.
qeQ*/{+1}

Then we have

e 1 — n2g? 51
Cal ) 2 e

1<n<1/w

Note that Gg(x) is a finite sum, is supported at = € (0, 1), is well-defined
for all 3, has poles at © = 1/n for n € Z>; and is O(1/x) for | 0 with
|71L —x’ > °,e>0. We have

] _ d* || B (/2 o(x
Goet) = [ o Gt

1
= d'z - 2P

_ n2y
RE 1<nz<:z/y H’%p\n ) (1 >+ QD( -
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Take ¢ € C°(RT). Then Gg@(y) converges for Re(5) > 0 and can be holo-
morphically extended for all 8. Remark that if Supp(¢) C {|z|,, < ¢}, then

Supp(Gggo) C {|z|, < c}. We have
GRGE =Gat™  (Re(B;) >0, i=1,2),

1 B —id.
gli,%GA i

Let us look at the Mellin transform of Gg;

/0 &z Gh(x) = u(Bs)  (Re(s) > L,Re(B) >0).  (6.6)

In fact, it can be calculated as

! o G () — P ¢a(B) n2e?)a -t
[ e wcim= [ 3 M, @ ")

0 1<n<l1/x

_ 1 1 1/71*.5722571
‘C‘*(ﬂ)gnpn@(mcnw)/o Gt o)

RGN O™ <£m /01 e

n>1 pln

Here we have

S0, =T(+0-p ™)

n>1 pln p>n k>1
(1-=p%)p~*
=TI(+ LR | =11
p>n 1=r psn P pon G B + s)

and

! * 'J,‘S —JI2 gfl_gn(ﬂ)gn(s)
/de (1 ) = (B+s)

Therefore we obtain
d* sGﬁ o G (B)Cn(s)
/ o A1l ﬂ+s G(B) " Cy(B+ )

_ Ca(B)Cals)
Ca(B+ s)
= (:A(ﬁvs)a

whence the global formula (6.6).
Notice that (6.6) can be written as

R e P A ©)
/o e Ca(B) Colo) = Ca(B+s)
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By the Mellin inversion formula, we obtain
1 c+ioo
L Gl = (/ o ) ae sy, e
2mi c—ioo CA(ﬂ + s)
Then we obtain the following corollary:

Corollary 6.3.1. Fix § > 2 so that Gg(x) is a continuous function of x €
(0,1]. Then the Riemann hypothesis is equivalent to the statement

1 A 1
Glx)~ P + A+ 0P 2e |0 6.8
() @)~ + 45+ 0( ) (x]0) (6.8)
or all e > 0. Here the constants an are given by
f ll H h Ap and A/ﬂ b
Ap := Res Cals) _ ! Al = Res Cals) _ !

=1C(B+s)  G(l+p) s=0Ca(B+s)  Ca(B)

In fact, if we have the Riemann hypothesis, we know all the poles of the
function (4 (s)/¢a(B + s) are at s = 1,0 and at Re(s) = 5 — 3. Then we can
shift the integral in (6.7) to ¢ = % — B+ ¢, e >0 and pick up the residue at
s = 1,0 obtaining the estimate (6.8). Conversely if we have such an estimate,
(6.6) shows that (s (s)/Ca(B + s) is holomorphic in Re(s) > } — 3+e¢, for any
e > 0, except for the simple poles at s = 1,0.

Remark that, for Re(s) > 1 and Re(8) > 0, we have

(G4 @) = [ vy Gt

2 2, 2.4
/dyy/dmxcp ZH,p|nCp()(1_ny/m)+

-1

n<z/y
= [ d'z-a"T d 1 - n2y?): !
/0 e (x/o ”n;l/yn,pmcpm( w3
_ - Ca(s)
=PEth) sy

Hence we obtain diagram

L?(R*, d*z) ~ > L2 (iR, &)
W) W)
G Gy

where @6 t L2 (iR, ) — L*(iR, S¥,), which corresponds to Gg, is explicitly
given by

Ca(s)  + RN

GO = S = S)- . . S
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and tg is the translation by (. It makes sense for f(s) holomorphic in
Re(s) > 0, and Re(8) > 0, or for general f(s) for 8 € iR. The semi-group
property of Gg follows since tg is a semi-group. Therefore it makes sense to
calculate the infinitesimal generator:

1 =~ 0 ~ ~

=) T = ) Fls) — Fls)dlogGa(s)

0s Ca(s)

Notice that, in the explicit sum formula, we can write

> fo-i0-iw= ), 570 - o)

211
Ca(s)=

15) 87
aﬁ‘ﬁzoG@f(S)

the path taken around all the zeros and poles of the global zeta function (y (s);
(,?S f(s) does not contribute to the integral being holomorphic. The infinites-
imal generator of this semi-group is hence closely related to the Riemann
hypothesis.
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Higher Dimensional Theory

Summary. In Chap.7 we study the representation GL411(Z,) — U(H) where
H = L*(P*(Z,)). The commutant of GLg11(Z,) is generated by the functions on
Qg := B4,1\GLay1/Ba,1- Note that the measure on the space €4 is induced from the
Haar measure on GLg4+1(Zp) and is given by the S-measure with the appropriate
parameters. {0y parameterizes the relative position of two lines in P%(Z,) which is
given by the “angle” between them, a real number in the real case and an integer
in the p-adic cases.
Remember that for real prime 7

Ug x Uy if n is complex.

Ody1 if n is real, O4 x O1  if 7 is real,
. . d 1(Zn) =
Ugq1 if n is complex,

GLd+1(Zn) = {

Here Oy is the orthogonal group and Uy is the unitary group of size d x d. Then, in
the real case, we get a finite angle sin 6 between two lines. In the p-adic case, we get
an integer N. Hence we have

PN U{0} ~p MU {0} pis finite,

C |0,1].
| sin 6| if n is real, 0.1]

Q1 = B1,1\GL2/B1,1 = {

We have also idempotents e,, in the Hecke algebra H, and H is decomposed as

H:@H*en.

n>0

In our cases, we see that these idempotents are given by the Jacobi functions with
certain parameter both in the p-adic and in the real cases. In the case of the p-adic,
we note that the Hecke algebra C°°(€;) grows by one dimension every step from
module p” to modulo pV*!. There is one new representation. Also our basis 90:‘(]%)
(this also factor through modulo pV) are defined to be orthogonal to every basis
counted before together with the normalization
a,B a,B 2
S%(N)(O) = HSOP(N>H .

This gives the desired identification of the idempotents with the Jacobi basis.
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In the real case, we have the Laplacian A®?. Since it commutes with the rep-
resentation, all idempotents are eigenfunctions. The Laplacian is identified up to a

constant multiple with A®? = DD and thus the idempotents are again identified
with the Jacobi basis.

7.1 Higher Dimensional Cases

7.1.1 g-B3-Chain

In this chapter we introduce the higher dimensional (rank 1) theory. We
consider the projective r-space

Bi. 1\P"'=B; 1\GL./B1,_1

Bl,...,1:{ O GGL’I‘},

0
Biy_1= : A S GL'/‘

where

AeGL,_4 }
0
Here B, 1 is the minimal parabolic subgroup of GL, and B ,_; is the
maximal. Let us first construct the g-theory and then take the p-adic and real

limit, respectively.
Now take the state space N" = | |+, Xy where

N -1
XN::{mGNTHm\::m1+~~+m,«:N}, #XN:( tr >

N

The probability an n) Oon X is given as follows; Take a sequence of parameter

a:=(ai,...,0r) € RY,. Then Py 1s defined as
1— qaq‘,+m7‘,
N |l q2j<i(06j+mj) if n = m(i+) for some 1 <i <r,
Py (m.n) =41 —4q
0 otherwise.
Here we denote m(i+) := (mq,...,mj—1,m; +1,m;y1,...,m,). For example

at the origin m = 0, the probability is given as follows;
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(6% 1 _ 1_q0¢1
qmmx@am”myw_ww
(1—q*2)g™
;EN)(Oa (071a070a"'70)> = 1_(]'0(‘ )
(1 _qas)qa1+a2
;EN)(Oa (070a170a"'70)> = 1—(]‘0" i

At the point m, we replace a with a + m. The probability measure quz n) Oon
the N-th layer Xy is given as follows;
Ta(N) 1= (P;?V))N(So = (A1 +--+ AN,

where

1— qOéieri*l

Aip(m) := 2ot o (m(i-))

1 — glal+im|-11
Now again the operator A; satisfies the g-commutativity:
AiAj = quAi for j < i.

Therefore we can apply the higher dimensional ¢g-binomial theorem to calcu-
late quz N) and obtain the formula

N1 ¢(a+m) >
mL Cla) !

where [Z ] , 18 the multi-variable ¢-binomial coefficient and ¢, (c) is the multi-
variable beta function defined respectively by

j<i Qjimyg

ranm) = |

N T
Mq“ gl fmglgr o me= A,
Cq(a) — Cq(al) : "Cq(ar)

 Golan a1t

Hence once we know these, it is easy to see that the process with « starting
at m is the same as the process with o + m starting from 0. Therefore, the
Green kernel G is given by

G*(m,n) =

T;‘(X,S"(n —m) ifn>m, -
0 otherwise.

and the Martin kernel is

a+m
T n—m
o q(N; ( ) if n>m,
K%m,n) = oy (n)
0 otherwise.

Here n > m means that n; > m; for all j.
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Then the boundary space X of the g-processes is calculated as
OX =N"'"UNT?y...UN'UNO,
where N? = {co0} and the element of N"~/ can be expressed as

(00,...,00,Mjq1,...,my) = lim (ma,...,mj,Mjq1,...,My).
A ~ - mi,...,mM;—00
J

Note that the set N"~! is the main part of the boundary X which is open and
dense subset. The extension of the Martin kernel to the boundary is given as

Ka(m7 (OO,TLQ,...,TLT)) =
Cq(1+n2) Cq(1+nr) Cq(a) q2j<i(mj”1‘,*<mj+0¢j>mi) if mg > mi,
Cq(1+n2 —m2) Cq(1 +nr —my) (g(a+m)
0 otherwise.

The harmonic measure 77" on 9.X is given by

1 Glaz ) Glar+m) s o
Gla) Gg(1+ns2) Co(1+7s) .

Next we want to obtain the basis and the ladder. We denote by H(‘;( N)

22 (XN, T;‘(N)) the Hilbert space of the N-th layer with parameter . Consider
the following ladder

T, (00,2, ny) =

Dy (+20) VR (a2
a > a 5 > a 5
Hq(N) < Hq(Nfl) < Hq(N72)
D} Foa

Ha(1+,2+) .

where Dy : H? a(N) is the difference operator given by

a(N)
_ g (matetms) @(m(2+)) — p(m(14))

Dnep(m) : 1—q

and D]f, is the normalization of the adjoint operator D} of Dy defined as
follows:

o] + Ng[Ng[an]glas]

N
Dy == 0™ i lial + 11,

"Dy
Then we have the Heisenberg relation up the ladder

DNDx — D?\}_lDN,1 =q M [Ckl + ag]qidHa<(1$+,2)+).
a(N—1

The reason we normalize the adjoint operator Dy is to keep the Heisenberg
relation much simpler one (if we do not introduce the operator D, the relation
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above becomes of the form DyD?% — (const.)Dy_;Dn—1 = ---). Consider
the following injection p,_1 : Hé(a]i,;r”’as"“’ar) — H{ ) between (r — 1)-

dimension space and r-dimension space;
pr—1p(m) := p(m1 + ma, ms,...,m,;).

The adjoint p)_; of p,_1 is given by

piap(m)= > lijma,ms, .m0 ).
i+j=m1
Then one can see that the relation Image p,_1 = ker Dy holds. Hence, using
the Heisenberg relation, we obtain the orthogonal basis

(—1)lelg('s)

| | (D+)U1pr—1(D+)U2p7"—2 s (D+)UT_2p2(D+)UT_1 1
v1]gl - [or—1]g!

Ca(nyw = [
where v = (v1,...,v,—1) and |v| < N.

Now consider the boundary space. Let Hy := 22 (N’"*l, qu‘) be the Hilbert
space of the boundary (notice that N"~! is dense in X ). Then we have also
the ladder

D D
a > a(1+,2+) > a(1++4,24++)
Hq < Hq < Hq

Dt Dt

where D : Hi — Hg(H’H) is a difference operator given by

) _
D@(n) = qf"ﬂ‘go(n( —1’_)) QO(’I’L), n = (OO,TL27~-~,TLT)
—q
and DV is adjoint of D up to a constant. They again satisfy the following
Heisenberg relation

DDt —DtD = qg [al + aQ]qidHa,(1+,2+)

We have also the embedding p,_1 : Héaﬁ%’as’”"ar) — H¢ defined by

p'r‘flgo(ooanQ, oo 7”7‘) = QO(OO,’I’L?,, . ';n’r)

and see that Image p,_1 = ker D. This gives also the orthogonal basis ¢f , for
the boundary;
lvl
—1 ‘U|q( 2 )
903,11 = ( | ) 1(D+)U1p7"—1(D+)U20r—2"'(D+)UT_202(D+)UT_11
[v1]g! -+ [or—1]q!

Similarly to the case of r = 2, we obtain the compatibility with respect to
the Martin kernel between the operators D, DV, p and the corresponding
operators on the finite layers. Then we have also the commutative diagram
and the diagonalization of the Martin kernel, cf. (4.9).
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7.1.2 The p-Adic Limit of the g-3-Chain

Let us take the p-adic limit @) of the above ¢-3-chain of the higher dimension.
Remember that the p-adic limit @) is the limit ¢ — 0 with ¢% — p~*. We
identify Xy = X,(n) = {m € N" | |m| = N} with the space

B, 1 (Z/pM\GL(Z/p") /B2 (Z/p™) = Ba,.. 1(Z/p™)\P"H(Z/p™)
as follows;

Xp(ny — Br..1(Z/pM\PTHZ/p™)
m—s (1:p™r pmrtmr=1 L pmetedmay
Then the p-adic limit of the g-B-chain is the tree chain induced from the
natural projection Z/pN*t! — Z/pN. We also identify the boundary 0X =
Nt N2 UN UNO with

0X = By 1(Z,)\P"Y(Z,)

myt+me_1 ., m7-+---+m2)

(0o, may...,my) — (L:p™ i p ip

Here we interpret p> = 0. The harmonic measure 7' on Bi,  1(Zpy)\P""1(Z,)

is also given by the projection of the product of the p-adic 7 measures;
Ty =Pr(mz) ® - & 7).
The basis gog‘( N)w and g, converge in the p-adic limit to the basis gof)‘( N)o
and g, for the finite layers spaces ZQ(XP( N)» T'), respectively.
7.1.3 The Real Limit of the g-8-Chain

We next treat the real limit (). First of all, the measure To(N) On the finite
layer X is given by

i = ()55

where (g ) is the multi-variable binomial coefficient and (,(a) is the multi-
variable beta function which are respectively given by

N N!
- (m1+--+m, =N),
m mq!---m,!
C « C Qp
Cn(a) - 77( 1) 77( ) )
Golan + -+ ar)
Now the sequence {m(®} = {(mgk), ce mgk))} converges with respect to the

Martin metric if and only if there exists some x; such that
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m®

2 : ] .
zs = lim €[0,1] forallj=1,...,r.
I koo |m(k)‘ [0,1] J

Note that 22 + - - + 22 = 1. Hence we identify the boundary 9X with

{£1}7=N\PT~Y(R)  if 7 is real,

{ze0,1]"|2f+ - +a2=1} = {£1}"\S" ' =
((C(l))?“—l\IP'“—l((C) if n is complex.

Then the harmonic measure 7, is given by the S-measure;

Pz

Cn(a).

Here dx is the Haar measure on the (r — 1)-sphere S”~! normalized by
dz(S71) = 1.
Let Hy := L*({£1}"\S"~*, 7") the Hilbert space of the boundary. Then

the operator D : H; — H$(1++’2++) and its adjoint DT (up to a constant

multiple) converge to certain differential operators as in the 2-dimensional
case. Then we get the ladder

TT?(Q;) = pr*(Tgnl Q- @7-27;) = ‘xl‘()él—l - ‘xr‘oér_l

D D

a > rra(l4++,2++4) > ra(l++++24++++)

Hn < H; < Hy
Dt Dt

We have also the injection p,_1 : Héaﬁ”’%’“"ar) N

follows;

HY, it is given as

pr-1p(x) = so(\/xf + 22, 23,...,2,).

Here we replace x + 23 with [z:[2 + |z2|2 if 7 is complex. Since Image p, 1 =
ker D, we get again the basis as before denoted by @y »» Which can be written
as the limit N — oo of the basis %03(1\1),1; of the finite layer or the limit ¢ — 1
of the basis ¢f , of the boundary space for the g-3-chain. Also one can obtain
the commutative diagram generalizing (4.9).

Notice also that if & = (1,...,1), the harmonic measure 7'771""’1) is the
unique probability measure on the projective r-space P"~! which is invariant
under the action of GL,(Z,) in the p-B-chain, or O,, in the real §-chain, or
U, in the complex (-chain.

7.2 Representations of GL4(Z,), p > 1, on Rank-1
Symmetric Spaces

We next concentrate on the g-Jacobi basis, which is the g-interpolation of
zonal spherical functions. So let us begin with general setting.
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Let G be a compact group and 7 the Haar measure on G normalized by
7(G) = 1. Take a closed subgroup B of G and we let X := G/B. We have a
natural projection pr : G — X. Let 7x = pr,7, a probability measure on X.
Let H = L?(X,7x) and 7 the unitary representation of G' defined by

m:G—U(H), w(g9)f(x)=f(g ')

Since G is compact, we have the following irreducible decompositions
H:@Vm’ W:@ﬂ'm (7.1)
m m

and V,,, are finite dimensional. How this representation decomposes can be
seen by looking at the space Q := G\ X x X ~ B\ X/B. Here the isomorphism
is given by

G\X x X = B\X/B,

G(ngagQB) — Bg;IQQBa
G(idB, gB) — BgB.

We have also the natural projection pr : G — €2 and obtain the probability
measure 7q = pr,7 on 2.

Let H = C(2) or LY(Q) or C*°(f2). Note that in the p-adic case, the
smoothness means locally constant. Now we give H the structure of the con-
volution algebra. For two functions ¢1 and 5 on G, we define the new function
1 * w2 on G by the convolution product;

©1 % a(g) = /Gtm(gl)wz(gflg)T(dgl)-

If both ¢ and ¢y are invariant under both side by B, then the convolution
(1 * o is also invariant under both side. Further we have f x ¢ € H for any
f € H and ¢ € H. This is a *-representation of H on the Hilbert space H
where the x-algebra structure is

©*(9) = ¢(g™").
i.e., H acts on H on the right by convolution.
HxH— H, (f, @) — fxo.

This action commutes with the G-action, that is, (7(g)f) * ¢ = 7(g)(f * ¢).
Further we see that the commutant of 7(G) is always generated by H. Let
K : H — H be some operator which commutes with the G-action. Then K
can be written as the convolution with some kernel K : X x X — H as

Kf(y) = /X J(@)K (2, y)7x (dz).
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We use the same symbol for the kernel. Then we have for any f € H and
g€ G

Kf(y) = / F@)K (2,97 y)rx (da)
= K(r / f(z)K(gz,y)Tx (dx).

This shows that K(z,9 'y) = K(gz,y), or K(z,y) = K(gz, gy). Therefore
the kernel K is a function on G\X x X = Q. Hence, if we put K(z,y) =
k(z='y), we have k € H and K f = f * k.

Now assume that we have no multiplicity in the decomposition (7.1). This
means that V,,, # Vp,, for m; # mo and also that

m

(the commutant of 7(G)) ~ @ C-idy,

by the Schur lemma. Furthermore this is equivalent to that H is commutative
with respect to the convolution product. Hence we can write

H=EPCem,

where e, is an idempotent. Namely, e,, satisfies

€my * €my = Omy,ma€my s

*
€y = €m.

Therefore H is very simple algebra once we know the idempotent e,, and the
decomposition (7.1) can be easily described. Actually, e, gives the represen-
tation Vi, by V,, = H * e,,. On the other hand V,,, also determines uniquely
em by the following relation (Vm)B = C- e,,. These show that V,,, determines
the e,, up to a constant multiple. Further the constant can be known by the
formula

leml|3; = em * e (id) = ey, (id).
i.e., for any v € (V;,)2 we have

v(id)

e v.
" ol

Similarly let us take two closed subgroups B; i=1, 2) of G. Let H; :=
L*(G/B;,7¢/B,) and, say, Hp, = L'(B;\G/B;, Tg,\¢/B,)- If the operator ¢ :
Hy — H, commutes with the G-action, that is, o(r(g)f ) 7(g)(e(f)) for all
g € G, it is given by the convolution

o : Hy — Ho, fr—fxp
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with the kernel ¢ in Hp, B, = Ll(Bl\G/Bz,TBl\G/BQ). Then Hp, B, is a
‘Hp,-module on the left and a Hp,-module on the right. If we assume the
multiplicity free of the irreducible decomposition of both H; and Hs, then
Hp, B, is the module;

HB,,B, =~ @(Cem.
m

Here e,, are the common idempotents acting in both the decompositions of
H1 and H2.

We next renormalize all our old basis. First we redefine the ¢-Hahn basis
as follows;

()8
@8 P05
Pg(N),m H (a)ﬁ H Pq(N),m

HS

Also let us normalize the basis for the finite layer for the p-adic and the real
basis in the same way. Similarly on the boundary, we normalize again the
g-Jacobi basis;

()B
PP = <Pq,ﬁ (0) (@5
H‘P HH(a)ﬁ

and similarly for the p-adic and real basis. Here 0 = lim;_ o ¢’. These nor-
malization guarantee the condition Hcp(a)ﬁﬂz = cp(a)ﬁ(ld) Each normalized

constant can be written as follows; For the ¢-Hahn basis, it is given by

()8 )
Pa()m (N> 0)  Gla) Glat B+m)l— getatmel
B _ qa+B+m—1"
|‘<‘0q(N)m|‘H(a)ﬁ Glat+m) Cla+p) 1-g¢
Similarly for the g-Jacobi basis, it is given by the same constant

PO _ Gla) Glat Bam) 1 gt
N2 s Salatm) GlatB) 1= g

Notice that when we take a — oo, both the g-Laguerre and the finite
g-Laguerre basis (hence the p-adic and real Laguerre basis as well) are already
normalized

wg(N),m (N,0) ‘pg m(O)

B
|‘<‘0(Z(N)7m‘|§ifw) H@Z mHHﬁ

In the following table, we give some examples of the compact group G, the
closed subgroup B of G, X = G/B, Q = B\G/B, the probability measure 7
on G and the idempotent e,, which are normalized as above. The first table
is for the p-adic cases and the second one for the real cases.
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G B X Q 0 em
GLa(Z/p") Bia Pl z/pN) {01, N}y L ol
GLay1(Z/pN) Baa rz/pY)  {0,1,...,N} TN P N m
GLd0+d1 (Z/PN) Bag+dy—1.1, Bag.dy - {0,1,..., N} T;?J%))dl Lpi)t(icl)\f))di"
GL2(Zp) Bia P! (Zp) P U {0} LRI
GLg41(Zyp) Ba,1 P (Zp) M u {0} "';()l)d wSlﬁ
GLag+dy (Zp) Bagtdqy—1,15 Bdg,dq - p" U {0} rldoddr ,ldo)ds
GL4(Zyp) Ba_11, B1,..a - NThO g NO e D) L)
(z/pN)* x z/pN (z/pN)* z/pN  {1,p.p% PN =0} Thny Prnyim
GLa(Z/p™) x (2/p™)®?  GLaz/pY)  (@/p™)® {1 p, % PN =0} Thny ehnym
L% X Lp z; Zp PN u {0} T b m
GLa(Zp) x 294 GL4(Zyp) 794 p U {0} d ot

Notice that the same results holds when we replace Z, by Ok the ring of
integers of a local field K, one only have to multiply the parameters «, 3 (or
dp, d1) by r, where p” is the number of elements in the residue field of O.
Similarly, the passage from the reals to the complex cases involves multiplying
the parameters by 2 = [C; R].

G B X Q TQ

€m

Oz Bi P'(R) {£1}\P'(R) =[0,00] 7"  ¢um
Out1 Baa P4(R) [0, o] ™ rm
Odo+d; Ody X Ody, Odgydi—1 X O1 [0, 0] riodt pdod
Oy O4_1 x Oy, O - {£}NPIHR) gt it
Uz Bia PH(C) (CW)\PY(C) =[0,00] 2% ¢
Udai1 Baa P4(C) [0, oc] b o
Udgrdy Udg X Uay, Uggray 1 xUr— — [0, 0] 2d0,2d1  (,2do,2d

Ud Ud—l % Ul, Uld U{i\]P’dil(C) 7_n(2,m,2) ‘P(Q’M’Q)

v

The proof of the p-adic case is just simple calculation of the relative mea-
sure nga)’@ showing that for the appropriate parameters «, 3 it is given by
the Haar measure, more precisely, the image of the Haar measure on the cor-

responding Q’s. This is obtained by just counting. For example, Notice that
cp](féy)nﬁ is orthogonal basis with respect to the measure nga)ﬁ and by our con-

struction of the Markov chain go,()f%ﬁ is defined mod p™ and not mod p™~1!.
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The 2 are normalised by 3200 = 151 o
the representation theory, we see that there exists a unique representation
of GLy(Z,) in L*(X), which factors through GL3(Z/p™) but not through
GL2(Z/p™ ') (see [Hi]). All the finite dimensional representation of GLs(Z,)
are representation of GL(Z/p™) for some n.

For the real case, first of all we have to check the image of the Haar
measure on the corresponding €2 coincide with T;”B. ‘We notice that the basis
w%ﬁl is an eigenfunction of the Laplace-Beltrami operator A, which lies in the
enveloping algebra and induces a G-invariant differential operator on L?(X).
Identifying its radial part (i.e., the action of A on functions on Q in the
coordinate = € [0, 00] ~ [0, 1]) with our operator D+ D, this gives the proof of
real cases.

Comparing it with



8

Real Grassmann Manifold

Summary. In Chap.8 we give the classical theory of the decomposition of the
representation afforded by the Grassmannian for the group GLq(Zy) = Oq4 (or Ug
for the complex 7). The space Q¢ parameterizes the relative positions of two m-
planes. Let p,q C R? be two planes and m = dimp < dimgq < ;d. Then we
say that typ(p,q) = {61,...,0m}, or the relative position (or the critical angles)
of p,q are {01,...,0,,} if and only if there exists orthonormal basis Ai,..., A,
for p and Bhu,..., By for q such that (A4;, B;) = d;; cos6;. In other words, A; and
B; have an angle 6; and A; is orthogonal to all B; for ¢ # j. Equivalently, if we
consider the orthogonal projection from q to p, Prp 4, and its adjoint Prg,,, since
their composition Pry 4 0 Prqp @ p — p is self-adjoint, we have a diagonalization as

cos? 01 0
Prp,q 0 Prg,p ~ .
0 cos? O,

Notice that these two projections do not commute in general; if they do commute
their composition is the orthogonal projection on the intersection pNq (and cos® §; €
{0,1}). We have calculated the Selberg measure on the space Q%, of the relative
positions. Then we determined the idempotents which are the multivariable (higher-
rank) Jacobi polynomials.

8.1 Measures on the Higher Rank Spaces

8.1.1 Grassmann Manifolds

We start with the theory constructed by A. James and A. Constantine ([JC]).
Recall that

n real dimension
real Og4 := {A € Matdxd(R) | At A = Id} %d(d - 1)
complex Uqg := {A € Matqyxa(C) | A* - A =14} d(d-1)
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Note that the real dimension can be calculated by the numbers of equations
(for the real case, we have d? — 1d(d + 1) = 1d(d — 1)). These are closed and
compact subgroup of GLg4 as in the p-adic case (notice that GLg(Z,) is the
maximal compact subgroup of GL4(Q,) but is also open). We are interested
in the Grassmann manifold;

X{ := {m-dimensional subspace of R? (or C?)}.

It is easy to see that

n Grassmann manifold real dimension
real X%(R) = GLd(R)/Bmd_m(R) = Od/Om X Od—m m(d — m)
complex X2 (C) = GL4(C)/Bm.a—m(C) =Us/Up X Ug—rn, ~ 2m(d —m)

For the real case, the Haar measure on X¢, is the unique Og-invariant probabil-
ity measure and, hence, we get the unitary representation Oy — U(L?(X4)).
Similarly for the complex case.

Let us look at the quotient O4\ X% x X% . More generally if we want the
intertwining operators between X¢ and X2, we consider O\ X% x X2. Now
we always assume m < n < ‘21. Then it can be written as

O\XE x X4 = 0, x 04_1n\Oa/Opn X Og_p, ~ Qp,
As a set, we see that

where & is the symmetric group.

Take two planes p,, € X2 and p, € XZI. We look at Og(pm,pn) as
the relative position of m-plane and n-plane. We denote by typ(pm,prn) =
(Y1, -, Ym) € Qp if and only if there exists an orthonormal basis X1,..., X,
for p,, and Xl,.. X for p,, such that |(XZ,X )| = 0iy; for all 1 < i < m,
1<j<n In thls case we say that p,, and p, have the critical angle
yi = |cos Oy, X, |. In other words, let us denote by P,, ,,. the orthogonal
projection Prp”h,m Pn — Pm. Then the adjoint of P, . is just given by
(Ppnpm)* = Py,..p,.- Note that the operator Py, p, © Po,po @ Pn — Prn is
a positive definite self-adjoint operator, whence we can diagonalize it. Then
eigenvalues of Pp pn © Py, are just {yl, N Tt

In the case n = m, for p,p’ € X< it is easy to see that typ(p,p’) =
typ(p’, p). This gives the commutativity of the Hecke algebra H%, := S(€2,,).
Therefore we have a multiplicity free representation. We have the decom-
position of L?(X%) with respect to Og4. Similarly for U in the complex
case.
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8.1.2 Measures on O,,, X2 and V¢

Take an m-plane p € X2. Fix an orthonormal basis {ai,...,an} for p.
Take the vectors {bi,...,bq—m} with b; € R? such that {ai,...,an} U
{b1,...,ba—m} becomes orthonormal basis for R?. Then it is clear that

{b1,...,bq_m} is the orthonormal basis for p* and we get the matrix (A|B) =
(a1 |am|b1] - - |ba—m) € Oq4. Now look at the following differential form

e = ]

1<i<m
1<j<d—m

b} - da|.

This is a differential form of degree m(d — m). Here b3da; denotes the inner
product; bida; = (daj,b;). It is independent on the choice of {a;} and {b;},
and 7%, is the Og-invariant measure on X¢, since the differential form of the
highest degree determines the measure. Similarly —Tr(A*dB - B*dA) (again
this 2-form is independent on A and B by the property of the trace) is the
Og-invariant metric on Xfi-

We next look at the space

Vid ={(a1,...,am) | orthonormal basis for an m-dimensional
subspace of R? (or (Cd)}
= {A € Matgxm(R) (or Matgxm(C)) ’A* A= Id}.

It can be also expressed as

n real dimension
real VA(R) = 04q/Od-m m(d—m)+ jm(m—1)
complex V24(C) =Uy/Ugrn  2m(d —m) +m(m — 1)

Hence Oy, acts on V¢ and all stabilizers are isomorphic to Og_,. We call V¢
the space of m-frames in d-space. Let us take A = (ay,...,a,) € V4 and
B = (b1,...,bg—m) such that (A|B) € Og4. Similarly to the above, consider
the following form

T (A) = H |07 - day] - H |a} - da;].

1<i<m 1<i<j<m
1<j<d—m ==

This is independent of the choice of B and gives the Oy x O,,-invariant
measure, that is, 74 (g94Agm) = 72 (A) for any gq € O4 and g, € O,

For example, consider the case m = 1. Then V{? is just the (d — 1)-sphere
in R? and

)= [ ¥} -dal.

1<j<d—1

Fix a vector eg € V2. Let us write R? = R4~1 @ Rey and Prga-1 : R — R4-1
be the orthogonal projection with respect to the decomposition above. For
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Fig. 8.1. A vector a

any vector a € R?, we denote by a the image of the projection of a onto R4~!
normalized to be a unit vector;

= PI‘Rd—l (CL)
._-|PTR4—1(Q){

Then it can be written as
a=sinf-a+cosb ey,

where cosf = (a, eq) (see Fig.8.1).
It is easy to calculate that

da = (—sinf -eq+ cosf-a)-df +sinf - da + cosf - degy.
Now choose the vector by as
b1 := —sinf -eq +cosb - a
so that a and b; are orthogonal. Then we have
bida = (sin @ + cos®6) - df = db.
Similarly, for j > 1, choose b; as bjeq = 0 = bja so that b} - da = sin b - da.

We can obtain the explicit forms of the differential form by taking the product
of all b} - da as follows

i(a) = H ’b;-da’ = |sinf|?"? . df H b} - da
1<j<d-1 2<j<d-1
= | sin€|d_2 -do - Tf_l(a)
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= |sin ;72| sin 6|3 - | sinOy_o|dfy - - - dg_1.

Here {0;}1<j<q—2 is the sequence of angles with 0 < 0; <wfor 1 <j <d—2
and 0 < 04_1 < 2m. One can then calculate the following integral

d 27z 2
/Vldn(a)—r(g)—gn(d).

Similarly, for the general m, the measure of V,¢ are obtained as follows;
Choose an element a; € Vi and let aj- denote the (d—1) dimensional subspace

orthogonal to a;. Then the measure 79 on V.4 is given by the product of two

measures on V¢ and V4~1. Namely, we have

(@) = 7' (a1) ® 7y (ai)-

We also obtain the following integral by induction

/ T = Y R =10 || ij)-

m—1 d—m<j<d

Notice that the orthogonal group Oy is nothing but Oy = Vdd, that is, the case
m = d. Hence, writing 75 := ’Tg, we obtain

Let us calculate one more integral. We have the map V,¢ — X2 such that
(a1,...,am) — Spang{ai,...,am}.

The group O,, acts on the space V¢, and O,, — V¢ — X< is a fibration.
Therefore the measure 7

d ; ; d _
¢, on the Grassmann space X, is obtained by 75, =
T @ 78 | whence

d /V,Jﬁ" K]gmcn(j)
Azfmz/ojm: I a6

d—m<j<d

Finally we normalize all the Haar measures 7,,,, 7& and 7¢, on O,,, V¢ and
X4 by dividing by the above values to get probability measures.
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8.1.3 Measures on {2,

Let 72, , be the probability measure on

Qm = Od\X;in X Xfll = Om’dfm\Od/On,dfn.

From this equation, Tfmn coincides with the image of the Haar measure 7¢, @7
on X2 x X2 or the image of 74 on O,. Let us next calculate this measure by
looking on the space Matgxm(R). Put on Matgx.m,(R) the normal low defined

as

P(X)=e ™ Nax, dx = (K) dXy;,

1<i<d
1<i<m

where dX;; is the additive Haar measure. This measure is an Og-invariant
probability measure on Matix.,(R). Note that the set of all matrices X €
Matgxm(R) satisfying rank(X) = m is of full measure with respect to the
measure ¢(X). On this set of full measure, we get the projection

pr: Matgxm(R) — ng
given by
X =(Xy1,...,Xn) — Spang{X;,..., X,,} € X2

Then the projection pr,¢(X) of ¢(X) onto the Grassmann manifold X¢, is

again the Og-invariant probability measure and hence must coincide with

the Haar measure 7¢, because of the uniqueness. Therefore we have 7, =

pr, ¢(X).

Similarly, consider the space Matgy (;4n)(R). Remark that m +n < d
by assumption. We have also the probability measure ¢(X|Y) where X €
Matgxm(R) and Y € Matgx,(R). From the set of rank(X|Y) = m 4+ n in
Matx (m+n)(R), which is also of full measure with respect to ¢(X[Y'), we
have the projection to X2 x XZ. And we can take the type to ,,. Hence we
have the map

t: Mat g (mym) (R) 2= X2 x X3 220,
Since (X |Y) = ¢(X)®@¢(Y), we have 7¢, | = t.(¢(X)@6(Y)). Also we have

m,n

te(0(X) @ 3(Y)) = tu(9(X) @ dy,) = 1 (0, @ ¢(Y))
for any Yy € Matgxm,(R) and any Xy € Matgx,(R).

8.2 Explicit Calculations

8.2.1 Measures

Consider the following space
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Q= {(y, - ym) €U |[0<y1 <+ <y <1}

This is a subset of €2, which is open, dense and of full measure because the
set of y such that y; = y2 or y; = 0 is measure 0. Therefore we need only
to calculate the measure Tﬁ%n on the space Q. Fix Yy € Matgx,(R) and set
go = pr(Yp) = R"® € X2 Take p € X2 which is generic with respect to Yp in
the sense typ(p,qo) € 7,. Hence we know that we have distinct eigenvalues
for the composition of our projections. Now let (ay, ..., an) be an orthonormal
basis for p with critical angle with qo. Let (a1,...,am) € V.'(qo). Here we
denote by V7(qo) the set of all orthonormal sets in qg. Choose the «;’s to

have the critical angles. Namely, «; € pry a; with

Oé;Oéj = 5ij7 (CLZ‘, Oéj) = 5ij COS 91 (81)
for some 6;. Similarly, choose (31, ..., 3m) € V.47 "(q7) to have critical angle
with p. Again we have §3; € Prosa; with

ﬂ:ﬂj = 5ij, (ai, 5J) = 5ij sin @Z (82)
Note that

a; ;=0 (83)
Then we can write
a; = cosb; - a; +siné; - ;. (8.4)

Differentiating these equations above, we have
da; = (— sin 0;a; + cos Qiﬁi) - df; + cos; - da + sin0; - d3;, (8.5)
and

{ag‘~daj +aj - da; =0,

S of ~do; =0, of -dB; =0,
(i # J), { { ’

B -dB; + B - dB; =0 B -dp; =0, Bf - daj = 0.
(8.6)
Now, choose the basis b1, ..., bq_m, for p* as follows:
b; = —sinfja; +cosb;B; (1 <j<m). (8.7)

Note that Prq,{b1,...,bm} = {a1,...,am} = Prq,(p). Choose b; € qo for
j=m+1,...,n such that

bjai =0 (1<i<m). (8.8)

Similarly, Prg. {b1,...,ba—m} = {P1,..., Bm} = Prg. (p) and we can choose
bj €qg for j=n+1,...,d —m such that

BiBi=0  (1<i<m). (8.9)

We get
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bida; = db; 1<i<m,
bida; = —sinf;cosl; - ajdaj + cosb;sinb; - B7dB; 1 <1i,j <m,i#j.
(8.10)
Take the product of two such, we have
bida; A\ bida; = (0052 0; — cos? Gi) ajda; A\ Bidp; (1<i,5<m, i#7).
(8.11)
In fact, it is easy to see that
bidaj Abjda; = (—sinb; cos 6 - a; doy; + cosb; sin 0 - B dj3;)
A (—sin; cos ; - o da; + cos 0 sin 0; - 37 d3;)
= — sin? 0; cos? 0; - a?daj A B;dﬁi — sin? 0; cos? 0; - ﬂ?dﬁj A oz;dozi
= (sin2 0; cos? 0; — sin? 0; cos? Hi) . a}‘ day; A ﬁ;dﬁi

= (cos® 0; — cos” ;) - afday; A B dB;.
Similarly we have

bjda; = bjda; - cos b; (G=m+1,...,n, 1<i<m),
bida; = bjdp; - sinb; (J=n+1,....d—m, 1<i<m),

Then the Haar measure 74, on the Grassmann manifold X¢ can be calcu-
lated as
=[] bida
1<i<m
1<5<d—m
= [[ vda:i- [ bidajnbidai- [] bjdai- [ bjdas
1<i<m 1<i<j<m 1<i<m 1<i<m

m<j<n n<j<d—m

H do; H ((cos2 0; — cos? Qi) ajdog A ﬁ;dﬁz)

1<i<m 1<i<j<m
® H b;dai-cosei H b;‘.dﬁfsin&.

1<i<m 1<i<m
m<j<n n<j<d—m

Hence we have

T‘jn(p):[ [T ajdai- ] bjdai]@)[ I1 sas:- I bjdﬁi] (8.13)

i<j<m i<m 1<j<m n<j<d—m
m<j<n
R d—n— 2 2
® {H (cos ;)" ™ (sin @) "™ - H (cos”6; — cos™ 6;) - db: - - - d@m}.
i<m 1<i<j<m

We have the decomposition of the Grassmann manifolds X¢, (modulo mea-
sure 0):
XE ~V(qo) x VA" (q3) X Q.-
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Then the measure 7%, on X2 is given by the product of three measures with

respect to the decomposition above. Namely, we have

d _ .n d—n d
Tm - Tm ® Tm ® Tm,n’

d=n and 74, are the measure on V" (qo), V.4 "(q3) and Q,

n
where 7}, T, mon

m
respectively given by

T = H ajda; - H bjda;,

i<j<m ism

m<j<n
rin= [ 8dsi- [[ vpdss
i<j<m 1<i<m
n<j<d—m
Tfn’n = H (cos 0;)" "™ (sin ei)d—"—m ) H (cos? 0; — cos®6;) - dfy - - - db,,
i<m 1<i<j<m
Note that Tm ,, is unnormalized. Let us normalize 7¢  to be a probability
measure as follows
1<J<m ()G (n —m + )¢ (d —n —m+ j)

X H (cos B;)" ™ (sin §;) "™ . H (cos®@; — cos® 0;) - dfy - - - dO,

i<m i<j<m

Changing to the variable y; = cos? ;. Then, since dy; = 2 cos 8; sin 6; - df;, we
have

Gy(d—m+7)
H (J)Cn(n —m +5)Cy(d —n —m+ j)

1<j<m
n—m _ d—n—m _
XHyZ A=y T Tty - vildys - dym,
i<m i<j<m

This is the special case of the Selberg measure (see the next section).
Consequently we have

H Cop(d —m+j)

1<J<m Cn”_m+J)Cn( —n—m+j)

d—

X \detY|n_2m_1|det(I— Y)|

—m

Y. (8.14)

g
Here Y is the orthogonal projection from p to qo followed by the orthogonal
projection from qg to p. We call Tﬁ%n the higher rank S-measure.

8.2.2 Metrics

We saw that —Tr(A*dB - B*dA) is the Og-invariant metric. Let again p =
Spang A € X¢ and pt = Spang B which is generic with respect to a fixed
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qo € X¢. Then we can write A as some orthogonal matrix of size d x m and
B of size d x (d —m) as

cos 01, —sinfl,, O 0

Un 0 Onfm,'m _ Up 0 0 Infm 0

A= ( 0 ud,n) sin 01,, » B= ( 0 ud,n> cosOl,, O 0
Odfnfm,'m 0 0 Ig n-m

for some u,, € O,, and uy_, € O4_,, where

cos 01 0 sin 01 0
cos @I, = , sinfl,, = .
0 cos O, 0 sin 0,

This means that the Og-invariant metric —Tr(A*dB- B*dA) can be expressed
as

—Tr(A*dB - B*dA) = (d91)2 + -+ (df,,)? + (terms in du, and dug_,)

Here, we are not interested in this lower terms because we want the radial
part of the Laplacian. Similarly, changing to the variable y; = cos? 6;, we have

du?
- Z Yi + (terms in du,, and dug_,)

Sz, il =)
= Y giydyidy;.
1<ij<m

We also know the determinant of the metric g = (g;;), which is given by the
measure;

d—n—m _
detg2—Hyz BRCE) R | I
1<i<j<m
and the Laplace-Beltrami operator is given by the formula

1 1 0 1, 0
A——4(detg) Z a_(detg) g 8y_—D—(5,

K3 K3

1<i<m
where,
D:D*+(‘2l—m+1E D* = Z y;2 9, 2+Zyz 86
1<z<m i#£j 5~ Yi OYi
Yi
I;m zayz
q

=6+ (_—-m+1)E, 0" = i o ot

(y=m+1) 2 yz dy:2 Zyyg—yzayz

1<i<m i#£g
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Note that D* and 6* are independent of the parameters. Acting on polyno-
mials in y;, D* and E preserve the degree, but §* and £ reduce the degree by
one. That is the important points.

8.3 Higher Rank Orthogonal Polynomials

8.3.1 Real Case

Let Sym” (Py,) be the space of the homogenous polynomials of degree k in
symmetric matrices of size m x m. This is the finite dimensional representation

of GL(R) via the action
GLm(R) >S9 (Y — ngt).

It decomposed in terms of the highest weight representation

Sym*(Pn)~ @ W,

AEAmM
IN|=k,2\| <m
where A,, = {(Al,..‘,)\m) | AL > > )\m}. Let y1,...,ym be the eigenval-
ues of Y. Then the trace Tr(Y)¥ is the symmetric function in yi,. ..,y and
can be written as

Ty )k = 3 Ca(Y),
A

where C)(Y) is also a symmetric polynomial in yi, ..., ¥, which we call
the zonal polynomial, and is a spherical function on GL,(R)/O,,. Note that
GL,,(R)/O,, is not a compact space. Normalize C(Y) as

CL(Y) = gi(g)).

Define the binomial coefficient (i) for partitions A = (A1,...,A) and v =
(Y1, ..y Vm) by

A
Cy(I+4+Y)= < >C:(Y)
Here v < X means that v; < \; forall 1 < ¢ < m. If we put Y := iY in the
higher rank S-measure and take the limit d — oo, then we get the probability
measure 72 on P}t where P is the set of all positive definite symmetric
matrices of size m x m;

n 1

(Y):= tn)e_Tr(Y)\detY| 2y,
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where (,,(n) is the multi-variables zeta function defined by

Ty n—m—1 m(m—1) (n — 1+ 1)
= detY| 2 dY = 4 r .
Cm(n) /PJ,Z € |detY| ™ H 2

, 1<i<m

We call 77 the higher rank Laguerre measure.
The higher rank Laguerre polynomial of parameter n is defined by

AW =R ) = () L) )

1%
v<A 2

where A € A,, and

(2= I8 o) (7 ),

1<i<m

Then ¢} is orthogonal with respect to the limit measure 7,},. Namely,

[ AORDITGO =00w - oy

The highest term of the polynomial ¢} (Y") is given by

AR
oY) = (=1) Cx(Y) + (terms of lower degrees). (8.15)

(5),

It follows from the asymptotic (8.15) that for the intertwining operators
eP™MY) : X4 — X2 (or idempotent if n = m) we have ¢} — ¥
as d — oo, where ¢} is orthogonal with respect to the higher rank Laguerre
measure. We call cpfl\’m’" the higher rank multi-variable Jacobi polynomial.

Again it can be written as

Sosi\,m,n = (const.) - Cx(diag(y1, ..., ym)) + (terms of lower degrees).

The function w?\’m’" is also an eigen-function of the Laplacian;

dmn _ id d,m,n
A%\ = d,\,n “ P :

Remember that the Laplacian has two part; A = D — 0 where D preserves
degrees and § reduces degrees. If we consider the action of these operators,
we see that the homogeneous part of the highest degree must be an eigen-
function of the operator D, with the same eigenvalues. Now, the actions is
given as follows;

DCy =dS,Cx,  D*Ci=(p+A(m—-1))C5,  BCS =G,
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where px := > <, <, Ai(Ai — ). Hence we know that
d,m, d,
Apy™" = (px+ P, D)o
since D = D* + (g —m+ I)E . This shows that we have different eigenvalues

for different A.
For the operator £ it is very easy to see how it acts on C¥;

ECX(diag(y1, ..., ym)) Z dy; Y(diag(y1,- .., ym))

Cx(elm +diag(yi, - - -, ym)) — CX(diag(y1, - - -, ym))

= lim
e—0 c
A " ]
B Z <A(z‘—)> O (diag(y, - ym).
Ai>Aig1

where A\(i—) := (A1,..., A —1,..., A\n). Also we know the action of §*, which
is essentially the commutator in the sense §* = (£D* — D*€);

e 3 (e ) ()

1<i<m

s,

Hence we see that the idempotent <pd " can be written as

m,n v A Adl’i *
= e () e

v<A 2

with some coefficient Afl\’n. The eigen function equation for gofl\’m’" by the

action of the Laplacian translates into the coefficient Afl\ﬁy satisfying the
following recursion equation;

A= 2 () (57) AS i)
A\v T A .
Vio1>V; (u) ((|)\‘ - |1/D2 + oA Pu)

This, in principal, determines the idempotents. Similarly, for the complex case,
we just shift the parameters by 2

8.3.2 General Case

More generally, we take the following measure T#’BW with parameters «, 3,
~v > 0 which is normalized to be a probability measure;

”37 . Cmﬁ’y H yz 1_yz 1H‘yj—yz| dy»

1<i<m i<j
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This is called the Selberg measure. All of our higher rank [g-measures are
special cases of this measure for special parameters. Namely,

m,n

. {Td—n—m+1,n—m+171 if 7 is real,

n
2Ud—n— 1).2(n— 1),2 . :
Tn(d n—m+1),2(n—m+1), if n is complex.

The constant C’f]"ﬁ” is the higher rank beta function, it was determined by
Selberg ([Se]) and explicitly given by

(Cgﬂ»"/)_l = H r F(al_ﬂ + (m+] _Z)W)F(Z) (816)

j<m (f +(j—1)Z>F(Z -|—(j_1)’2y>1—,(],2y>

Let ¢f\"ﬁ’7(y1, .+, Ym) be the orthogonal polynomials with respect to Tfl‘”@’”f
induced by the partition A = (A1, ..., Ay ). We call it the multi-variable Jacobi

polynomial. It is a symmetric polynomial in y1, ...,y and satisfies
goi“"g"’ = (const.) - my + (terms of lower degrees),
where my = S,,,(y7", . .., y\m) is the monomial symmetric function. These are

orthogonal with respect to the measure Tﬁ’ﬂﬁ, that is,
(goi"ﬁ’"’,m,,)r:,[m =0 forv<A

We need the following normalization since it is also determined up to a
constant;

S22 = 5377 (0).

The function ¢f @B g also an eigen-function of some differential operator
AP Similarly if we put y; = iyz and take the limit a — oo, we have

(paﬁw — o B where o3 By

00,8,7

is the multi-variable Laguerre polynomial.

Similarly, ¢ is orthogonal with respect to the measure

007 = (03P T v e v [Ty — wild.

1<i<m 1<J
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p-Adic Grassmann Manifold

Summary. In Chap.9 we give the analogous theory over the p-adic, giving the
decomposition of the representation of GL4(Zp) afforded by the p-adic Grassman-
nian. The relative position of two planes p,q C Zg is given by the type of the
Zp-module p N q, i.e., by a partition. We calculate the measure on Q% . and describe
the idempotents - the p-adic multivariable Jacobi polynomials.

9.1 Representation of GL4(Z))

9.1.1 Measures on GL4(Zp), V¢ and X2,

Let p be a finite prime. First of all, we see that GL4(Z,) is expressed as the
inverse limit;

GL4(Z,) = lim Gy,

where Gya := GL4(Z/p"). Then we obtain the following diagram by the
determinant;

Matdxd(Zp) det > Zy
U U
GL4(Z,) otz

Note that GL4(Zp) is the maximal compact subgroup of GL4(Q,). This is
similar to the real case. Namely, O4 is the maximal compact subgroup of
GL4(R) and Uy is of GL4(C). But unlike the real case (where O4 and Uy are
closed subset of Matgxq), the above diagram shows that GLq(Z,) is an open
subset of Matgxq4(Zp). Now we have the measure on Matgxq4(Zp) defined by
the additive Haar measure
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This measure satisfies d(gz) = |detg|dx for g € Matgxq(Z,). In particular, dz
is GL4(Zy)-invariant measure on Matgxq(Zp).
Let Ay,..., A, € Z?d C Q;‘fd. We call Ay,..., A, orthonormal if

zgt) 3 zpAi =T

1<i<m

as Zp-module. Let A; be the image of A; modulo p for 1 < i < m. Then
Ay, ..., Ay, are orthonormal if and only if Ay,..., A, € F?d are linearly
independent over IF,,. This is also equivalent to the existence of By, ..., Bqg—m €
ZP such that (A1, ..., Apm|Bi, ..., Bi—m) € GL4(Zy). Then we denote by

V,i = {A = (A1,...,An) € Matgxm(Zy) | Ay, ..., A, are orthonormal.}.
The group GL4(Z,) acts on V¢ transitively and the stabilizer of the standard
basis 1 = (E1,..., Ey) is given by GLg 1 (Zy) X Maty,x (4—m)(Zp). Hence it
holds that

V& o GLa(Zp) | GLa—m(Zp) X Mat,y s (a—m)(Zy).

Note that the factor Mat,, « (4—m)(Zp) does not appear in the real case. Let
us first consider the case of m = 1. It is easy to see that

Vit ={Aez||A], =1},
where |A|, = |*(a1,...,aq)|p := maxi<;<q|ai|,. Then the condition |A4[, =1

is equivalent to A # 0 modulo p. The measure of V| can be calculated as
follows;

/ dm:(l—pfl)—i—p*l/ de =---
v vt
— (1 _p—l) _|_p—1(1 _p—l) _|_p—2(1 _p—l) 4. _|_p—(d—1)(1 _p—l)

Similarly, for general m > 1, we have

Jote= ot o= L

m—1 d—m<j<d

In particular if we take m = d, we have V{ = GL4(Z,) and

1
de = N
/GLd(Zp) 191_‘I§d Gr(J)
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Normalizing the additive Haar measure dz by dividing by the above constant,
one obtains the GL4(Z,) invariant probability measure on V,¢. We denote by
74 this measure on V¢, and 7¢ := 7¢ the Haar measure on GLg(Z,).

Now we are interested in space

X% .= Grass(m, d; Qyp),

where Grass(m, d; Q,) is the Grassmann manifold of all m-dimensional space
in d-dimensional plane over Q,. Note that Grass(m, d; Q,) = Grass(m, d; Zy).
Since GL4(Qy) (resp. GL4(Z,)) acts transitively on X2 and the stabilizer of
1 is the Borel subgroup By, q—m(Qp) (resp. By, a—m(Zp)) where

AB
Br,d—m:= {(0 D) € Matgyx g

= (GLm X GLg—p) X Maty,x (d—m),

AeGLm, DeGLy_,y,, B€ Matmx(dm)}

we have

Xgn = GLd(Qp)/Bm,d—m(Qp) = GLd(Zp)/Bm,d—m(Zp)-
It can also be expressed as
X ={pCzd|z3)p ~ ZSI"m},
Note that in the real case the factor Mat,, x (q—m)(Z,) disappear, and the real
Grassmann manifold resembles more the space
Xo = {0 [p=25m, p =22 peyp =~ 239
= GL4(Zp)/GL(Zp) X GLi—1(Zy).

The measure Tfn on X¢ is obtained as follows; Let pr be the projection

pr:Ve — X3 =ve/GL,.(Z,); pr(Ai,...,Ap) = Spany (Ai, ..., Anm).

Then we see that the image pr,(79) of the probability measure 7% is the
unique GL4(Z,) invariant probability measure on X¢. Hence, by the unique-
ness, we have Tfn = pr,(72). On the other hand, notice that the set of matrices
X € Matgxm(Z,) of rank X = m is of full measure with respect to the additive

Haar measure dz. Then we have the projection

P : Mataxm(Zy) — Xp = Vi /GLin(Zy);  Pr(X) = Spang (X1,...,Xm) N Zy"

and also 7¢ = pr,(dz). Note that pr(X) is not the space spanned by X
over Zy.
The space X2 can be also represented as the inverse limit;

X8 = GL(Zy)/Byna-m(Zp) = lim X},

where ng is the finite set defined by X]J\\,’d = GLa(Z/P™)/Bm.a—m(Z/pN) ~
Gna/Bym and Bym := B, a—m(Z/pY). One can also check that G ya acts
on X gi transitively and the stabilizer of 1 is given by Bym.



160 9 p-Adic Grassmann Manifold

9.1.2 Unitary Representations of GL4(Zp) and G na

We are interested in the unitary representation of GL4(Z,) defined by
w1 GLa(Zy) — U(H7): w(9)f(x) = f(g~ a),

where HY := L?(X4, 7). Now the Hilbert space H% can be written as the

m? m
direct limit of the finite dimensional spaces as follows;

d _ N4
Hy, = lim Hyon,,

where H ﬁi = L%(X ]J\\[’i) We have a unitary embedding from the finite dimen-
sional space vavd to HY, and |y HIJ\\,’d is dense in H¢ . Moreover, each finite
dimensional space is invariant under the group GL4(Z,) and the represen-
tation of GL4(Zp) on it factors through the projection GL4(Zy,) — Gya —

UH ]J\\[’i) The commutant of this representation are generated by the Hecke
algebra

d ._ d
He = C(Q8).
Notice that, in the p-adic cases, smoothness means locally constant. Here

Q= Byn.a-m(Zp)\GLa(Zy)/ Brn.a-m(Zp) = lim QN

where Q%d := Bym\Gya/Bpnm. The commutant of the representation of the

finite group G pa on the finite dimensional space H N s also generated by
the Hecke algebra

d d
Hiim = C*(Qm)-
Again HZ, is expressed as the direct limit of the space H%fn;
. d
Hp, = ImH ..

More generally, if we want the intertwining operator of the various represen-
. . d d K
tation for different m, say HY,, — H ]J\\;, we have to consider the module

HNw yn i= C(Bym\Gya/Bn).

Notice that we always assume m < n < %d.
Now remember the simple facts for finite Z,-modules. Let m be a finite
Zy-module (resp. Z/p~-module). Then it is of the form of

m~Pz/ph =7/p*,
i

where A = (A > Ay > -+ > N\ > 0) is a partition (resp. with Ay < N).
In this case, we say the type of m is A and write typ(m) = A. This is a
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complete isomorphism invariant. Namely, two modules are isomorphic if and
only if they have the same type. (Note that all partitions are decreasing. All
the people working in real or g-special functions use increasing partition while
Macdonald use decreasing partition ([Mac|). Hence we have to change the
notation unfortunately if we treat both the real and the p-adic cases.) We
also use the following notation

(1m,2m, . ,N™):=(N,...,N,...,1,...,1)
S~ o~ N A
d T1
In particular, (N%) = (N, ..., N) and hence
~ ~ -
d

Z/p(Nd) ~ (Z/pN)@d.

This is why we use the notation G pa, which is the automorphism group of
(Z/pN )®d. These are the highly symmetric modules. If we take a module

m C (Z/pN)®d of typ(m) = A, there exist a basis Xi,..., Xy for the free

module (Z/pN)@d such that pV =21 X1, ..., pV 24X, is the basis for m. Here
Y1, ...,y is the basis for m of type A\ means that (note that m is not free)
y;’s generate m and of order exactly ;. Equivalently, every m € m can be
uniquely written as m = ajy; + - - - + ayy; for some a; € Z/p*i. For example,

given such a module m C (Z/pN)®d of typ(m) = A, we have
®d
typ((Z/p™) " /m) = (N = Ag,..., N = \y).
As a corollary of the elementary divisor, we have

Corollary 9.1.1. Any isomorphism g : m — m’ between two finite submodules
m,m’ C (Z/p ) can be extended to g € Aut((Z/p ) ) = Gya.

Therefore, the space of the relative positions Q%d can be written as
follows;

Corollary 9.1.2.
OV = (A= Ao, M) [ A <N, A <mb =2 Ay,
where the isomorphism is given by
Gpya(my, mg) — typ(my Nmg).

Here we denote by N = (A\...,\,) the conjugate of A defined by \; =
#{i| X >j}.
Indeed, if for some g € Gya with g(m;) = m}, then we have typ(m; N

my) = typ(m} Nmj). Conversely, if typ(m; Nmg) = typ(m) Nm}), we have an
isomorphism g : my Nmy — mj Nm). By Corollary 9.1.1, this can be extended
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to isomorphisms g; : m; — m} for ¢ = 1,2. Hence we have an isomorphism
g : my +my — mj + mj. By Corollary 9.1.1 again, g can be extended to
g € Gya. This shows that g(my, mg) = (m}, m}).

Since typ(my N'm2) = typ(mge Nmy), we have the following

Corollary 9.1.3. The Hecke algebra H%i is commutative. The dimension
of H%d is given by #£Anm = (N;m), Hence their direct limit H%, = ll_m)H%d
is also commutative.

Therefore the representations of Gya and GL4(Z,) are multiplicity free,
whence they decompose as follows

Hin= P W Hi=P

AEANm A <m

We have the following diagrams using the quotient maps from modulo p¥ to
modulo pV~!. Here the projection Aym — A(n—1ym is given by “chopping
the right-most column”, that is, (A} > A, > --- > M) — (M) >Ny > - >

An_1)i

~

Gya > X]J\}’i Q%i > Anm
¥ / Y ¥
d d
G(N-1)a > X((]J\\;:ll)) QE%:B >An_1ym

Taking the inverse limit, we have the following trees;

N-th layer  tree boundary
XN XN Xd =l xyn
N

Ann | [Axe Q4 =1im QN
N

Notice that, we have infinite partitions in lim Aym ~ lim Q%d, that is,
— —
li_mANm :AmUAm_l U'~-L|A1 |_|A0 = {OO},
Ap—ji={A=(00,...,00>Xjy1 > ...2 Ay, 2 0)}.
N~ ~ -
J
We have the two types of embedding

Qd = liLﬂANm — [0,1]™
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defined as follows;

sin-embedding : X\ — (p~*, ..., p~ )

cos-embedding : A\ — (1 —p~1 ... 1 —p *m).

—00

Here we understand p~°° = 0. It is important to note that we have two types
of topologies in &, that is, the inverse limit topology, and the topology
induced from [0, 1]™, and these are the same topology. This shows that the
set of all finite partitions A,, (these do not have the 0 coordinate in [0, 1]™
by the embedding above) is an open and dense subspace of Q4 ; it is also of

full measure with respect to the probability measure Til’n on Q¢ . Here the
d

measure T, ,, is obtained as follows; Let us write

Qﬁ@ = Bm,d—m(Zp)\GLd(Zp)/Bn,d—n(Zp)

Then 7¢, ,, is the measure induced from the Haar measure 7¢ on GLg(Zyp). As

in the case of the reals, Til’n can be obtained by t.(dz ® dy). Here dzx ® dy is
the additive measure on Mat gy (m+n)(Zp) and ¢ is the map

£ Matgy (i (Zp) 2 X& x X% 2P 0
It can be also expressed as
= t(de @ dy) = £.(dz © 0,) = t.(64, © dy)

for some xg € Matgxm(Zp), or some yo € Matgxn(Z,). We get the Markov

chain on | | Ax= with harmonic measure Til’n (remember that we have the

Markov chain if we have a tree and a measure on the boundary).

Now we try to see the relative position more like in the real case. Let
A, B € P*"HZP4). Define

I(A,B)| =1—-p(A,B) :==sup{l—p " |A=B (modp"), n>0}.
For example, we have

A#B (modp) < |(4,B)=1-p"=0
<= A, B are orthonormal,

and

A=B < A=B (modp") foralln>0
<~ |(A,B)| =1.

Hence we have for p € X2 and q € X4, typ(p,q) = \ € lim Ay if and only
if there exists orthonormal basis Ay, ..., A,, for p and By, ..., B, for q such
that [(A;, Bj)| = 6;,;(1 —p~*).
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9.2 Harmonic Measure

9.2.1 Notations

Let A, i, be partitions. We put G := Aut(Z/p*) and fixing mg = Z/p* we
define
X, : = Grass(m C mg | typ(m) = p),
X}, 1= Grass(m C mg | typ(m) = p, typ(mo/m) = p).

More generally, for the modules mg of typ(mg) = A and m C mg of typ(m) = p,
we get the sequence of the partitions {typ(mo/mNp'mg)}i—o1.... from p to A.
Hence

T:= {typ(mO/m N pZmO)}iZO

is a tableau of shape sh(T) = A\ p and weight wt(T') = p. We define for a
given tableau T'
=T).

X7 = Grass(m C my | {typ(mo/mﬂpimo)}izo

Then the group G« acts on the spaces Xﬁ\a X’\ and Xi\“~ Note that Xl;\ =
U, X, and X} =), X the union taken over T' with sh(T") = X\ and
wt(T) = p. Gya is not transitive on X2 (It is very difficult combinatorial
problem to describe all the equivalence classes of embedding Z/pH < Z/p*).

We denote respectively by

1) () w2 (a) () o2 ()
= #X7, = H#Xp = : =#X) =)
<Tp wr) 4 ) \n), o wu)

. u> are the Hall polynomial (see

[Mac]). One can see that the leading term of (HAH)[) is the number ¢}  of

(%)p are monic polynomials in p, and (

[T
tableau T with sh(T') = A\p and wt(T') = p; ¢, are the Littlewood-
Richardson coefficients.

Let

R R A I E U
Then it is easy to see that
#Hom(Z/pA,Z/p“) = <’\/’“/>

#Hom"! (Z/p*, Z/p") ’“>H W _;Tl,,

i
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where (X, p/) == 3", Xjp;. In particular, taking p = A, we have
#Gy = pN ) H[/\; — Xialp!-
i

Hence we have

A AN\ #Hom"™ N (Z/pt Z/p)
(u>p == %: (u,u)p - #G,,

Nt ’ A/—M/
WA — 1
= plr MH{E\Q—ZL'

Also we set

b=y =P ndeti=dnke o Al {m}p’ {m}pH{n —m}p!"

These are useful notations when we count things. On the other hand we use
the notation [n], when we are working with the probability measure. Notice

that
n n
i, = Lol 7o
m)yp mip

Then it can be calculated as

N4 d d
_ XNm — ,Nm(d—m) )
<Nm> #XN P d—m],

Similarly, for a general partition A, it is useful to calculate

d=\) 1TV [d=X
[Aj\d]p _ #Xﬁ\vd _ p27 e )Hi=1 [ d— ATI]IJ
(N_l)d (N_l)d - ’ / — -\
[ A ]p #XA pZillA"’(diAi) Hi]\ill [dd_A;\?]p
- N
o L L

- []

Here X is the projection of A; X = (A],..., Ny_q)-

9.2.2 Harmonic Measure on Q¢

d

m,n

Q4 = limAym of the relative positions of m-plane and n-plane from the
p—

transition probability of the Markov chain (see Sect.9.2). We here work with

the conjugate coordinate, that is, A = (Aj,..., Ay) and A = (A}, ..., Ny_1)-

Now we determine the harmonic measure 7 := 7 on the boundary space
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Let 7y be the probability measure on Aym. First of all, let us calculate the

measure in the finite layer 71 (\}). Fix a subspace ¢q; = IF ! with q1 C qo =
IF;‘ C Fg. Note that

d— ’ ’
#{p CF|dimp=m, pNgo=q:} = "L = (=)
p m— N v

#{qlgmydimqlzxa}z{z} ,
p

#{p CFJ|dimp =m} = {i} _

P
Hence the first transition probability of the Markov chain is calculated as
#{p CFe|dimp = m, dimpNgo = A}
#{p C IFg | dimp = m}
~ #{p CF}|dimp =m, pNgo=a1} - #{a CFy |dimg = X}
N #{p CF¢|dimp =m}
- {nil:f\l,l}pp(m—/\’l)(n—/\’l) . {/\",l}p
{nhy
d—n n
_ [mlep[)‘/l]Pp—Xl(d—n—m-&-)\’l). 9.1)
[l
Next we work on the N-th layer. For details see [Onl]. Fix also a subspace
qo = (Z/pN)®n - (Z/pN)®d. Then we have

n(A) =

wo) (Nm) #{p C (2/0™) % typ(p) = N™, typ(p N da) = A}
~-1(N) (((fvv_’f))i) #{p C (2/pV=1), |typ(p) = (N — 1), typ(p Nqo) = A}
B (fvvi)P ( A)p#{pQ(Z/za ) ¥ [ typ(p) = N™, pNgo =}
(N (M50 #{p € (2/p7 ) [typ(p) = (N = 1), p Mo = a1}

Here we fix g1 of typ(q1) = A. The independence of this choice of ¢ is justified
by the symmetry of qo. Hence we have

™~ (A) —m(d—m) [)\/1\1—1} Ny (n=Ny)
=P pry N
TN-1(A) Ay

x #{p € (2/p™) | typ(p) = N™, pNdo = a1, p = po}- (9.2)

Here we again fix the submodule py C (Z/pN 1) &4 o typ(po) = (N —=1)™
such that po N qo = qi. To calculate (9.2), without loss of generality, we
assume that
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/N =0 (93)

since we can factor out (Z/pN)GB)\N C pNg. Hence, to calculate (9.2), it is
sufficient to count

#{p € (2/p™)" " Jtyp(p) = N" N pngo =ai, p=po}.  (94)

. -\ /
Fix qp C (Z/pN)®n N, g1 of typ(q1) = A and pg of typ(po) = (N —1)™~*».
Also fix a lifting po of po. Let A := {A;,..., A} be a basis for py and
B := {B1,...,B,} a completion to a basis for (Z/pN)QBd. Then any other
lifting p of py has basis of the form

Ai+pN71{ Z ai; Aj + Z bz‘kBk},

1<j<m 1<k<m

where a;5,b;x € Fp. Now note that a;;’s do not change p. Hence we ignore
a;;’s and consider only b;,’s. Note also that, for two liftings p and p’ of pg
given by {b;r} and {b),} respectively, it holds that p = p’ if and only if
bir = bl;,. Therefore the choice of the {b;z} determines the space uniquely.
Now let € = {C1,...,C,} be the basis for qo such that pV = (C; = pN =2 4;
is a basis for qo Npo = q1 = Z/p>. Write

A= || a®, e= || ¥

0<k<N 0<k<N

with pN—ke®) = pN—k(k)  Hence we have #€K*) =4k) = #{z’ ’ i = k;}
By the assumption (9.3), #¢(N) = AMN) = 0. Note that the element of
o<re N_lQ((k) can be changed arbitrary and the number of such choices
(i.e., the choices of {b;;}’s) are equal to p{®~™(=Ax-1) On the other hand
the element of AN = {AmiAIN—lJ’»l’ ..., Ay} cannot be changed arbitrary,
only by b;;’s, which avoid pV=1(€\eW 1) (notice that dimp, (€\¢N-) =
n — Ay_;). Hence when we chose {b;;}’s, we have to avoid not only the
space €\E€WV =1 hut also the space spanned by (i — 1) elements chosen previ-
ously. Because we fix pg N q1 = qo, the number of choices of such elements is
pd—m — p"_’\QVfl'H_l. Therefore all the number (9.4) is given by

p(dfm)(mf/\ﬁv_l)(pdfm _ pnﬂ\k_l)(pdfm _ pnﬂ\'N_lJrl) .
(pdfm _ pnf)\ﬁ\,71+)\'1\,7171)
_ p(d—m)m(l _ p—(d—m—n+>\’N71)) . (1 _ p—(d—m—n+1))
[

[d—m —n]p!
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To remove the assumption (9.3), we substitute d — Ay for d, and so on,
i.e., subtract Xy from d, m,n and Xy _;. Then we have

d m

#{p C (Z/pN)® | typ(p) =N, pNgo =41, p="po}
_ld=m=n Xy alp! aomymxy)

[d—m—n+ N, 7 ‘ (9:3)

Hence, from (9.2) and (9.5), the transition probability is given by

TN()‘) _ p—m(d—m) |:)‘§V1:| pM\,(n AN) [d m—n+ )‘N 1] !p(d—m)(m—kg\,)
) Ny 4=~ Ayl

_ [)\3\,_1] [d_m_n+)‘3\’—1]1’!p—,\3\,(d7m7n+,\']\,).
My 1, [d=m—n+Nglp!

Therefore, taking the product of all 0 < j < N of the transition probability,
the measure 7y on the N-th layer is calculated as follows;

[N

() = Ly Pphldmnomaan)
[,
H [)\3‘1] [d—m—n+X,_,], |p i)
ooy b A5 L, A =m = X!
n
B [”—/\’w\’ =Ny N ]
(m—X1, .[[Cfi 7:7]1 AP SN N (d—m—nt X))
(1] :
where mlp
n nl,!
Lm, mN} = [ml]p![, ~]~p[mN]p! (mi+ - +my =n)

is the multinomial coefficient. Then the harmonic measure 7 is obtained by
taking the limit NV — oo of the measure 7y on the N-th layer;

[d—n]p! - ZiZl i (d—m—n+2A})
() = n [m—X] [d—m—n],! P
L VIP VI U [i]p
It can be written as follows
d
[m+n] [m + n]! — 3oy Ai(d—m—n+2i—1)
T\) =, dp H i1 }
[m]p[n]p[m Alplln = X! >1)‘ _)\]4‘1 06)
9.6

This expression shows that 7(\) is symmetric in m and n. We call this mea-
sure the harmonic Selberg measure, which is a p-adic analogue of the Selberg
measure.
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9.3 Basis for the Hecke Algebra

In the last section, we see the unitary representation of Gxa = GL4(Z/p™); 7 :
Gya — U(H]J\}fi) where H]J\\[’i = LZ(X%(: , 7). The commutant is generated by
the Hecke algebra HYn, = L2 (Anm). We have the geometric basis {dx}rcnm
for H%d, which act on the function in H 1]\\,[(] as

Sply) == / ) e H)

On the other hand, we denote by £?(X J]\,Vi) the Hilbert space with the counting
measure (not normalized to be a probability measure). In this case, we denote
by g the geometric basis, acting via

pew) = > @) (peHY).

typ(zNy)=A

Note that gy is up to constant identical with Jy, that is,

Nd
gr = < m> Ox-
N P

Let N C A C N%. We define “gradient” and “divergent” operators

Txrca
>

Y e(xyY

T)\Q)\/

Tyvoap(a') = Z e(z), Thone(x) = Z o).

z'Cx Dz’

It is clear that these operators are adjoint to each other and commute with
the action of Gya on the Grassmann manifolds. Let A, \a € A € N%. Then
we also define

d d
T>€\17>\2 gz(Xi\; ) —)52(X>]\\i )
by
T (@)= Y o(xa).

typ(z1t+z2)=A

Then we have (T/{‘W\Q)* = T/{‘Q’)\l. This also commutes with Gy4-action.
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The “Laplacian” cj : 62(XJ]VV:L) — 62(XJ]VV:L) is expressed in terms of the
geometric basis:

A/
CA:TN"’/QAOT)\QN"’/: Z <)\) gx .
p

ACNCN™

The collection {cy}acnm is called the cellular basis for H%d Note that the
matrix {(’\A/)p} a0, which transforms the geometric basis {gx} to the cellular

basis {cy}, is upper triangular with (i)p = 1. Let {(ij):})\,x = {()/‘\/)p};{\,
denote the coefficients of inverse matrix. Then we have

A\ *
S (A)
pY CACNCN™ P
Moreover, we have explicit expression of (f):,
* / /
<ﬂ> = (—1)l= R =) T [@ - ﬂm]
A Bl—\ |
p 1<i<m i i dp

where [A] := ", A; and n(A) := >, A\i(i—1) (these are the standard notations
for partitions). Remark that

H%d (A) := Span{c, ’a C A}, H%d (A7) == Span{cq | aC A}
are ideals of H%d Let us consider the quotient
Wy = HN0 N /HN (A7) (N E A).

Then {Wh}xea,, gives the complete list of the irreducible representations of
the Hecke algebra HY ».. Note that dimW, = 1. Hence we have idempotents

d
{eatreaym for HY .
d
Wy =C-pr=HNm * p».
The function @) is characterized as

Ca-ox=0 fora CA
ex - pa # 0.

Then, the irreducible decomposition of £2(X gi) is given by

Nd
XN"’ @ V)\a
AEA,
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we have also V), = EQ(Xﬁ:L) * . Notice that V), is the unique irreducible
representation of Gya which occurs in the Grassmann manifold X{¥ * but

. d
does not occur in X2 for any o C \.
Let us write

=Y ArxaPar  or= D Alaca

aCA aCA

with some coefficients A , and A}"a. Then the matrix {Axq}ra is lower
triangular and {A ,}x 0 = {A)\’a};}a. Moreover, let

Cay % Cry, = g 031“2 - Cq-
aCA1,A2

Then we have Ay o, = Co® for @ C X. One can explicitly calculate the number
Ay,o as follows: Fixed submodules Z/p® C (Z/pN)®m and Z/p*,Z/p* C
(Z/pN)®d such that Z/p* NZ/p® = 0. Then we have

Axa =#{m C (2/p")®™ | Z/p™ C m, typ(m) = A}
d.—1
x #{m C (2/p")®| Z/p* Cm, m N Z/p® =0, typ(m) = N"™} <§m>
P
_ o (d—2m)|A|—m|al— (A A —a/) [T T O Ai—ai] (A=A —aof (d

p I ey R I
It seems that the inverse matrix {A;a} A« should be also calculated explicitly,
however, unfortunately, we can not obtain this (it should be possible). For the
reference of this section, see [BO1].

’

(AA) cellular basis ¢y _ A,

geometric basis gy (*A’)p AN &7 ﬂidempotent ©x
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g-Grassmann Manifold

Summary. In Chap.10 we describe briefly the quantum Grassmannian, the
g-Selberg measure, and the multivariable (Little) g-Jacobi polynomials which are
the idempotents and interpolate between the p-adic and the real analogues.

10.1 g-Selberg Measures

In this section we describe the g-theory for the Selberg measure which inter-
polates between the p-adic and the real one. The g-Selberg measure Sy(A) =
Sg"ﬁﬁ(/\) with parameters o, 8 and + is defined by

1 Calat+Aj +(m—35)7) 5, (8+2+G-1)
Sq(A) = Ll q i “AT(A A€ An).
= o I G+ =) (N e
(10.1)
Here Cgﬁ "V is the normalization constant so that S, () becomes a probability

measure; it is the higher rank beta function;

ase T Cal@+70 NGB +alm = )G ()
“ ‘ 1<1j1m Cla+B+v(m+7—2)C ()¢ Q) (10.2)

AY(A) is the Vandermonde determinant defined by

AY(N) = H CaAj — X +(1 + ) —J)) 1- q)\]-f)\rk'y(ifj))'
iz Gl A = Ai+A(i—j = 1))
J<a<m
Note again that partitions are decreasing. It was conjectured by Askey [Asl]
and proved by Kadell [Kad] and Habsieger [Hab] that S;()) is a probability
measure on A,, when v € N. Further, Aomoto [Ao] and Kaneko [Kan| prove
this in the case where ~ is a continuous parameter.
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10.1.1 The p-Adic Limit of the g-Selberg Measures

We first consider the p-adic limit @ of S4(A\). Remember that, in the p-adic

limit, we take ¢ — 0, o, 3,7 — 0 in such a way that ¢® — p~®, ¢® — p=#
and ¢ — p~7. Then we have
Sy(A) = Sp(A) = 5 T[T Gola+ (m—g)yy)p~=s 2 E+2G=0) . A (y),
Ca K 1<j<m
>\'—O
where
By . — H Cpla+ (1 — 1))G(B +v(m — 5))¢(57)
’ ot GlatBEamti=2)G0)
Cp 1 +i— 7))
AT(N) = .
s = g6 )
)\ —X

Leta=14n—m,=14+d—m—n and 7= 1. Then, noting

/\:(...,2,...,%,1,...,%,0,..., 0 ),
A Y m=A,

oA =2 A and Y05 A(25 — 1) = Zj()\;-)2, we have

Cp(d —m + 5)¢p(1)
H Gn=—m+5)Gp(+d—n—35)(0)

1<j<m
: m—n 1+i—7)
14+n— =% Aj(d=m—n+2j-1) G
g 1:[%( nehw JH Cpli — J)
A;j=0 Aj=Xg
_ Ikt d—nlp! [d—mlp! [m]!
[n—m]p! [d—n—m]py! [d]y! [l]zron
T G(1+i - )
x I GO+n—j)-p- @m0 T ] R
)\’1<j§’m kZOA;+1<j<7L§)\;“ Cp(z—])
(10.3)
Here we have
n—ml,!
II at+n-i5= b ]p, (10.4)

[ =Xy

A <j<m

On the other hand, consider the set { (i,4) ’)‘k+1 <j<i<)N } We have the
decomposition of thlb set into disjoint unions
{G0) | Negr <J <i <N} ={G5)]j+1<ifu{@.j)|i+1=1i}

= {(0,) [ Meya + 1 <Gt 0 {6 d) [ dha + 1 =13}
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and the bijection
s ]i+1<i} = {@) | Mg +1<ih (G4)— (L7 -1).
Therefore we get

Cp(l-l-l—] Gt = Aey1)
’“1:[0 A +1<J1_[<2<>\/ Gpli =) k1:[0 1+/\/+1:£2</\/ (1)
_ Cp(i - /\%-5-1)
kIZIOA;Jrll:[igA; (1)
[

A g 100

Substituting (10.4) and (10.5) to (10.3), we obtain

_ [n]p' [d — n]p! [d — m]p! [m}p' [n — m}p! Y
Sp(A) = n—mlp! [d—n—m],! [d,! [1]7 [n— Xﬂp!p PIFRVIC! +X%)
x L
[m — M [N — Ablp! -
[md n]p m + n . o
) m]:[;ﬂp [m — )[\/] In — Alp! H = )\]—i-l p iz A(d X))
= T (V)-

10.1.2 The Real Limit of the g-Selberg Measures

Next let us look at the n-limit. Remember that the n-limit @) is obtained by
g — 1, A; — oo in such a way @ — y; for some y; € [0,1]. For the case
where 7) is real, we replace the parameter a by «/2, 8 by /2 and v by /2,
respectively.

First of all we look at the limit ¢ — 1 of the higher rank S-function qu‘*ﬁﬁ.
Note that this is “balanced”. Namely, the sum of the parameters in numerator
in (10.2) is equal to the sum in denominator. Remember that

1L

Iy(a) = (1)

(1-¢)" *—=TI(a) (g—1)

Hence we have

i s T G0 = D)6 B+ A(m = )6nG)
Q=g == 1] 0 o iatmt - 20600

1<j<m
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Note also that, when ¢ — 1, A — oo and ¢* — v, the ¢-beta sum converges
as follows;

—OZ+TL) (a+X)n
c Z@Hn GB-a)
1_qﬁ a ]- qﬁia+1).(1_qﬁia+n71) an An
‘Z L-q) - (1-qv) e
B-—a)f—a+l)---(f—at+n-1) ,
=1y "

Therefore, since
Cela+Xj+ (m—j5)v) —(1- yA)a—l
G142 + (m = j)y) T
P BTGD) G
gq( - Ni+y(1+i- J)) (1 _ q,\r/\iﬂ(ifj)) N (1 — yj)zy_l (1 — yj)
GL+ X = Ni+7(i—j - 1) v v

and also

dy,;
(1 - q)(sq*j - ! )
Y
we have
_ 1 a—1, B+2v(j—1) _Yivndyr dym
Sq(A) = Sn(A) == 2-(a,6,7) H (1—yj) Y; H ) .
Cy 1<j<m i<j Yi n Ym

Replacing the parameters o by «/2, 3 by /2 and ~ by /2, respectively, we
obtain

1 a_q1 P11
$oN) = sy 1T @) [T e =il dya
o 1<i<m i<j
:7.7;%,677.

This is the real Selberg measure which is calculated as the measure induced by
Haar measure on the space of the relative positions of m-planes and n-planes.

10.2 Higher Rank g-Jacobi Basis

Remember that the g-Selberg measure S4(A) is the probability measure on
A,,. Here we would like to see it as a functional on the space of symmetric
polynomials Clys,...,¥n]®™ by just putting the mass S,(A\) at the point
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y = (y1,.--,Ym) where y; := ¢~ We write y = ¢*+7* for this point.
Then we get the inner product on Clyy, ..., ym,|®™ defined by

a 6 Y. Z S, A+vp) (gMP)

and the norm

1£11* = (£, Hgim”-

The higher rank Little g-Jacobi polynomials goq(’f)v € Cly1, - - -, Ym)®™, which
are basis for Clyy, ..., ym]%™, are defined as follows;
(1) The leading term:

@Z‘(f)‘Ym =dy - my + (lower terms),

where dy # 0 and m), is the monomial basis for Clyy, ..., ym|®™.
(#4) Orthogonality:

(Potnyms Mg =
for all p < A.
(#i7) Normalization:
1535l = P03 (0)

Note that in [Sto], Stokman normalize them to be monic, that is, dy = 1.

The shifted Macdonald polynomial P (y) = P;&) (y1,.-.,Ym) is a polyno-
mial of degree |\| and is symmetric in y;¢ /7. It holds that
Pi(¢")=0 unless A C p,
(—DPENED=20G=D T (1= ghmd+1+90=0) 2,
(B,5)ex

.

—

(S
>

~—
Il

Note that P5(¢") is the eigenvalue of ¢-immanent, which is in the center of
the enveloping algebra of the quantum group Uy (see below) acting on the
representation of the highest weight u. The generalized binomial coefficients

are given by
<u> _ Pilg"
Man  B(@)

This is essentially the cellular basis CV(A) for Clyi, ..., Ym]®™;

“/(2*m)’ B

1 * —m
O(;Y(A) (yla ey ym) = P;\k(q)\) P)\ (qu’Y(l )7 Y29 B ym)
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Then taking the @) or (@) limits, and setting v = 1

(‘;) = #X} ®.
Con (@) — ' B
James and Constantine’s < )\> @)

We here should comment about two natural ordering on partitions; One is the
inclusion of the Young diagram, and the other is the dominant order. Namely,
A< pif

Al = |ul, Z/\i < Zui-
i<j i<j

Now take a total ordering which refines both these partial ordering (e.g., the
lexicographical ordering). Then the change of basis matrix between the mono-
mial basis {my} and the cellular basis {CZ( )\)} is lower triangular, whence the

idempotent basis {gog( )\)} is obtained by the Gram—Schmidt process applied
to {C)»)} (and the normalization H<pg(/\)\|2 = ¥, (0)). Since the measure

S, converges to its p-adic or real counterparts, and so does the cellular basis,
it follows that the idempotents @;(A) also converge to their p-adic or real

counterparts in the @ and (@) limit, respectively. See [Onl].

10.3 Quantum Groups

10.3.1 Higher Rank Quantum Groups

The quantum group A4(d) := C,[Uy] is a non-commutative deformation of the
algebra of polynomial functions on Uy and is generated by ¢;; for 1 <4,5 <d
and D, L with relations

tkitk; = Qtijtis,  tiktje = qljrtik (i <j),
itk = trjtii, (10.6)
tijtkl - tkltij = (q — q_l)tiltkj (’L < k,j < l)

We can write these relations by using the universal R-matrix

R= Y ¢ei®ej+(a—q")) eij@ej

1<4,j<d i>]
as follows;

RTW'Ty, =Ty R,
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where T1 := (t;;)®1I and Ts := I®(t;5). If we define the quantum determinant
D, by

Dg = Z (—0)" 150y tao(a,
ceSGy

we see that Dy is a central element and we add the further relations D ~Dq_1 =
Dq_1 - Dy = 1. Tt is easy to see that A,(d) has the Hopf algebra structure via
the following maps;

Atij = Ztik & trj, A(Dq) = Dq ® Dq,
k

E(tij) :

6ij,  €(Dg) =1,
S(tij) == (—q

)i—ijDq—l, S(D,):=D;*!

q >

where

R E’ oy, op
Dm T (_q) 11,J0(1) tzd*l]a(d—l)
€S _1

and {i; < - - <ig1}U{j} ={1,...,d} ={j < <ja—1}U{i}. A4(d) has
also the *-structure

ij

We have the Hopf *-algebra homomorphisms defined as follows:

Af(d) hlg+
tiW sz) / \
Aq(d) Aj(d) h hlr
zm /nw/o(;) \ /
A; (d) h|p-
where
A7 (d) = Aq(d)] s »
A7 (d) = Ay(d)] 5,
Ag(d) = Aq(d)|T: Clei, ..., 25),  zio= tilr.

Now we look at the right (resp. left) A,(d)-comodules £, that is, p : £ —
L® Ay(d) (resp. p : L — Ay(d) ® L£). We say that L is right (resp. left)
A-highest weight if
(ide ® |p+) 0 p(v) = v @ 2
(resp. (|p- ®idz) o p(v) = 2 ® v)
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for any v € £, where z* = t}} ~-~t2§. Such a right, say, A,(d)-comodule is
called unitary if we have a positive definite inner product (-,-) on £ which is
invariant under the coaction, that is,

S i) @)y ol = (v,w) -1
i,J
for any v, w € L with
p) =" oM euv® WM er, v e Ala))

7
p(w) = ngl) ® wz@) (wgl) €L, wZ@) € A,(d)).

Let p be the left A,(d)-comodule structure on £ where £ is the complex
conjugate of L. Namely,

p:=(x08)®idgooop
where o is the flip. Then the matrix coefficient 6 : £L® £ — A,4(d) is defined
by

Bv.w) = (w, v)w?.
Notice that
Aoh=(@id)o(id, @ p) = (ide6) o (p®ide).

Moreover, it holds that

0(v,w) = (x 0 5)0(w,v).

There exists a unique irreducible A-highest weight right comodule Vg (\) (the
highest weight comodule is unique up to isomorphism). Let v; be basis for
Ver(A) and m; = (p(vi),v;) € Agy(d). Then the matrix coefficient x» :=
> mi € Ag(d) is a character of Vz(\) and X/\’T: sa(z), where s)(z) is the
Schur function (see [NYM]). Then Vi (A) := Hom(Vg(A),C) is an irreducible
A-highest weight left comodule.

Note that the comultiplication A : A,(d) — A4(d) ® A4(d) makes Ag(d)
into both left and right A,(d)-comodule. Then the algebra A,(d) decomposed
as follows:

Ad)= P wr), W)=V @ Vr().
AEA4

For any A-highest weight right comodule £, the matrix coefficient gives an
isomorphism 6 : £ ® £ = W()). The Haar measure 7 : A,(d) — C can
be characterized as the unique invariant measure such that 7(W (X)) = 0 for
A # 0 and 7(1) = 1. Moreover, if we set

<h1, h2> = T(h;hl),

this provides an inner product on A,(d).
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10.3.2 The Universal Enveloping Algebra

We introduce the universal enveloping algebra U, = U, (Uyg) of A4(d), which
is generated by the elements Liij where L™ (resp. L™) is upper (resp. lower)

triangular and L?; = ¢*% with & € b =: Lie(T) is the dual of e;; with relations
RYLSLS = LYLSRT,
RYL{Ly = Ly L{R™,
where =+, L1 =L ®1, Ly =1® L, R" = PRP and P = Zi,jeij®eji~
Then U, has the Hopf *-algebra structure via
A(LE) =Y L o Lj,
k

E(ing) = (Sij,
tyx .
(L) = S(LE).

Note that o S : Lz?tj — L;FZ- is an involution. We have the Hopf x-algebra
duality

() :Ug®Ag(d) = C
given by
(L*,T7)=R*,  (L*,Dy) =¢*" 1
This is a non-degenerate bilinear map. Moreover, it holds that

) = (Au, a1 ® as), (u, 1) = e(u),
(urue,a) = (u1 ® ug, Aa), (1,a) = &(a),
(Su,a) = (u, Sa),

(u,a*) = (% 0 Su,a), (u*,a) = (u,* o Sa).

(U, a1a2

It induce a *-algebra duality Ug(h) ® AY(d) — C where Uy(h) := Clg*=,
.., g%, with (¢", 2?) := g
Let p: L — L ® Ay(d) be a right A,(d)-comodule. Then £ becomes a left
Ug-module as follows:

Xov=> (X0 (wer).

We call a vector v € £ a weight A vector if ¢ - v = ¢ . v. Moreover, such
a v is called highest weight if L;; -v =0 for all i < j. A,4(d) itself becomes a
Ug4-bimodule via

Li -Ty=Ty-R*, Ty -Li=R* T,
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where R~ := R™'. Let us write the decomposition of 4,(d) as U,-bimodule

=P w

AEAg

Note that this is the eigenspace decomposition with respect to the center
of Ug. In the center of U,, we have the Casimir element (Laplace Beltrami
operator) C defined by

C_Zqz(d z)L+S ;).
This acts on W () as multiplication by the scalar ) = ngd GPXitd=i),

10.3.3 Quantum Grassmann Manifolds

Let 7, : Ag(d) — Aq(d—m)® A,(m) be the homomorphism corresponding to
the injection By, = U(d—m) x U(m) — U(d). Then the quantum Grassmann
manifolds A4(X) is defined by

Ag(X) == Ag(U(d)/Bp) = {a € Ag(d) | id @ mm) 0o Aa =a® 1}.
This is a *-subalgebra of A,(d) and a left A,(d)-comodule. For a right A,(d)-
comodule p: L — L ® Ay(d), we denote by
£Pr={veL|(idn@mm)op=v&1}

the set of By,-invariant vectors in £. Let £ (resp. L£2) be a right A,(d —m)-
(resp. A4(m)-) comodule. Then £ ® L2 becomes a right A,(d —m) ® Aq(m)-
comodule via p = 01,2 0 p1 ® p2 where o1 2 is the flip. Let £ be a right A,(d)
comodule. Then it is also a right A,(B;,)-comodule via (id ® m,,) o p. Then,
as a Aq(By,)-module, Vr(A) decomposed as follows:

C)\
VR(A) = @ (VA1) ® VR()\Q))QB 2123,
A1,z
Here cj\\h x, € Nis the Littlewood—Richardson coefficient, that is,
SA(Zl, ceey Zd) = Z Cﬁl,,\QSM (2’1, ceey Zd—m)SAQ (Zd—m—i-lv ey Zd).
A1,A2
Theorem 10.3.1 ([DS]). We have
Aq(X)Bm = Aq(Bn\U(d) @ C- 40,
AEA,,

where pq(x) is the higher rank Little q-Jacobi polynomial with respect to the
Selberg measure with parameters « = 1+m—m =1, 8 =1+d — 2m and

v=1.
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Let
J? = Z (1—q7)err + Z €k,k — Z 4% (ek,d—k+1 + €d—k+1,k)
1<k<m m<k<d—m 1<k<m
1—q° —q°
1— qcr _qa
1
1
—q° 0
—q° 0

Then J7 is a solution of the reflection equation
Ri2 1R o = JoRy i R, (10.7)

where Ris = R, Ryy = RT, J1 = J® I and J, = I ® J. Let B C Uy(d)
be the subspace of U,(d) spanned by the coefficients of Lt.J° — J7L™ €
End(C%?) ® U, (d) = Matg,q(Uy(d)). Then AB C U, (d) ® B + B° @ U,(d)
is a coideal, e(B7) = 0 and * o S(B7) = B7. Let

Aq
Aq

(“X):={a € Ag(d)| B -a =0},

(X7):={a € Ag(d)]|a-B7 =0}.

Then A,(?X) (resp. A4(X 7)) is *-subalgebra, a right (resp. left) U,(d)-module

and left (resp. right) A,(d)-subcomodule. Then we have lim,_.o A4(°X) =

A (X). Put B> = limy—0o B = “Uy(d — m) @ Uy(m)”, being invariant

with respect to B8°° is equivalent to being co-invariant with respect to m,.

Note that B°° strictly contains the subspace generated by the coefficients of

LT J>® — J®L~ where J® := limy 00 J° = Ta—m ik Then B> is co-
m

invariant with respect to m,,: namely, for any v € B>, (id®@ 7)o pv = v® 1.

It is shown that J7 satisfies the reflection equation (10.7) if and only if W7 :=

Y dlei®e] € End(C%4) =V @ V* is a B-fixed vector. Then we have

Theorem 10.3.2 ([NDS]). The left (resp. right) Uy (d)-module VRr(X) (resp.
VL(XN)) has at most 1 B?-fized vector. It exists if and only if

)\eAmz{(/\1,...,)\m,O,...,O,—/\m,...,—/\l)}§P+ = {()\17~-~7)\d)}-
Let

HOT = Ay (BI\U,(d)/B7) := {a € Ag(d)| B -a=a-B" =0}.
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Then H7 is *-subalgebra of A4(d). It decomposes as follows:

HT = P HPT(N),  HOT(A) i=HTTAWN).
AEA,

It can be shown that dimH?7(\) = 1. Hence there exist o7 € H7(X)
such that H”7(A\) = C - ¢{". The functions " are identified in [NDS]
with the Koornwinder polynomials which are a higher rank analogue of
the Askey-Wilson polynomials. Because the Casimir element C' € Ug(d)
is a central element, we have C' : H?" — H7, whence C, , := C’HM:
H"’T’T—> H"’T’T. Note that H"’T’TQ Clzf, ...
X is identified with the Koornwinder operator Put z; = z; - Zd—j+1'

The operator C’UT —

) m}

Then we have z; - diag(ai1,- .-, Gmm, L, ..., 1, a1, .aﬁl) = a?J since z;

’ mm?

diag(aii, ..., Gmm) = a;;. Put W:= &,, x ( 1)™. Then we have

HOT =Clzs, ...,z ]V =Cle]7,...,e%],

m

via P — 7{3 where P(z1,...,%m) = P (y),...,e%7(y)) and y; :=
a1 - * gzj ). Here e7" = my; € H77 is the elementary symmetric function.
Let 7 : H%" — C be the Haar measure. Put 7(P(e]7,... e%7)) = )

r¥m

L
which is identified with the normalized Koornwinder weight. In the limit

o — oo (resp. 0,7 — ), we have (cf. [DS])

PN = PO T L, TR 1 PRI g2 )
(resp. o3 = PlEro>™ . eeo 1,242 142 ¢ ))

where PP (resp. PF) is the multi-variable Big (resp. Little) g-Jacobi polyno-
mial, and where

€ = (_1)7‘ lim qT(O'ﬁ’Tfl)egaT’ 500,00 . (_1)7‘ lim qr(2(r*1)e7(nr,a

g—00 o— 00
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Quantum Group U,(su(1,1))
and the g-Hahn Basis

Summary. In Chap. 11 we introduced the Hopf algebra U, and discussed the p-adic
limit and the real limit of the subalgebras U[}' and U, . These algebras are inter-
changed by the antipode; S : UZ; = U, . We defined the $-highest U;-module 1%
and show its uniqueness. Comparing the norm of the basis v2 with the ¢-Laguerre
basis gogm, we have a realization of V?. Namely, we have the isomorphism

V=@l — B = DT v el

n>0 n>0

We show the Clebsch—Gordan matrix which interchanges the natural weight basis
for V* ® V*# is given in terms of the g-Hahn basis cpgoﬁ,g (¢,7). We then show how
the universal R-matrix repairs the lost symmetry in the parameter «, 8 of the
non-symmetric g-3-chain.

11.1 The Quantum Universal Enveloping
Algebra Ug,(su(1,1))

11.1.1 Deformation of U(sl(2,C))

The Quantum group U, = Uy(sl(2,C)) is a deformation of the universal
enveloping algebra U(s[(2, C)) of the Lie algebra s((2, C). The quantum group
U = Us(s1(2,C)) is the complete C][t]]-algebra generated by X, X_ and H
with the following relations;
sinh((H)  e2H —e 2
-3

[H,Xi] = iQXia [X+,X_] = . t = t
sinh( ) ez —e

When ¢ =0, these are the same as the commutation relations for the generators
of U(sl(2,C)). We give the x-structure on U; as follows;

H*=H, Xi=-Xz.
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The algebra Uy with this s-structure is referred to Uy(su(1,1)). Remark that
this s-structure is for SU(1,1) but for SL(2,R) (note that SU(1,1) and
SL(2,R) are isomorphic as real Lie groups) we have another one. To work
in the algebraic version, let us specialize formal parameters to numbers: we
usually set ¢ := e' € (0,1). Consider the subalgebra Uy of U, generated

by X4+ and qi{f. In this case, the relations for these generators are given as
follows;

H _H _H H
q4.q 4:1:q 4.q47
g% Xiq t =qF2 Xy,
qg — q_g
[X-HX—] = 1 1 = <H> 3
92 —q 2 !
where
. 7 — g H
<H>q T -1
q—q
Note that (H), is symmetric in the following sense; (H) . = (H), . Further
we have the subalgebra U, of U, which is generated by Y, := X+qHZI,
Y. = —qHZlX, and qig. The relations for U, are almost the same as the
one before;
H _ _H H
q2-q 2 =1=q2-q2,
H H
q2Yeq * =q Y,
1—qH
Y Y, —qYi Yo = 1—¢ [H]qg.

Actually, the last equation can be shown as follows:
Y7Y+ _ qY+Y, _ —qHZlX,XJrqHZl n qXJrqu:l qHZlX,
H-1 qg—qu H—1 1_qH
(e
qz —q 2 —q

However [H], is non-symmetric, this formulation has much advantage of con-
verging in the p-adic limit. The *-structure on U, induced from the one on

U, is given by
H \ x H *
(qj:2> :qj:Z7 (Yj:) :Y¥_
This shows that ¢* 2 is self-adjoint if ¢ is real. The arithmetics of U, are

completely controlled by the following relation, which is a generalization of
the above relation;

q"I;Yim = gty Y (m,n € N).
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Further, by induction on n and m, we have

nym _ n m | ,(n—k)(m—Ek)
Y*Y*F Z |:k:|q |:k:|q[k}qq

0<k<min{n,m}

YT = b= 1y [ 4+ 2K

11.1.2 The B-Highest Weight Representation

Let V be a Hilbert space and a s-representation U, — End(V) (i.e., V is a
Ug-module). We call V' the 8-highest weight representation if there exists a

vector vg € V satisfying the following conditions;

(i) Y vl =0,

(i) ¢ v§ = g* ),

(491) Uy - Ug is dense in V.

Then vg is called a [B-highest weight vector of U,. We normalize it as
||ud]|v =1. Let us study such a representation. Set

ng

vl = (—1)"q 2' vag (n € N).
[n]q!

Then we can easily obtain the following relations;
g% =2+,

~Yio = [n+1}qqgvg+1, (11.1)

Y vl =[n-1+ ﬁ}qq_'gvﬁ

n—1-

Note that the third equality can be obtained by induction on n. From (11.1),
we see that v are orthogonal since they are eigenvectors with respect to
the self-adjoint operator ql’j with different eigenvalues. Further, we see that
Spang{v, }n>0 is closed with respect to the Ug-action. Hence we have the
decomposition

V=@ (11.2)

n>0

The norms of v? can be calculated as follows;

_B Il
T2l oy == 5l Yoo

WPl = —
onlly ==, ],
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—1+
TN
q 1 _ qn n—111V"
Hence we have by induction

HU'BHQ :q*'@”(l_qn71+ﬁ)"‘(1_qﬁ)|‘vﬁ”2

v (1—g")---(1-q) o

—Bn (1) Cq(ﬁ‘i'n)_ B(n
Gtn) G~ G

since va [y = 1. Conversely, for any 3 > 0, define the Hilbert space V'
as the right hand side of (11.2) with the norms |[v|[3, = C¥(n) and the
relations (11.1). Then V* is isomorphic to the #-representation V. This shows
that there exists a unique [-highest weight representation of U, up to an
isomorphism.

Comparing with the norm of the g-Laguerre basis @gq’n, we have the
isomorphism

|74 Hzﬁq; UE — SOZQ,W
Therefore the space HZBq, which is the boundary space for the g-y-process,
is a realization of the S-highest weight representation of SU(1,1). Then the
Ug-actions (11.1) for the three operators Y, Y_ and q° are translated to the
following action on HZBq;

B4

g F o) =a (a2 +a3 Velg) — (1-a)a Zelh) — a3 ]

w(g

)
—1

_H i q
Yig  29(g") ="

1—q le(g) =1+ P -a)elg ) +d" 7P - )0 - a" el )],

—1

_H i q
4 2Y_p(g") =

1-gq [e(9) = A+ ") A = a)e(g™) +d" (g™

From these we see that the action of ¢~ H , Yiq™ % and q %Y. are via second
order difference operator. Let us denote by U " the subalgebra of U, generated

by Yiq~ ,¢ %Y and g % (without q° ). Then U acts on the space HZ'GQ

via finite difference operator. Note that the action of q12{ on Hg is not via a
difference operator. !

Now we can understand the creation and the annihilation operators. Con-
sider a [-highest representation V? of U,. Define the difference operator
D : V8 — VAt a5 follows;

B
— 97 B+l
—DvP = 1 qvnfl.

Put D; := (1 — ¢%)D* where D* is the adjoint operator of D. Then we have

~Djvt1 = [nlgg" "y
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We again obtain the following ladder

D> b >
Ve _ yo+ _ v B+2
+ +
Dj Dgia

and the Heisenberg relation up the ladder

-8
DD} - D},\D = 1‘1_ v

One can obtain the following formula from the Heisenberg relation;
n(n—1)
2

of = (—n? E (D)

[n]q!
This gives an explanation of the Laguerre basis. Next we treat the real and
p-adic limits.

11.1.3 Limits of the Subalgebras Uéc

Taking the real limit @) (i.e., the limit ¢ — 1), we have [H], — H. Hence

we obtain the usual sl(2,C)-actions on the space HZBU = L? (R/{il},TZBn)
given by

0 p 1,02 p—-10
H_x3w+2_47r(8x2 T ax)’
B 1(62 B—1 8)
T 4 \ 92 xz Oz/’
ra? 1 9?2 B—=10N _. 2
Yi=e 477(8w2 T ax)e '

Now we want to similarly take the p-adic limit. Let U(‘]“ be the subalgebra

of U, generated by Y3 and q12{ (without ¢~ i ). The relations between these
generator are given by

H H
q2Yy =qY,q2,
q-q?Y_- =Y q*,
1—qH
1 :[H}q-
—q

Consider now the p-adic limit @). In the p-adic limit, ¢ — 0 but ¢/ — p~
The algebra Uj also converges to the algebra U;, which is generated by Y,

Y7Y+ — qY+Y7 =

H

Y_ and p~ % with relations
P Y, =0,
0=Y_p 2,
Y.V, =1-p H.
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These act on the space

v, =Dl
n>0
with the norm
3 1 if n =0,
[opllye = .
P (1—p PP ifn > 1.

The action of U;r is explicitly given as follows;

p_'gvg if n=0,

pmEvf =
" 0 ifn>1,
B
_Y+’U7Bz =D 2U'rLJrl, (11 3)
0 ifn=0,
~Y P = (l—p_ﬁ)pgvg ifn=1,.
pgvg_1 ifn > 2.

We obtained the isomorphism between the space V? and the boundary space
H Z'Bp for the y-measure as before;

5 g
V) —Hy, vl

Then the actions (11.3) of U(‘]“ on the space H. Zﬁp is translated as the following
formulas;

_B
p 2 (907 ¢Zp)17

_5 5
p 2(p,¢z,)1 —p2o(® ),

P2 p(ph)

Yip(p')

. _B B
Y_o@p')=p 2(p,¢z,)1 —p 20(p

i+1).

From this we see that p*{j is just the orthogonal projection on the vacuum
(Cvg (times p~ : ), Yy —p~ 5 s isometry of this space of rank 1 and Y_ —p~
which is the adjoint co-isometry. Therefore the algebra generated by Yy —p~
is isomorphic to the Toeplitz algebra.

H
2

H
2

11.1.4 The Hopf Algebra Structure

In this subsection we study the following algebraic structures of the quantum
group Uy and its subalgebras Uy, Uy and Ufzt;

+ N
U, CU,CUg,CU;
~~~ ~ ~ i
bialgebras Hopf algebras



11.1 The Quantum Universal Enveloping Algebra Ug(su(1,1)) 191

First we see that Ut is a bialgebras. The corpultiplicatz'on A Ut — Ut ® ﬁt
(here ® is the completed tensor product) on U, is defined by

AH) =1@H+H®1, AXi)=q¢ 10Xs+XL®q".

It induces the comultiplications A : U; — Uy ® Uy and A : UF — UF @ U
as follows;

Alg*3)=¢"7 ©¢"%,  A(Ye)=10Yi+Yi®q:.
The map A is a *-homomorphism in the sense that
A(hihg) = A(h1)A(hz),  Aox=(x®%)oA

and satisfies the coassociativity

Uy = ﬁt®Ut
(id® A)oc A= (A®id)o A.
A A®id
Y o
U,&U, oA U, &U,&U,

Let us write A(h) =), hgl) ® hz(?). Then this equation can be written as

Z hM @ A Z NG R

The counit € : U; — C is gives by
e(H) =0, e(Xy)=0.
It also induces € : U; — C and ¢ : qu — C as follows;
@) =1, e(vy)=0.
The map ¢ is clearly x-homomorphism;
g(hihe) = e(h1)e(hq), Eo%x =%*0¢,

where the map * on C is the complex conjugation. It satisfies

N e®id A A id®e N
C@Ut< U,@U; >Ut®(C

(e®id)oA=id=(Id®¢) o A.
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Namely, using the notation above, we have

S () = = Zh(l) B,

i

_ Moreover, U, has an Hopf algebra structure; we have the antipode S :
U; — Uy defined by

S(H)=-H,  S(Xi)=—q¢"2Xy.
It also induces the antipode S : U, — U, as follows;
S(gE2)=q77, S(Yi)=—Yiq>.
Note that it does not induce a map Uflt — Uflt, however, it gives an isomorphism
S U;r =, uU,.
These algebras Uflt are bialgebras but not Hopf algebras.

Satisfies the antipode axion
U,
/ \

0,80, : 0,60,
v
mo(S®id)oA = uoe = mo(id®S)oA. said C ides
Ut®Ut Ut®Ut

\/

Here m : Ut®Ut — Ut is the multiplication and u : C — Ijt is the wunit.
Namely, it holds that

ZS(hEl))hZ@) =e(h)-1= Zhgl)S(hZ(.Q)),
The operator S is an anti-homomorphism, and also anti-cohomomorphism
that is,

Som=mo(S®S5)oo, Sou=u,
AoS=00(S®5S5)0A, goS =g,

where o(hy ® ha) = ha ® hy is the flip. Further, it holds that
SoxoS8ox=id.

Hence U, becomes a x-Hopf algebra.
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11.2 Tensor Product Representation

Take two Ug-modules V; and Va. Here, for Ug-module V', we mean that V' is an
Hilbert space with s-representation U, — End(V). Then the tensor product
Vi ® V3 is naturally U,-module via the comultiplication A;

U, 25U, 0U, AV @ Vs

Hence we can take the tensor product in the category of Uz-modules. More
explicitly, let v; be basis of V; (¢ = 1,2). Then the Ug-action on V; ® Vs is
given by

:i:g(

q v1®v2):qigvl ®qigv2,

Yi(vi ®va) =01 @ Yoo +Yiv ® 4% v

Now take Vi = V and Vi = V? where V¢ is the a-highest and V8 is the
B-highest weight representation of U,. Then V* ® V7 is again a Uz-module
and we have an orthogonal basis {v ® v },, n>0 of V® ® VP with the norm

oy @ vinllveave = g llvellopllve = CF(n)CF (m).

The Ug-action on these basis are explicitly given as follows;

+ H

a+p3
g2 (V2 @) = ¢F (T2 Hrtm)

0¥ v,
B +8
Ye(o ®vl) = a2 m+1lg-vg @l +4"2 P g0y, @,
Yo @vl) =g 2 [B+m— 10 ®vl_ +q 2 T adn— 1 vg vl

Let

(:2)50' Z Ciyj * V5 ®U

i+j=m

This is a general vector of weight a 4+ § + 2m because ¢ 2 vg;?)ﬁo = qawz“m

()B

’U(m

. Consider the equation

()8 _
You) =0, (11.4)

()

m),0 is the highest weight vector. It can be written as

which says that v

B . B—a | .
S ci(at B4 g0 el +a " a1, v ©0]) =0

i+j=m
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and is also equivalent to the following equation for the coefficient ¢; ;;

— —B—j+%
Ci,j = —Ci—1,j4+14 it (1 — goti—1

One can easily obtain the solution ¢; ; which is unique up to a constant.
Therefore there exists a unique solution vgz?)ﬁ o of (11.4), that is, a (o + 3 +

2m)-highest weight vector. Actually, it is given by

of N j(j;1)+ﬂ+z.,;(:q(oz—|—m) C(B+m) a 3
'U(m)’o - Z ( I)Jq J Cq(Ol+Z) Cq(/g_'_]) Uz ®UJ

As a corollary, we have the following irreducible decomposition

Ve VP~ g vetstem

m>0

NOW in each space Vo+#+2m we have the (a + 3 + 2m)-highest weight vector
. We next get another basis. Let

(m

=37 4m)n
(04)5 _( l)nq 2 Y™ ()B
Y(m).n [n],! +Y(m).0°

Then it is clear that v®)? € Va+B+2(m+n) Note that Y =2 e Mq

(m),n %

(I® Y_f_)(Y_fr ® %) by the g-binomial theorem. Hence we have

(0B _ —(*“TP+ 1 j i iy, a8
Uy = (Z1)q” 2 7 [z‘}q!J]q!u@Yi)(Yi@q“)vfmm
i+i=n

jo 90U~ 1 jo B+i2

o —(°F% fmyn
SOREERD DI D

i1+j1=nio+jo=m
Gola+m) G(B+m)
Cqla+1io) C4(B + Jo)

T S g g
i+j=m-+n
8 ( > H {j] (—1)doq 8" +ioB+io(i—io)
. . 10 Jo
io+jo=m q q
% Cq(a +m) Cq(ﬁ + m))
gl +i0) Cq(B + Jo)

Q@Y (Y @2 g oo
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since
(1@ YI)(YE @q" ) @)
i1 (B4 oo s B . . .
= (_1)nqz1(2+Jo)qzl 5t ['&O + 1}(1 A ['&O + lﬂq[]o + 1}(1
o+ d1lg - vy 4, ® U]I'i-‘,-jl'

Therefore we have

()8 _ CQ(a+ﬁ+n+2m) —mn+mf3 2 (i—n) (a),@ N 38

m)n = Cqla+B+n+m) 1 ) Z e Pa(m+n),m (i,5) v’ ® .
1t+j=m-+n

Here <p( B is the ¢-Hahn basis. Hence we obtain the new basis

q(m+n),m
{ Ui, n}mmZO of the tensor product representation V¢ @ V@ ~ D,.>0
VethA+2m  This shows that the Clebsch-Gordan coefficients, which is the
maftrix coefficients of the change of basis from {v?@v?}mzo to {Ugﬁffn}m,nzm
are essentially given by the g-Hahn basis.
Note that, by simple calculations, the norm of the basis vgz?)ﬁ ., 18 ex-
pressed as

028 20y = G Gla+m) (B +m)latf+2m—1)
(m),0llve@vs C(l+m) (ya ) B Gla+B+m—1)"

H ()B C((;JrﬁJer( )

(m) HV‘*@)Vﬁ_ H ( oHva@)vﬁ

Considering the basis of the space V742N we obtain the square matrix M
of size (N + 1) which changes two orthonormal basis

(04)5
Losirterot | wna i |
Cg0)2CiG)2 Jogipsy Ca P )2 o llvegva S ogmnsy
Actually, M is explicitly given as follows;
(a)B

¥ (N)m(’ J) (@B, ~1

M= 2
{ Tony (:9)% ¢

(N) L
I\wq(N (z,J)HH;?j)Vr; ! SN

Here i, j denote the geometrical coordinate and m the spectral parameter. This
is an orthogonal matrix. Namely, we have M - M" = I(nj1yx(n41) = M"- M.
These two equality are translated as orthogonality and “dual orthogonality”

relations for the go(?)ﬁ)

6 6 5 6
> N s (1 )P g (0 DT 1) = 5m1,m2|\¢,§?}v),ml\lH(aw,

i+j=N
3 P m (11,31 PN) 1 i202) 5 1
= Yi1,i2Y%1,72 :
0<m<N H‘P,(;(X])Vﬁ H2(Q)L§ Té?&ﬁ)(lldl)
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11.3 The Universal R-Matrix

The algebra U, is not co-commutative in the sense that A # o o A where
o(h1 ® he) = he ® hy is the flip. However, in a certain sense, it is not far from
being co-commutative. Namely, there exists a “universal R-matrix” R, which

is an element of U?)E@\Uq = U, & U, and is explicitly given as

H 1—q" _n H
R=g"t Y ) Svreqrive
n>0 a:

One can show that R is invertible in U, & U,. In fact, we have
_ (1—g)™ n(n=1) nH CHeH
R 1_ 1" 2 Y™ nyyn ® Yy .
(2 g cora™ vz gtz

The important point is that the inner conjugation by R repairs the lost co-
commutativity. Namely, for any h € Uy, we have

coA(h)=R-A(h)- R (11.5)

This can be shown by directly checking for the generators h = ts Y, and
Y_ of Uy.
Now take two Ug,-modules V7 and V,. Then we have the isomorphism

RV1V2 VioVe — Va® W, v1 @ Vg !—>0’(R(’U1®Ug)).

Note that this is an isomorphism of Uz,-modules. Indeed, from (11.5), we have
for v @ v € V1 ® V and h € U, that

RVl’VQA(h)vl R vy = U(R(A(h)vl ® vz)) = O'(RA(]’L)R_lR(Ul ® vz))
o((cA(h))R(v1 ® v2)) = A(h)oR(v1 @ v2)
= A(h)RVl’V2U1 X va.

This shows that RV1V2 commutes with the action of A(h). Further in
U, ® U, ® Uy, we have

(A ® id)R = Ri3 - Rog,

(ld ® A)R = Ri3 - Ryo,

where R;; is the image of R under the embedding of qu ®Ijq into the i-th
and j-th component in U, ® U, ® Uy, and similarly

Ri2R13R23 = Ro3Ri3Ria. (11.6)

The (11.6) is called the quantum Yang—Baxter equation. The meaning of the
equation is as follows; Take three Ug-modules Vi, V2 and Vi (see Fig. 11.1).
Then (11.6) says that as operators from V; @ V5 @ V3 to V3 ®@ Vo @ V4 we have
the braid relation
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" v O Vi
) A ) A L
> T N >
24 >,

Fig. 11.1. The quantum Yang-Baxter equation

(idVS ® RVI’Vz)(RVI’VS ® idV2)(idVI ® RV%VS)
= (R ®idy,)(idy, ® RV"V*)(R""2 @ idy,).

Further R satisfies more equations;

S®id(R)=R™', id®S(R™')=R hence S®S(R)=R,
(*®@+*)R=7(R) hence (RVI’V2)* — RV2V1

Now take two highest weight representations Vi = V< and Vo = V5. As
we saw in the last subsection, the tensor product representation V¢ ® V2 has
two basis, that is, {v(a)ﬁ

(mynym.n=0 and {vf ® Uf}i,jzo- Here let us consider the
operator

RB .= RV iye gVl L yBgve,

Using the explicit formula for R*#, we can calculate the action of R*# on
both the basis v{?? and the basis vy ® vf as follows;

(m);n

B ()8 m(m=1) { m(a+8) 4 o8 (B)a
RY 5U((m))’n — (_1)mq 2 + SN ,UE’m())’n’
R*P(u2 @ vff) = (34040 [ : ] g Kzt IV @ v
’ 0<§k:<j q Co(B+j—Fk) I=h T E

Comparing these matrices of R*# using the interchange of basis matrix M,
which is essentially given by the g-Hahn basis, we have the following identity;

m(m—1) i ..
(—l)mq 2 +ma ZOJO@E]?;\?),m(107JO)

(i1, 71)-

_ jo 1 ipCaB+41) (s
2 N L'o - iqu Cal(B + i) TAN)m

i1+j1=
This means that the universal R-matrix R repairs the lost symmetry of the

non-symmetric g-3-chain. Remark that our chains are not symmetric in the
parameter o and .



A

Problems and Questions

Chapter 3

1. (Section 3.3) The symmetric ¢-8-chain is defined by the following
Figure A.1.

Its real limit is the 7-f-chain (which is symmetric in («, 3)), and its p-
adic limit is the symmetric p-S-chain (Sect.2.1.3). Understand the Martin
kernel and the boundary of this symmetric ¢-0-chain. Note that for this
chain (P*)d(,0) is a probability measure supported at {(i, ) ’N < i+7,
max{i,j} < N}, its real limit is supported at { (i, /) |Z +j =N}, and its
p-adic limit supported at {(i,j) | max{i,j} = N}.

(Gj+1) (+1,7+1)
A
¢“t'(1-q"") (1= g"*)(1 —¢"*7)
1 — gotB+i+i 1 — gotB+ity
(Zv.]) (1iqa+j)qﬁ+’i (Z+17])

1 — gotB+iti

Fig. A.1. The symmetric g-(-chain
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Chapter 4

1.

(Section 4.5) Find the real y-chain. Find the n-finite Laguerre basis.

Chapter 6

1.

(Section 6.1) Find the g-pure basis. See remark on pp. 112-113 and p. 128
of [Har5].

Chapter 8

1.

Determine the idempotent explicitly.

Chapter 9

1.

Determine the idempotent explicitly (i.e., find the inverse matrix (A3 ) of

(Axa))-

Chapter 10

1.

Get the direct proof of Theorem 10.3.1 without going through the Koorn-
winder polynomials.

. There is no g-chain and no 7-chain which is analogue of the p-adic

chain (like we had in the rank 1 case). The problem is that dividing
GLg4/ By, = Grass(m, d) by By, kills the Schubert cells but By, 1\GL4/Bn,
preserves them. However BL___J\GLd/Bm(Z/pN) depends on p (and
not just on N). Does there exist some combinatorial quotient Ci,’m of
Bi...1\GL4/Bn, (Z/pN) and Markov chain on UNC]{;m? Namely, begin
at the closed point and look in which Schubert cell you fall modulo p",
N =1,2,... (eventually end up in big open cell with probability 1).

. There is no explicit description of the idempotent such that

Ox = (D+))\r)\2pm_1(D+)>\27>\spm_2 .. _p2(D+)>\m1

as we had for intertwiner GLq/B1,q—1 — GLg4/B1,..1 in Chapter 7. We
need a factorization of the (radial parts) Laplacian A as A = DT D. More
generally, let A be the Koornwinder 2-nd order differential operator,

A= Y /(T ~D+¢;(T7 ~ D),

1<j<m
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where Tjigp(yl, cosYm) = oW1, q Y, ym) and

ot = [ocics(1 — aiy;) Il (1= tyiy;) (1 — ty; 'yy)
T A=y -yl s -y -y )

- [To<ics(ai —yj) (t — yay;)(t — i 'yj)
% = 1=y (g -y} g (1 —yiy;) (1 —y; 'yy)

with a; = ¢* (i = 0,...,3) and t = ¢" being parameters. In the case of
m = 1, A is the Askey—Wilson operator which depends on parameters a;
(i=0,...,3 but not on t = ¢7) and there is such a factorization A = DD
(cf. [Har5] pp. 126-127). The Askey—Wilson polynomial ¢ can be written
as py = (D)1 for A € N.

4. Normalize the g-algebra of this chapter using the non-symmetric g-numbers
(as we do in Chapter 11) so as to have a p-adic limit of the algebra.

Chapter 11

1. Is there a more refined p-adic limit, one that will preserve more of the
S La-structure than the limit of (11.2)7



B

Orthogonal Polynomials

Let p be a prime number. Given a probability measure p on Z,, we have
its image on Z/pY for any N, un(a) = p(a + pNZ,), and the isometric
embeddings, and dual orthogonal projection:

Hy =0(Z/pN, un) & L (Zy,p)=H

We want the real analogue of this, and the idea is simple: We replace the
locally constant function (defined modulo p™¥) by the polynomials (of degree
< N). We shall show that the theory of orthogonal polynomials gives the real
analogue.

Let p be a probability measure on [—1,1], H = Lz([—l, 1],u). Applying
the Gram—Schmidt process to the monomials 1,z,z?,..., we get a sequence
of polynomials which are orthogonal in H:

po(z) =1,
pi(z) =z — (z,1) - 1,
o @) G
pa(z) = o™ T L) 1,
— " — (xnvpn—l) L (aj2,1) .
pn(w) - (pn—lvpn—l)pnil (1,1) 1.

Here (-, -) denotes the inner product of H; (v1,¢2) := fil p1(x)2(x)p(dx).
We here normalize the orthogonal polynomials p,(z) to have the leading
coefficient 1. We have
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Theorem B.1.
(1,1)  (1,2) (1,2")
(z,1) (z,2) (z,2") .
pn(x) = det , : ' . G
(xn;%’l)(xn—17x)_._(xn—i;xn)

where Gy = det (%, 27)) . i<n1-

Proof. Indeed, the inner product of the determinant with 27 is the same deter-
minant with the bottom row replaced by (x% z7), and for j < n this row
already appears in the determinant, whence it vanishes. So the determinant
above is a polynomial of degree n which is orthogonal to all polynomials
of degree < n and it has the leading coefficient 1 because of the 1/G,_1
normalization factor. |

Note that if we denote the moments of the measure u by
1
en = (2™, 1) = / 2" u(dx),
-1
we have (z7,27) = ¢;4;.

Theorem B.2. All the zeros of p,(x) are simple and are contained in (—1,1).

Proof. Otherwise p,(z) changes sign in (—1, 1) only in m<n point a1, . .., Q.
Then +p,(z)-[I2,(z —a;) > 0in (=1, 1), whence +(pn, [T, (z~ ;) > 0.

This contradicts the orthogonality of p,(x) to polynomials of degree < n. [
Theorem B.3. We have the recursion equation
Pn+1(z) = (2 + bp)pn(z) — dppn—1(),
where
hn
hnfl’
bn = kny1 — kn, pn(z) = 2™ + kpa™ ! (mod x

n72)

Proof. The polynomial p,4+1 — x - p, is of degree < mn and is orthogonal to
polynomials of degree < n — 2, hence has the form b, - p, — d;, - pn—1. We get

(@ Pn = Pnt1,Pn—-1) _ (Pr, @ Pn-1) _ (Pn,pn + (degree <n)) (Pn,pn)

dn = s
" (Pn—1,Pn—1) (Pn—1,Pn—1) (Pn—1,Pn—1) (Pn—1,Pn—1)

and modulo z"~!

by, - 2" = by - pp () = prta(z) — - pp(z)
= (2" + kagaa”) — (@ + ke ) = (g — k) 2"

O
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Corollary B.4 (Christoffel-Derboux).

Dale)i= Y sty =, D) Tl
j=0 "7 "

and for y — x:

J

2 =3 il = (a @pale) ~ )i ().
=0 "

Proof. By induction on n. The induction step follows from the equality
ho(x = y) (Dn(@,y) — Dn-1(2,y)) = (& — y)pa(2)pa(y)

= (pn+1(x) - bnpn(x) + hhnlpn_1(£)>pn(y)

n—

— pn(x) (pn+1(y) — bupn(y) + h]z:pn—l(y))
hn

n—1

= (Pt 1(2)Pn(Y) — Pn(@)pny1(y)) — y (Pn(2)Pn—1(y) — Pa—1(2)pn(y)).

|
Remark B.5. For ¢ € H, its orthogonal projection D, to the subspace

H, := Span{l,z,...,2"} of H spanned by polynomials of degree < n is
given by

_ Z Sovpj pj

=0 p]ap]
_ / o(z) Z pj (x})lpj (y) p(de)
-1 =0 j

Corollary B.6. p,1(t) is the characteristic polynomial of the operator D,z
of multiplication by x restricted to H,;

Dny1(t) = det(t - I, — Dpx ’ Hn)

Proof. The matrix corresponding to the operator D,z in the basis {po, p1, - -
pn} of Hy is by the recursion = - p; = pj+1 — b;jp; + djpj_1, given by

)
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—by dy
1 —by
0 1 d;
0 —b; 0
1 o dyy O
0 —by_y dy
: 1 —by

Expanding the determinant of the characteristic polynomial by the last raw,
we have

t+by —di
—1 t+b
0 -1 . —d
Qnyr(t) :=det | = t+b; 0
: -1 . —dp1 0
0 t4 by 1 —dy
: ~1 t+b,

= (t+bn)Qn(t) — dnQn-1(1).

Hence Qn+1(t) = pn+1(?). 0

Given a sequence of points —1 < ap < a1 < -+ < an, < 1, let

- L(z) (z — i)
L(z):=||(x —«a;) and Lj;x):= = ,
j[[o ’ ’ (z — o) L' () g (aj —ai)
so that L;(a;) = d;;. Given a function ¢(x) on [—1, 1], we approximate it by
the polynomial of degree < n,

Lop(@) =Y (o)L (x).
j=0

Note that if ¢(z) is a polynomial of degree < n, then L,¢(x) = ¢(x) and
hence

n

/11 e(@)pu(dr) = /_11 Lop(z)u(dz) = Z‘P(Olj) /_11 L;(z)p(da).

— i=o

We do better if we choose the «;’s to be the zeros of p,+1(z), that is, L(z) =
Pry1(2):
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Theorem B.7 (Mechanical Quadrature). For L(z) = p,y1(x), we have

[ etwptan) = [ Laptomar)

for all polynomials p(x) of degree < 2n + 1.

Proof. p(x) — Lpe(x) is a polynomial of degree < 2n + 1 and it vanishes at
the a;’s, so

p(z) = Lngp(x) = pus1 () f ()
where f(x) is a polynomial of degree < n. Therefore

(90 — Ly, 1) = (pn+1f7 1) = (pn—&-laf) =0. U

Thus for {agnﬂ) }j=01,....n the zeros of p,41(x) and the Christoffel numbers

(n+1) 1 Py (@) N 1 . ’
)\j = /_1 (x_a§n+1))p%+1(x)u(d )—/_1 L]( )/”'(d )’

we have for any polynomial p(z) of degree < 2n + 1
1 1
[ ewutiz) = [ oo (o)

-1 —1

with the finite probability measure
n
Mn = Z )\;n+1)5a§7l+1).
=0 ’

Remark that for p(z) = L;(x)? we get

1 1
A = [ L@@ = [ LiPut) >0
and for p(z) =1,

n

Z)\gnﬂ) = /_11 1 pp(z) = /11 1. u(dz) = 1.

3=0 -

In particular, for polynomials ¢1, 2 of degree < n, we have

-1

1 n
/ 1 ()02 (@)n(@) = 3 AT 01 (D) () = (1, 02).
7=0

Thus we can identify H,, isometrically with £o(uy,).

Remark also that the zeros a§"+1) of pp+1(z) and the zeros a§n) of pp(z),
interlace:
“1<ol™ <ol <ol <ol << <t <1



208 B Orthogonal Polynomials
Thus we have the picture

( 1+1)

NN NN

(n+1) (n+1)

\/\/\/

Oé()

This is the picture of our Markov chain.

The classical orthogonal polynomials {p,(x)} are characterized (mod-
ulo translation and dilation {p,(x)} ~ {pn(az+b)} changing the interval
[—1,1] to an arbitrary interval [b — a, b+ a]) by any of the following equivalent
condition:

1. Hahn: The sequence {p/n(x) = ai:pn(m)}nx are again a sequence of

orthogonal polynomials (with respect to another measure p’).
2. Bochner: p,(z) are the eigenfunctions of a second order differential operator

2
(a(x) 88552 + b(x) aax + c(m))pn(x) = Anpn (7).

3. Tricomi: p,(x) can be expressed by a Rodriguez equation

11 o ,

These polynomlals are either the Jacobi polynomials p&*(z), u®?(z) :=
(1—2)*(1+2z)? (o, 3 > —1) or their 8 — oo limit, the Laguerre polynomials,
or their @« = § — oo limit, the Hermite polynomials. Replacing 88:6 in the
above by
() — ¢lgz)

(1—q)

we get a similar characterization of the g-classical orthogonal polynomials.

Dyp(x) =
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