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Preface

This book grew out of lectures given at Kyushu University under the support
of the Twenty-first Century COE Program “Development of Dynamical Math-
ematics with High Functionality” (Program Leader: Prof. Mitsuhiro Nakao).
They were meant to serve as a primer to my book [Har5]. Indeed that book
is very condense, and hard to read. We included however many new themes,
such as the higher rank generalization of [Har5], and the fundamental semi-
group. Since the audience consisted mainly of representation theorists, the
focus shifted more into representation theory (hence less into geometry). We
kept the lecture flair, sometimes explaining basic material in more detail, and
sometimes only giving brief descriptions.

This book would have never come to life without the many efforts of
Professor Masato Wakayama. The author thanks him also for his incredible
hospitality. Thanks are also due to Yoshinori Yamasaki, who did an excellent
job of writing down and typing the lectures into LATEX.

July 2006 Haifa
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0

Introduction: Motivations from Geometry

Summary. In chap. 0 we begin with geometrical motivations and introduction. We
recall the analogies between geometry (curve X over a finite field Fq) and arithmetic
(number field K), and the two basic problems of arithmetic: the problem of the real
primes and the problem of non-existence of a surface SpecOK ×SpecOK (analogues
to X×Fq X). We then give the “Weil philosophy”: the explicit sums of arithmetic are
the intersection number of Frobenius divisors on the (non-existing, but see [Har6])
surface. This was never made explicit by Weil (and only was spelled out in [Har2]).
The proof of the functional equation and the Riemann–Roch in arithmetic give the
“Tate philosophy”: we are studying the action of the idele-class A∗

K/K∗ on the prob-
lematic space A/K∗. The important part of the ergodic action of K∗ on the Adele
AK is encoded in the action of K∗ on AK/K. We then recall the author formula that
connects these two philosophies ([Har2], [Har1]), giving the explicit sums in terms
of the Fourier transform of the degree log |x|−1

p .

0.1 Introduction

The main subject of this course is arithmetic. There are many different reasons
for which people are attracted to arithmetic. Simple formulation of compli-
cated problems is one of them. Such problems are the Fermat last theorem,
the twin primes problem, Goldbach’s conjecture and so on. These are very
easy to state, however, they are very hard to solve.

There are many similar points between arithmetic and geometry. André
Weil says in [We7] that the situation between arithmetic and geometry is like
the “Rosetta Stone”. It is a big ancient-Egyptian stone in which the same thing
was written in three different languages; hieroglyphic, demotic and Greek.
Hieroglyphic was used by ancient Egyptians and it had not been known yet.
Demotic was used by Arabs including modern Egyptians. Greek was used by
Greeks, and other eastern Europeans. Since the last two languages had been
well known, we also understood the mysterious first language, Hieroglyphic.
As for arithmetic and geometry, correspondings to the above languages are
the number fields and the function fields over a finite field Fq, and over the
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complex numbers C, (that is, compact Riemann surfaces) which are the one-
dimensional objects of Geometry. We have tried to understand number fields
from the analogies between arithmetic and geometry. Our position is a bit
different from the Weil’s point of view. Note that on the Rosetta stone there
were three different language talking about the same things, but in our case
there is one language talking about three different things. We believe that the
language we are using is wrong, and there is a “new language” that will unite
Arithmetic and Geometry.

The Rosetta Stone

Hieroglyphic
Demotic
Greek

Global Field

Number field
Function field /Fq

Function field /C

0.2 Analogies Between Arithmetic and Geometry

Let us begin by reviewing the analogy between arithmetic and geometry. In
arithmetic, we start from the ring of integers Z. The ring Z is included in its
fraction field, the field of the rational numbers Q = Frac(Z). In geometric,
the basic object is the ring of polynomials k[x] in one variable over a field k
included in the field of rational functions k(x) = Frac(k[x]). These rings Z
and k[x] have many common properties. For example, they have the division
with remainder principal, are PID and are UFD, that is, every element can be
uniquely written as a product of irreducible elements. Take an irreducible poly-
nomial f ∈ k[x]. Then k[x] embeds in the local ring kf [[f ]] := lim←− k[x]/(fn),
the ring of formal power series in f . Here kf := k[x]/(f) is the residue field.
Namely every element in k[x] can be written as a power series in f . Also
kf [[f ]] ⊂ kf ((f)) where kf ((f)) is the field of formal Laurent series in f . For
example if we take k = C (or any algebraically closed field), an irreducible
polynomial can be written as f(x) = x − α for some α ∈ C. Since Cf = C,
every rational function can be expressed as a Laurent series in (x − α). Let
p be a prime. In arithmetic side, the ring of p-adic integers corresponds to
kf [[f ]]. Every rational integer is represented as a power series in p and we
obtain Zp := lim←−Z/(pn). Similarly Q ⊂ Qp, the field of p-adic numbers.

In geometry we have two types of geometry; affine and projective geometry.
If k = C, every rational function is written as a Laurent series of 1

x , that is,
k(x) ⊂ k(( 1

x)). Projectively speaking, a rational function can be expanded
at the “infinite point” ∞. Then ∞ clearly corresponds to the ring of formal
power series k[[ 1

x ]] in 1
x . In arithmetic this resembles to the inclusion of Q

into the completion R = Qη of Q at the “real prime η”. Then a problem
occurs; what is Zη? For a finite prime p �= η, the p-adic integers Zp is given
by Zp =

{
x ∈ Qp | |x|p ≤ 1

}
where | · |p is the p-adic absolute value. From

this point of view, Zη is considered as the interval [−1, 1], however, it is not
closed under addition and is not given by any inverse limit neither.
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Function fields (Geometry)

k[x] ⊂ k(x)� �

��

� �

����������������

kf [[f ]] ⊂ kf ((f)) k[[ 1
x ]] ⊂ k(( 1

x ))

Number fields (Arithmetic)

Z ⊂ Q� �

��

� �

���������������

Zp ⊂ Qp “Zη” ⊂ Qη = R

We further remark that there is an obvious difference between number
fields and function fields from the point of the tensor product. In geometry one
can take a product of given geometrical object and obtain a new geometrical
object. For example, the product of the affine line A1 with itself is the plane.
This correspond to the tensor product of two polynomial rings k[x1] and k[x2].
The product k[x1] ⊗k k[x2] in the category of k-algebra is equal to k[x1, x2],
ring of polynomials in two variables. On the other hand, if we consider the
tensor product of two copies of Z, taken in the category of commutative rings
we obtain only Z ⊗ Z = Z.

0.3 Zeta Function for Curves

Let X be a (smooth, projective) curve of genus g defined over the finite field
k = Fq. Let K = k(X) be the field of k-rational functions and p be a maximal
ideal of the coordinate ring k[X ]. We denote by Kp and Op the completion
of K with respect to p and the ring of integers of Kp, respectively. Let K∗

p =
Kp\{0} and O∗

p be the unit group of Op. Let φp be the characteristic function
of Op and dxp (resp. d∗xp) be the additive (resp. multiplicative) Haar measure
on Kp (resp. K∗

p) normalized by dxp(Op) = 1 (resp. d∗xp(O∗
p) = 1). We denote

by A (resp. A∗) the adele ring (resp. idele group) of K. Put OA :=
∏

p Op,
O∗

A :=
∏

p O∗
p, dx :=

⊗
p dxp and d∗x :=

⊗
p d∗xp. Then the zeta function for

X is defined by

(i) ζX(s) := exp
(∑

n≥1

#X(kn)
q−sn

n

)
,

where kn := Fqn . Let k(p) := Op/p be the residue field and Np := #k(p) =
qdegp with degp := [k(p) : k]. Then we have the following calculations:

(ii) ζX(s) =
∏
p

(
1 − Np−s

)−1

(iii) =
∑
a≥0

Na−s

=

∫
A∗/K∗O∗

A

( ∑
γ∈K∗/k∗

φA(γa)
)
|a|sAd∗a =

∫
A∗/O∗

A

φA(a)|a|sAd∗a

(iv) =
∏
p

∫
K∗

p /O∗
p

φp(ap)|ap|spd∗ap
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(v) =
∑

a∈PicK

qh0(a) − 1

q − 1
q−s·deg(a)

(vi) =

∏2g
i=1

(
1 − λiq

−s
)

(1 − q−s)(1 − q1−s)
.

Here φA is the characteristic function of OA, |a|A :=
∏

p |ap|p and | · |p is

the normalized absolute value on Kp as d(axp) = |a|p · dxp and |π|s = Np−s

with p = (π). It is easy to check these equalities. In fact, one obtains (0.3) (i)
⇐⇒ (0.3) (ii) by taking d log and the fact

#X(kn) =
∑

p

degp|n

degp =
∑

k(p)⊆kn

degp

since each p with k(p) ⊆ kn gives degp points in X(kn). By the unique factor-
ization, we have (0.3) (ii) ⇐⇒ (0.3) (iii). To show the equalities (0.3) (iii)
⇐⇒ (0.3) (iv) ⇐⇒ (0.3) (v), recall that

DivK = A∗/O∗
A, PicK = A∗/O∗

AK∗ |·|A−→ qZ

and the kernel A(1)/O∗
AK∗ = Pic

(1)
K is finite. Let {a1, . . . , an} be the repre-

sentative of Pic
(1)
K . Let c ∈ PicK of degree 1. Then for any a ∈ DivK , we can

write a = f · ai · cn with some f ∈ K∗/k∗ and n = dega. Then we have

a ≥ 0 ⇐⇒ (f) ≥ −ai−nc ⇐⇒ f ∈ H0(X,OA(ai+nc)) ⇐⇒ φA(f ·ai·cn) = 1.

Hence the number of such a is equal to

qh0(ai+nc) − 1

q − 1
=

∑
f∈K∗/k∗

φA(f · ai · cn),

where

h0(a) := dimH0(X,OA(a)) =
1

log q
log
∑
γ∈K

φA(γa).

Therefore, using the formula |a|A = q−dega (or
log |a|−1

A

log q = dega), we obtain the

desired equalities. The shape (0.3) (vi) of ζX(s) follows from the Riemann–
Roch theorem. Comparing the formula (0.3) (i) and (0.3) (vi) and taking d log,
we have

#X(kn) = 1 + qn︸ ︷︷ ︸
#P1(kn)

−
2g∑

i=1

λn
i (n ≥ 1).
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0.4 The Riemann–Roch Theorem

Let ψp be a character of Kp which is trivial on Op but non-trivial on p−1Op,
and define

Fpϕ(y) :=

∫
Kp

ϕ(x)ψp(xy)dxp.

Notice that ψp is unique mod O∗
p, and the above normalization is equivalent

to Fpφp = φp. Similarly we denote by ψ :=
⊗

p ψp the character of A/OA and
set

Fϕ(y) :=

∫
A

ϕ(x)ψ(xy)dx.

Let ∂ = ∂ψ ∈ A∗ such that ψ(∂K) = 1. Then we have (A/K)∧ 
 K via
ψ(∂γx) −→ γ. The Riemann–Roch theorem for X asserts that

qg−1
∑
γ∈K

φA(γa) = |a|−1
A

∑
γ∈K

φA(γ∂a−1). (0.1)

Taking 1
log q log(·), we have

h0(a) = dega + h0(∂ − a) + 1 − g. (0.2)

We give two proofs.

Proof. I : Consider the function

Φa(x) :=
∑
γ∈K

φA(a(x + γ)).

We view Φa as an operator on L2(A/K, dx) via convolution. We calculate its
trace in two different ways

geometric : TrΦa =

∫
A/K

Φa(0)dx = dx(A/K)
∑
γ∈K

φA(γa),

and dx(A/K) = qg−1. On the other hand, we have an orthogonal basis Ψγ(x) =
ψ(∂γx)

||ψ(∂γx)|| (γ ∈ K) for L2(A/K, dx). Since Φaψγ = F(φA(ax))(−∂γ) · ψγ =

|a|−1
A · φA(∂a−1γ) · ψγ , we have

spectral : TrΦa = |a|−1
A

∑
γ∈K

φA(∂a−1γ).

Therefore we obtain the desired formula (0.1). ��



6 0 Introduction: Motivations from Geometry

Proof. II : Let a, b ∈ A∗/O∗
A with a ·OA ⊆ b ·OA. Then we have the following

exact sequence

0 −→ a · OA ∩ K −→ b · OA ∩ K −→ b · OA/a · OA −→ A/(a · OA + K) −→ A/(b · OA + K) −→ 0.

Then replacing a (resp. b) with a−1 (resp. b−1) and taking dimFq(·), we have

0 = h0(a) − h0(b) + (degb − dega) − h1(a) + h1(b)

or
dega − h0(a) + h1(a) ≡ (const.) = g − 1.

Since we have also the perfect duality:[
∂−1aOA ∩ K

]× A/(a−1OA + K) −→ C(1); (γ, x) �−→ ψ(∂γx),

we have

h1(a) = dimA/(a−1OA + K) = dim∂−1aOA ∩ K = h0(∂ − a).

Hence we obtain (0.2). ��
As corollaries of the formula (0.2), we have

a = 0 : h0(0) = 1, h0(∂) = g, χ(0) = 1 − g,

a = ∂ : deg∂ = 2g − 2

and
dega > 2g − 2 =⇒ h0(∂ − a) = 0 =⇒ h0(a) = dega + 1 − g.

This gives the rationality of zeta function ζX(s) and the shape (0.3) (vi).
Namely, using (0.3) (v), we have

ζX(s) = (polynomial of degree ≤ 2(g − 1))

+
q(2g−1)(1−s)

q − 1
· 1

1 − q1−s
− q(2g−1)(−s)

q − 1
· 1

1 − q−s
.

Further, using the Riemann–Roch theorem (0.1) in (0.3) (iii) (i.e., we divide
the integral as |a|A ≤ 1 and |a|A > 1 and use the Riemann–Roch theorem to
change |a|A > 1 to |a|A ≤ 1. Care the term γ = 0), we get the holomorphic
continuation of ζX(s) to the whole plane C except for simple poles at s = 0, 1
with

1

log q
Res
s=0

ζX(s) = − h

q − 1
,

1

log q
Res
s=1

ζX(s) =
h

q − 1
q1−g =

h

q − 1
|∂| 12A ,

and also obtain the functional equation

ζX(s) = q2(g−1)( 1
2−s)ζX(1 − s) = |∂|s− 1

2

A ζX(1 − s).
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The Riemann hypothesis for the zeta function ζX(s) can be stated in
various ways:

(a) ζX(s) = 0 =⇒ Re(s) =
1

2
,

(b) |λi| = q
1
2 ,

(c) |#X(kn) − qn| = O(q
n
2 ) (n → ∞),

(d)
∑

i

f(λi)f(q/λi) ≥ 0 (f ∈ Z[T, T−1]),

(e)
∑

ζX (s)=0

mod 2πi
log q

Z

f̂(s)f̂(1 − s) ≥ 0 (f ∈ Cc(g
Z), f̂(s) :=

∑
n

f(gn)qns).

Notice that these formulas are all equivalent. Let f �(gn) := q−nf(g−n) for
f ∈ Cc(g

Z). Since

(f1 ∗ f2)
∧(s) = f̂1(s) · f̂2(s), (f �)∧(s) = f̂(1 − s),

the formula (e) is equivalent to the following

(f) W (f∗f �) ≥ 0,

where

W (f) :=
∑

ζX (s)=0

mod 2πi
log q

Z

f̂(s) =
∑

n

f(gn)

2g∑
i=1

λn
i =

∑
n

f(gn)
(
1 + qn − #X(kn)

)
.

0.5 The Castelnuovo–Severi Inequality

We have a surface X×X and the Frobenius divisor fn = {(x, xqn

)} on X×X .
We see that fn is inseparable, dfn = 0 and d(id−fn) = id. Let ∆ be the diagonal
of X × X . The intersection points of fn ∩ ∆ are all simple and

〈fn, ∆〉 = #X(kn) = 1 + qn −
2g∑

i=1

λn
i ,

〈fn, ∆〉 =
∑

p

〈fn, ∆〉p ∼
{

0 if degp � n,

degp if degp|n.

Note also that, taking n = 0, we have “#X(F1)”= 〈∆, ∆〉 = 2(1−g). Similarly,
setting f−n = q−n{(xqn

, x)}, we have

〈f−n, ∆〉 = 1 + q−n −
2g∑

i=1

λ−n
i = q−n

(
1 + qn −

2g∑
i=1

λn
i

)
.
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Hence we have

W (f) = f̂(0) + f̂(1) −
∑
n∈Z

f(gn) 〈fn, ∆〉

= 〈f(f), δ0 + δ∞ − ∆〉 ,

where f(f) :=
∑

n∈Z f(gn)fn and δ0 (resp. δ∞) is X×pt (resp. pt×X). We see
that the Riemann hypothesis in the form (f) is equivalent to the fundamental
inequality

〈f ∗ f �, ∆〉 ≤ 〈f ∗ f �, δ0 + δ∞〉 , or, to the

Castelnuovo–Severic inequality : 〈f, f〉 ≤ 2 〈f, δ0〉 〈f, δ∞〉 = 2f̂(0)f̂(1).

Note that we can take f Z-valued, so that f(f) is a divisor on X × X .
More generally, let X and Y be curves of genus gX and gY , respectively.

Then V := X ×Y is a surface. Take f ∈ DivV and put δX := 〈f, X × pt〉 and
δY := 〈f, pt × Y 〉. Then we have the Castelnuovo–Severi inequality:

1

2
〈f, f〉 ≤ δX · δY . (0.3)

Let us prove this inequality (following [MT]). By the Riemann–Roch theorem
for V , we have

χ(f) = h0(f) − h1(f) + h0(∂V − f) =
1

2
〈f, f − δV 〉 + χ(OV ),

where ∂V = ∂X × Y + X × ∂Y . Note that χ(OV ) = χ(OX)χ(OY ) = (1 − gX)
(1 − gY ). We have

〈f, ∂V 〉 = (deg∂X)δY + δX(deg∂Y ) = 2(gX − 1) · δY + δX · 2(gY − 1).

Therefore we obtain

χ(f) =
1

2
〈f, f〉 + (1 − gX)δY + δX(1 − gY ) + (1 − gX)(1 − gY )

=
[1
2
〈f, f〉 − δX · δY

]
+ (δX + 1 − gX)(δY + 1 − gY )

Then it is enough to show that

χ(f) ≤ (δX + 1 − gX)(δY + 1 − gY ).

Notice that it does not change δX · δY − 1
2 〈f, f〉 if we add a × Y + X × b

to f . Hence, without loss of generality, we assume that δX > 2(gX − 1),
δY > 2(gY − 1) and h0(∂ − f) = 0. Therefore, since h1(f) ≥ 0, it suffices to
show that

h0(f) ≤ (δX + 1 − gX)(δY + 1 − gY ).
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Let r := δY + 1 − gY . Take y1, . . . , yr ∈ Y and put Xyi := X × yi, fyi :=
f ∩ Xyi ∈ DivXyi. Then we have degfyi = 〈f, Xyi〉 = δX > 2(gX − 1) and
h0(fyi) = δX + 1 − gX from the Riemann–Roch theorem for Xyi . One have
the map

H0(V, f) −→ H0(Xy1 , fy1) ⊕ · · · ⊕ H0(Xyr , fyr) (0.4)

given via the restriction ϕ �→ (ϕ|Xy1
, . . . , ϕ|Xyr

). Remark that dimH0(V, f) =

h0(f) and dimH0(Xy1 , fy1)⊕· · ·⊕H0(Xyr , fyr) = (δX +1−gX)(δY +1−gY ).
Therefore it is sufficient to show that the map (0.4) is injection for appropriate
yi’s. Let ϕ be an element of the kernel of the above map. Note that divϕ ≥
−f +

∑r
i=1 Xyi . Let x̃ ∈ X be a generic point and put Ỹ := x̃ × Y . Then

ϕ|Ỹ ∈ H0
(
Ỹ ,
(
f −∑r

i=1 Xyi

) ∩ Ỹ
)

with Xyi ∩ Ỹ = (x̃, yi). Since we have

degf ∩ Ỹ = δY > 2(gY − 1), by the Riemann–Roch theorem for Ỹ , we have

h0(f ∩ Ỹ ) = δY + 1 − gY = r. Choose the point yi so that h0
(
f ∩ Ỹ −∑n

i=1(x̃, yi)
)

= r − n. Then, for n = r, we have h0
(
f ∩ Ỹ −∑n

i=1(x̃, yi)
)

= 0,
whence ϕ|Ỹ = 0. Therefore we conclude that ϕ = 0. This shows the desired
claim, hence (0.3).

Grothendieck further analyzed the above proof of Mattuck–Tate ([Gr]).
The map h0 : Div(V ) → N satisfies the following

(I) Riemann–Roch inequality : h0(f) + h0(∂ − f) ≥ 1

2
〈f, f − δ〉 + χ.

(II) monotone : h0(f) > 0 =⇒ h0(f + g) ≥ h0(g).

(III) ampleness : h0(f) > 0 =⇒ 〈f, H〉 > 0.

Here H is a hyperplane section, whence if h0(f) > 0 we have f ∼ f +divϕ ≥ 0
and 〈f, H〉 = deg(f + divϕ)|H ≥ 0.

In our case, we view the function h0 as h0 : Cc(g
Z) ⊕ Zδ0 ⊕ Zδ∞ → N,

∂ = (const.)(δ0 + δ∞) and H = δ0 + δ∞.
The idea is as follows

〈f, f〉 > 0
(I)

=⇒ h0(n · f) → ∞ (n → ∞) (after changing f to ±f)

(III)
=⇒ 〈±f, H〉 > 0.

We have 〈H, H〉 > 0. Suppose 〈f, H〉 = 0. Then, by the above formula, we
have 〈f, f〉 ≤ 0. Namely, 〈·, ·〉 has the signature (+,−, . . . ,−) (“Hodge-index-
theorem”). Taking the determinant of the symmetric matrix of the intersection
numbers 〈·, ·〉 of the vectors δ0, δ∞ and f , we have:

⎛⎝
δ0 δ∞ f

δ0 0 1 δX

δ∞ det 1 0 δY

f δX δY 〈f, f〉

⎞⎠ ∼ det

⎛⎝+
−

−

⎞⎠ ≥ 0

But the determinant is 2δXδY − 〈f, f〉, hence (0.3).
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In [Har2], it was suggested that finding h0 : D → [0,∞) where D ⊆
C∞

c (R+) ⊕ Cδ0 ⊕ Cδ∞ is sufficiently rich, satisfying (I), (II) and (III) with
〈·, ·〉 defined by

〈δ0, δ0〉 = 〈δ∞, δ∞〉 = 0, 〈δ0, δ∞〉 = 1

〈f, δ0〉 = f̂(0), 〈f, δ∞〉 = f̂(1),

〈f, g〉 = 〈f ∗ g�, ∆〉 ,

where

〈f, ∆〉 := f̂(0) + f̂(1) −
∑

ζX (s)=0

f̂(s), g�(x) := x−1g(x−1).

Then we get the Riemann hypothesis. This is the “Weil philosophy”. Remark
that for Riemann hypothesis and the Artin conjecture for L(s, χ), we need to

work with X̃ a Galois covering of X associated with χ,

χ : Gal(X̃/X) −→ GL(V ).

Thus we concentrate on zeta functions and do not deal with the L-functions.

0.6 Zeta Functions for Number Fields

Let K be a number field, OK be the ring of integers of K, Kp be the completion
of K with respect to the prime ideal p of K and Op be the ring of integers of
Kp. Let η1, . . . , ηr1+r2 be the real primes, so we have⊕

p|η
Kp = K ⊗Q R = Rr1 ⊕ Cr2 .

Let AK be the adele ring of K, A∗
K be the idele group of K and O∗

AK
=
∏

p O∗
p.

Notice that for the real prime η, we have

O∗
η =

{
{±1} for R,

C(1) for C.

Then we have DivK = A∗
K/O∗

A and

PicK = A∗
K/O∗

AK
K∗ |·|AK−→ R+

with the kernel Pic
(1)
K = A(1)

K /O∗
AK

K∗ being compact. Let µK be the set of
the root of unit in K. Then we have the exact sequence

∗ −→ µK −→ O∗
K −→ (∏

i

Kηi

)(1)/∏
i

O∗
ηi

−→ Pic
(1)
K −→ A∗

K/
(O∗

AK
K∗
∏

i

K∗
ηi

)
︸ ︷︷ ︸

class OK

−→ ∗
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Since Pic
(1)
K is compact, we see that

O∗
K 
 µK × Zr1+r2−1

and the ideal class group of OK is finite.
The following normalization (it is different from the common Weil–Tate

normalization) make sense: Let φOp
be for finite p the characteristic function

of Op, and for real or complex η: φOη (x) = e−|x|2η . Let dxp be the additive
Haar measure on Kp normalized by dxp(φOp

) = 1, that is,

dxη =

⎧⎪⎪⎨⎪⎪⎩
dx√
π

for R,

|dx ∧ dx|η
2π

=
dx1√

π

dx2√
π

, x = x1 + ix2 for C.

Let || · ||p be the absolute values on Kp normalized by d(axp) = ||a||pdxp,
that is,

||a||η =

{
|a| for R,

|a|2 for C.

Let d∗ap be the multiplicative Haar measure on K∗
p normalized as

d∗ap =
dap

||a||p ·

⎧⎪⎨⎪⎩
(
1 − Np−1

)−1
for p � η,√

π for R,

1 for C.

Let ψp : Kp → C(1) be the additive character normalized (modulo O∗
p) by

FφOp
= φOp

, that is, kerψp = Op for finite p, and

ψη(x) =

{
e2ix for R,

ei(x+x) for C.

Here

Fpϕ(y) =

∫
Kp

ϕ(x)ψp(xy)dxp.

Similarly, we put ψAK =
∏

p ψp : AK → C(1) and F =
⊗

p Fp. Take
∂ ∈ A∗

K/O∗
AK

K∗ (= the canonical class) such that ψAK (∂K) = 1. Namely, if

∂−1
p Op is the usual different of Kp/Qp for finite p’s, then

∂η =

{
π for R,

2π for C.

We define the local zeta function by

ζp(s) :=

∫
K∗

p

φOp
(a)||a||spd∗a =

⎧⎪⎨⎪⎩
(
1 − Np−s

)−1
for p � η,

Γ
(

s
2

)
for R,

Γ (s) for C.



12 0 Introduction: Motivations from Geometry

and the global zeta function by

ζK(s) :=
∏
p

ζp(s) =

∫
A∗

φOAK
(a)||a||sAK

d∗a

=

∫
PicK=A∗

K/O∗
AK

K∗

( ∑
γ∈K∗

φOAK
(γa)

)
||a||sAK

d∗a,

where φOAK
:=
∏

p φOp
. Then the Riemann–Roch theorem asserts that

dx(AK/K) ·
∑
γ∈K

φOAK
(γa) = ||a||−1

AK

∑
γ

φOAK
(γ∂a−1).

The proof is the same as the one for (0.1). Taking log, we have

h0(a) = log
[ ∑

γ∈(a−1)fin

e−
∑

i |aηi
γ|2ηi

]
= dega + h0(∂a−1) + χ.

Note that dega = log ||a||−1
A and χ = − log dx(AK/K) = 1

2 log ||∂||AK with

||∂||−1
AK

=
|DK |

πr1(2π)2r2

where DK is the discriminant of K. We have

ζK(s) =

∫
||a||AK

≤1

∑
γ∈K

φOAK
(γa)||a||sAK

d∗a − HK

s
+

∫
||a||≥1

∑
γ∈K∗

φOAK
(γa)||a||sAK

d∗a.

(Here HK = “d∗a(Pic
(1)
K )” is obtained by comparing the Haar measure d∗a

and the measure d◦a ⊗ dt
t on PicK = Pic

(1)
K × R+, via d∗a = HK · d◦a ⊗ dt

t .)
Since the Riemann–Roch theorem gives∫

||a||AK
≤1

∑
γ∈K

φOAK
(γa)||a||sAK

d∗a

= dx(AK/K)−1

∫
||a||AK

≤1

∑
γ∈K

φOAK
(γ∂a−1)||a||s−1

AK
d∗a

= dx(AK/K)−1

∫
||a||AK

≥1

∑
γ∈K∗

φOAK
(γ∂a)||a||1−s

AK
d∗a + dx(AK/K)−1 HK

s − 1
,

we have

ζK(s) = dx(AK/K)−1

∫
||a||AK

≥1

∑
γ∈K∗

φOAK
(γ∂a)||a||1−s

AK
d∗a

+

∫
||a||≥1

∑
γ∈K

φOAK
(γa)||a||sAK

d∗a + dx(AK/K)−1 HK

s − 1
− HK

s
.
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This gives the meromorphic continuation of ζK(s) to the whole plane except
for simple poles at s = 0, 1 with residues

Res
s=0

ζK(s) = −HK , Res
s=1

ζK(s) = HK · ||∂||−
1
2

AK
.

Here we have the equality

HK = “d∗a(Pic
(1)
K )” =

2r1hKRK

#µK

,

where RK is the regulator of K and hK is the class number of K. Then one
obtains the functional equation

ζK(s) = ||∂||s−
1
2

AK
ζK(1 − s).

For the proof of the functional equation, we go to the Weil–Tate notations:

Let ψ̃(x) := ψ(∂x). Then ψ̃ is trivial on K. Let d̃x := dx(AK/K)−1 · dx so

that d̃x(AK/K) = 1. Let F̃ be the Fourier transform with respect to ψ̃:

F̃ϕ(y) :=

∫
A

ϕ(x)ψ̃(xy)d̃x.

We see that F̃ is the self-dual Fourier transform: F̃F̃φOAK
= φOAK

. We have

F̃φOAK
(y) = dx(AK/K)−1φOAK

(∂x) and get

ζK(φOAK
(x), s) = ζK(F̃φOAK

, 1 − s).

Hence we have

ζK(s) = dx(AK/K)−1
∏

p

∫
AK

φOAK
(∂a)||a||1−s

AK
d∗a = dx(AK/K)−1||∂||s−1

AK
ζK(1−s).

Note that, taking s = 1
2 , we have dx(AK/K) = ||∂||−

1
2

AK
.

For Weil–Tate’s case, ψ̃ = ψcann./Q ◦TrK/Q and ψcann./Q is the “canonical”
character of Q. Note that for number fields K we have a canonical embedding:
Q ↪→ K, but for function fields K there is no canonical embedding: k(t) ↪→ K;
a choice of such embedding is equivalent to a choice of t ∈ K∗\k∗ and this
is equivalent to t : X → P1(K). Then, for the number field, we have the
“canonical” differential form which is the pull back of the form from Q, but not

for function fields. Also the normalization d̃x(AK/K) = 1 only fixes the global

measure d̃x but not the local factor d̃xp, while the normalization dxp(φOp
) = 1

fixes the local factors.
These normalizations are nicer than Weil and Tate’s: In the Weil and

Tate’s normalization, we have

ζη(s) =

{
π− s

2 Γ
(

s
2

)
for R,

(2π)1−sΓ (s) for C,
d∗x =

⎧⎪⎪⎨⎪⎪⎩
dx

|x|
for R,

|dx ∧ dx|

|x|2
for C,

φOη
=

{
e−πx2

for R,

e−2π|x|2 for C.
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Hence the functional equation for the global zeta function ζAK (s) is given by

ζAK (s) :=
∏
p

ζp(s) = |DK | 12−sζAK (1 − s)

with residues at s = 0, 1

Res
s=0

ζAK (s) = −CK , Res
s=1

ζAK (s) = CK |DK |− 1
2 ,

where CK := 2r1(2π)r2hKRK/#µK . Further, our normalization is more nat-
ural from the “q-point of view”, which will apear below, and the η-limit which
relates the quantum and the reals. Namely, we can consider in the η-limit η©
qn

1−q → |x2|, rather than π|x|2, and we get polynomials in |x|2 rather than

π|x|2, etc. Nevertheless, Tate and Weil’s normalization are so popular that we
will adopt their notations in the text.

This method also work for L-function. Namely, one can obtain the ana-
lytic continuation and functional equation of L(s, χ) where χ is a character
of A∗

K/K∗. Here, the point is that we consider only the characters which

are trivial on K∗. For such χ’s, we see that ||a||sAK
χ(a) d∗a

L(s,χ) ∈ S∗(A)K∗
,

the space of K∗-invariant distributions on A, and is analytic in s. Namely,
we are studying the action of A∗

K/K∗ on “AK/K∗” which is a problem-
atic space! When we concentrate on the zeta function, we study the action
of A∗

K/O∗
AK

K∗ on AK/O∗
AK

K∗. Note that the Tate distribution τs
AK

=

||a||sAK

d∗a
ζK(s) ∈ S∗(AK)O

∗
AK

K∗
is holomorphic in s. For Re(s) > 1, τs

AK
has sup-

port at A∗
K , whence there is no problem. The problem occurs for Re(s) ≤ 1,

e.g., τ1
AK

= dx, the additive Haar measure on AK and dx(A∗
K) = 0 (this

is equivalent to ζAK (1) = ∞). Notice that while S∗(AK)K∗
is very rich,

S(AK)K∗
is empty. Therefore we have to work with the non-commutative alge-

bra S(A)�K∗ or for zeta function S(A)O
∗
AK �K∗/µK . Note that, for K = Q,

Tate’s proof reduces to Riemann’s but Tate’s AQ/Q is better than Riemann’s

R/Z = AQ/ẐQ because it carry the ergodic Q∗ action (vs Z∗ = {±1} action
on R/Z).

0.7 Weil’s Explicit Sum Formula

Normalize the critical line Re(s) = 1
2 to iR. Namely, we consider the function

ζAK (s+ 1
2 ), and shift f(x) := x− 1

2 f(x) so that f �(x) := f∗(x) = f(x−1). Then
we have

“〈f, ∆〉” = f̂
(1
2

)
+ f̂
(
−

1

2

)
−

∑
ζAK

(s+ 1
2
)=0

f̂(s)

= −
1

2πi

∮
f̂(s)d log ζAK

(1
2

+ s
)
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=
1

2πi

∫ c+i∞

c−i∞

[
f̂(−s) − f̂(s)

]
d log ζAK

(1
2

+ s
)

+ f(1) log ||∂||AK (c >
1

2
)

(∵ functional equation),

= −
∑

p

1

2πi
f̂(s)

∫ i∞

−i∞

d log
ζp(

1
2

+ s)

ζp(
1
2
− s)||∂p||

A

(∵ Euler product)

=
∑

p

“〈f, ∆〉p”.

For finite p, we have

〈f, ∆〉p = log Np ·
∑
n�=0

(Np)−
|n|
2 f(Npn) + f(1) · log ||∂p||AK .

Note that log ||∂p||AK = 〈∆, ∆〉p. On the other hand, for p|η, it is more
complicated but we give the finite form of 〈f, ∆〉p in [Har1], [Har2] and [Har5].

The following formula connects the “Weil philosophy” with “Tate philos-
ophy” and seems fundamental (see [Har1] and [Har2]): For all p, we have

〈f, ∆〉p = Fp log |x|−1
p F−1

p |x|−
1
2

p (f |p)(1)

=
∂

∂s

∣∣∣
s=0

Fp|x|−s
p F−1

p |x|−
1
2

p (f |p)(1)

=
∂

∂s

∣∣∣
s=0

Rs
p|x|−

1
2

p f |p(1). (0.5)

Here we denote by f |p(x) := f(|x|p), the composition of f with | · |p, and

Rs
p := Fp

(|x|−s
p

)
= ζp(1 − s)

|x|s−1
p dxp

ζp(s)

by Tate’s (local) functional equation. Then Rs
p is the Riesz potential. This for-

mula was checked in [Har1] by direct calculation and reproved by later authors,
cf. [Bur2], and [C2] where it is reproved in Appendix 2 in the asymptotic form:

〈f, ∆〉p = FpBc(x) log |x|−1
p F−1

p (f |p)(1) + o(c) (c → ∞),

where

Bc(x) =

{
1 for |x|p ≤ c,

0 for |x|p > c.

We like the Riesz potential formulation because∑
p

∂

∂s

∣∣∣
s=0

Rs
p =

∂

∂s

∣∣∣
s=0

⊗
p

Rs
p,

which change sum over primes (it is rarely understood) to product over primes.
We also can write it as (normalized) trace (cf. [Har2]), indeed, in more than
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one way (cf [Har5]). These trace formulas can be globalized to a form that
“shows” why the Weil distribution is positive (but does not prove positivity
because they are obtained via analytic continuation): The Riemann hypothesis
for Q is equivalent to the positivity∑

q∈Q∗
CT
s=0

Tr
(
e−s

∑
p Npπ(f)π(f)∗π(q)

)
≥ 0,

where Np is the number operator associated with the Laguerre basis at β = 1,
or the Jacobi basis at α = β = 1 (cf. [Har5] (13.5.70) and (13.5.71)) and f is

a function such that f̂
(

1
2

)
+ f̂
(− 1

2

)
= 0. A. Connes also tried to globalize the

asymptotic form of the formula and got

Tr(Pc(π(f))) = 2(log c) · f(1) +
∑

p

〈f, ∆〉p + o(1) (c → ∞),

where Pc is the projection approximating “FpBcF−1
p Bc”, but this global for-

mula is equivalent to Riemann hypothesis. Recently, Meyer [Mey2] rewrote
the formula as a cyclic trace.

The following is Burnol’s proof of our formula (0.5): First we consider f
on Q∗

p/Z∗
p. We have the commutative diagram of spaces and isomorphisms:

L2
(
Q∗

p, d
∗xp

)Z∗
p

·|x|−
1
2

p ��

∼|x|spd∗xp

��

L2
(
Qp, dxp

)Z∗
p

·|x|
1
2
p

∼��

|x|
1
2
+s

p

d∗xp

ζp( 1
2
+s)∼

��
L2(iR/λp, d

◦s)
·ζp( 1

2+s)−1

��
L2
(
iR/λp, |ζp(

1
2 + s)|sd◦s)

ζp( 1
2+s)·
∼��

(with λp = 2πi
log pZ for finite p’s). On each space, we have the following

corresponding operators:

On L2
(
Q∗

p, d∗xp

)Z∗
p :

F : (i) |x|
1
2
p Fp|x|

− 1
2

p

I : (ii) x �→ x−1

Γ : (iii) Γ = F · I

(o) · log |x|p

(∗) f∗

(�) log |x|p + |x|
1
2Fp log |x|pF

−1
p |x|

− 1
2

p

On L2
(
Qp, dxp

)Z∗
p :

F : (i) Fp

I : (ii) ϕ(x) �→
1

|x|p
ϕ
( 1
x

)
Γ : (iii) Γ = F · I

(o) log |x|p

(∗) π1(f)

(�)
(
log |x|p + Fp log |x|pF

−1
p

)
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On L2(iR/λp, d◦s):

F : (i) f̂(s) �→ f̂(−s)
ζp(

1
2

+ s)

ζp(
1
2
− s)

I : (ii) s �→ −s

Γ : (iii) ·
ζp(

1
2

+ s)

ζp(
1
2
− s)

(o)
∂

∂s

(∗) · f̂(s)

(�)
∂

∂s
− Γ

∂

∂s
Γ−1 =

(
d log

ζp(
1
2

+ s)

ζp(
1
2
− s)

)
·

On L2
(
iR/λp, |ζp(

1
2

+ s)|sd◦s
)
:

F : (i) s �→ −s

I : (ii) f̂(s) �→ f̂(−s)
ζp(

1
2

+ s)

ζp(
1
2
− s)

Γ : (iii) ·
ζp(

1
2

+ s)

ζp(
1
2
− s)

(o)
∂

∂s
+ d log ζp(

1

2
+ s)

(∗) · f̂(s)

(�)
(
d log

ζp(
1
2

+ s)

ζp(
1
2
− s)

)
·

Then we have

Tr
(
(log |x|p + Fp log |x|pF−1)π1(f)

)
= Tr

(( ∂

∂s
− Γ

∂

∂s
Γ−1

) · f̂(s)
)

=

∫(
Q∗

p/Z∗
p

)∧ f̂(s)d log
ζp(

1
2 + s)

ζp(
1
2 − s)

= −〈f, ∆〉p

=
(
log |x|p − Γ log |x|pΓ−1

)
f(1)

=
(
log |x|p + |x|

1
2
p Fp|x|−

1
2

p log |x|p|x|
1
2
p F−1

p |x|−
1
2

p

)
f(1)

= Fp log |x|pF−1
p |x|−

1
2

p f(1).

We change from f on Q∗
p/Z∗

p to f on R+. Since we have the injection Q∗
p/Z∗

p →
R+ via | · |p, by duality we have the surjection

π : iR −→ (
Q∗

p/Z∗
p

)∧
,

and the local and global Mellin transforms

Mp : S(Q∗
p/Z∗

p)
∼−→ S(d◦sp), M : S(R+)

∼−→ S(iR)

are related by π∗Mf = Mp(f ◦ | · |p) = Mp(f |p) so that(
f̂(s), ν̂p ◦ πp

)
iR

=
(
π∗f̂(s), ν̂p

)
(Q∗

p/Z∗
p)∧ =

(
M−1

p π∗Mf, νp

)
Q∗

p/Z∗
p

=
(
f ◦ | · |p, νp

)
Q∗

p/Z∗
p
.

This shows that

−Tr
(
(log |x|p + Fp log |x|pF−1

p )π1
p(f |p)

)
= Fp log |x|−1

p F−1
p |x|−

1
2

p (f |p)(1)

= −
∫

iR

f̂(s)d log
ζp(

1
2 + s)

ζp(
1
2 − s)

= 〈f, ∆〉p .

Hence we obtain (0.5).
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Infinitesimal neighborhoods of the diagonal X = SpecZ in the (non-
existing, but see [Har6]) surface X × X is the tangent space TX . Moreover,
on X , we have ∆∗T (X×X) =: V , a rank 2 vector bundle on X . This explains
the connection of the Riemann hypothesis with SL2. The “phase-space” V
has the symplectic form 〈·, ·〉. Its “meromorphic sections” are V (Q) = Q×Q,
its adelic section are V (A) = A × A and its “holomorphic sections” at p are
V (Zp) = Zp×Zp =

{
(x, y) ∈ V (Qp)

∣∣ |x, y|p ≤ 1
}

with 2-dimensional absolute
value

|x, y|p :=

{
max{|x|p, |y|p} for p � η,√
|x|2p + |y|2p for p|η.

For a ∈ A∗
K (resp. a ∈ Q∗

p), the “trace” of the Frobenius fa on V is the line (1 :
a) ∈ P1(V ). Note that any line � ∈ P1(V ) gives a maximal abelian subgroup
� × A1 of the Heisenberg group Heis = V × A1, hence the representation of
Heis given by Ind Heis

�×A1(ψ) is the fundamental irreducible representation of Heis
with central character ψ. Therefore in any realization of this representation we
have a (unique up to constant multiple) distribution δ� which is ψ-invariant
under � ×A1, i.e., �-invariant. For example, taking the Schrödinger model we
get an embedding P1(A) ↪→ P1(S∗(A)), � �→ δ�; e.g., for ϕ ∈ S(A) (resp.
S(Qp)), we have the distribution δ0 and δ∞:

δ0(ϕ) = ϕ(0) = τ0(ϕ) (unique invariant with respect to ϕ(x) �→ ϕ(x)ψ(yx)),

δ∞(ϕ) =

∫
AK

ϕ(x)dx = τ1(ϕ) (unique invariant with respect to ϕ(x) �→ ϕ(x)ψ(x + y)).

The unitary action of the multiplicative group on these distributions is

π1(f)(τ0) = f̂
(−1

2

)
τ0, π1(f)(τ1) = f̂

(1
2

)
τ1.

For the Heis story, see Chap. 12 of [Har5]. For the (many) trace formulation
of the Weil distribution and approximations of the Riemann hypothesis using
q, see Chap. 13 of [Har5]. For X = SpecOK , the compactification of SpecOK

(e.g., SpecZ = SpecZ∪ {η}) as a true geometrical object, see [Har6]. You will
find in [Har6] also the (compactified) surface X ×F X with F being the “field
with one element”.



1

Gamma and Beta Measures

Summary. In Sect. 1.1 we start from Zp = lim
←−

Z/pn, the inverse limit of Z/pn. It
defines a rooted tree with valencies p. The collection of all paths of this tree is Zp.
Similarly we have a tree for projective space lim

←−
P1(Z/pn) = P1(Zp) = P1(Qp) =

Qp∪{∞}, the inverse limit of the projective space P1(Z/pn). This is the p+1-regular
tree. The boundary is the collection of all path on the tree and is identified with the
projective line P1(Qp).

In Sect. 1.2 we put the p-adic γ-measure τβ
Zp

on Zp defined by

τβ
Zp

(x) = |x|βp
d∗x

ζp(β)
(β > 0)

and we give the real analogue, the usual γ-measure

τβ
Zη

(x) = φZη (x)|x|βη
d∗x

ζη(β)
(β > 0),

where φZη (x) = e−πx2

is the “characteristic function of Zη”.
In Sect. 1.3 we similarly put on P1(Qp) the measure

pr∗
(
τα

Zp
(x) ⊗ τβ

Zp
(x)
)
.

This is a projection of the probability measure on the plain Qp × Qp down to the
projective line P1(Qp). We denote it by τα,β

p and call it the β-measure; it is given in
terms of the canonical distance function ρ on P1(Qp):

τα,β
p (x) = ρα

∞(x)ρβ
0 (x)

d∗x

ζp(α, β)
.

Here ζp(α, β) = ζp(α)ζp(β)/ζp(α + β) is the beta function. Again we obtain the
Markov chain on this tree.

We notice that the measure τβ
Zp

is Z∗
p-invariant, whence we can look at it as a

probability measure on the quotient Zp/Z∗
p and easily obtain the simple tree on the

quotient space. Also the measure pr∗
(
τα

Zp
(x)⊗τβ

Zp
(x)
)

is Z∗
p-invariant. Then dividing

by Z∗
p, we get similar tree for P1(Qp)/Z∗

p. Now we further divide the projective
line P1(Qp) by Z∗

p � Zp. This semi-direct product is isomorphic to the subgroup of
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PGL2(Zp) whose element are of the form

(
∗ ∗
0 ∗

)
. Our measure τα,β

p is not invariant

under Z∗
p � Zp, but we can project it down to P1(Qp)/Z∗

p � Zp, we denote the image

measure by τ
(α)β
p . Note that it is not symmetric in the two parameters α and β.

Then we have a Markov chain on the tree
∐

n≥0

P1(Z/pn)/(Z/pn)∗�(Z/pn), it is called

the p-adic β-chain.

1.1 Quotients Zp/Z∗
p and P1(Qp)/Z∗

p � Zp

1.1.1 Zp/Z∗
p

Every p-adic integer can be written as a power series in p and such a repre-
sentation is unique. Namely we have

Zp = lim←−Z/(pn) =
{

a0 + a1p + a2p
2 + · · · ∣∣ 0 ≤ aj < p (j ≥ 0)

}
.

We here show that the ring of p-adic integers Zp can be identified with the
paths in a tree starting from an origin. For example let us consider the case
p = 3. All element in Z3 have a series expansion in 3. There are three choices
for the constant term a0, and each one of those has also three choices for a1,
and so on. We obtain a tree in Fig. 1.1 in this way and regard a 3-adic integer
as a path in the tree from the origin O.

Note that for an invertible element in Zp, we have a0 �= 0. Hence, similarly,
the set of all invertible elements Z∗

p in Zp can be expressed as

Z∗
p = lim←−

(
Z/(pn)

)∗
=
{

a0 + a1p + a2p
2 + · · · ∣∣ 0 ≤ aj < p (j ≥ 0), a0 �= 0

}
.

O

2

1

0

8

5

2

7

4

1

6

3

0

Z/3 Z/32

Fig. 1.1. Z3
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O

2

1

0

8

5

2

7

4

1

6

3

0

(Z/3)∗ (Z/32)∗

Fig. 1.2. Z∗
3

We remark that the group Z∗
p is a multiplicative group, while Zp is an additive

group. It is clear that the tree corresponding to Z∗
p is obtained by removing

a first branch of the tree corresponding to Zp because a0 �= 0 (see Fig. 1.2 in
the case p = 3).

The group Z∗
p acts on Zp by multiplication. Let us consider the quotient

Zp/Z∗
p by the action and give a tree corresponding to Zp/Z∗

p. In the tree of
Zp, all branches corresponding to a0 �= 0 are clearly equivalent to Z∗

p. Hence
the tree of Zp/Z∗

p have two branches in the first stage. If a0 = 0, we have
also two choices; either a1 = 0 or a1 �= 0. Then all branches corresponding to
a1 �= 0 are equivalent to pZ∗

p. Continuing this procedure we obtain the tree

of Zp/Z∗
p in Fig. 1.3 and have Zp/Z∗

p = {0} ∪⊔n≥0 pnZ∗
p 
 {0} ∪ pN. Here we

denote by N the set of all non-negative integers.

1.1.2 P1(Qp)/Z∗
p � Zp

Next we investigate the tree of the projective line P1(Qp), which is defined
by the set of all equivalent classes of Qp × Qp\{(0, 0)} under the equivalent
relation ∼. Here (x, y) ∼ (x′, y′) means that there exists some c ∈ Q∗

p such
that x′ = cx and y′ = cy. Since Qp = Frac(Zp), we have clearly P1(Zp) =
P1(Qp) = Qp ∪ {∞} and write

P1(Zp) = {0 = (1 : 0)} ∪ {(1 : x) |x ∈ Q∗
p} ∪ {∞ = (0 : 1)}. (1.1)

As is the cases of Zp and Z∗
p, P1(Zp) is also expressed as the inverse limit;

P1(Zp) = lim←−P1(Z/pn). Then we will also obtain the tree corresponding to
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O

a0 �= 0

a0 = 0

a1 �= 0

a1 = 0

a2 �= 0

a2 = 0

Z/p
/
(Z/p)∗ Z/p2

/
(Z/p2)∗

Z∗
p

pZ∗
p

p2Z∗
p

p3Z∗
p

0

Fig. 1.3. Zp/Z∗
p � pN ∪ {0}

O

(0 : 1)

(1 : 2)

(1 : 1)

(1 : 0)

(0 : 1)

(3 : 1)

(6 : 1)

(1 : 8)

(1 : 5)

(1 : 2)

(1 : 7)

(1 : 4)

(1 : 1)

(1 : 6)

(1 : 3)

(1 : 0)

P1(Z/3) P1(Z/32)

Fig. 1.4. P1(Z3)

P1(Zp). Since the cardinality of P1(Z/p) is just p + 1 (that is, 0 = (1 : 0),
(1 : 1), . . . , (1 : p− 1) and ∞ = (0 : 1)), the tree of P1(Zp) has p + 1 branches
at the first stage. Then each branch has p sub-branches. Hence we obtain the
tree in Fig. 1.4.



1.1 Quotients Zp/Z∗
p and P1(Qp)/Z∗

p � Zp 23

The action of the unit group Z∗
p on the projective line P1(Zp) is given by

P1(Zp) × Z∗
p � ((x : y), a) �−→ (ax : y) = (x : a−1y) ∈ P1(Zp).

Similarly, the tree corresponding to the quotient P1(Zp)/Z∗
p can be obtained

as the case of Zp/Z∗
p. Further the group PGL2(Zp) also acts on P1(Zp) as

follows;

P1(Zp) × PGL2(Zp) � ((x : y),

(
a b
c d

)
) �−→ (ax + cy : bx + dy) ∈ P1(Zp).

Then it is easy to see that the stabilizer group Stab(0) of 0 = (1 : 0) is given by

Stab(0) =
{(

1 0
c d

)
∈ PGL(Zp)

∣∣∣ c ∈ Zp, d ∈ Z∗
p

}
.

This shows that Stab(0) is isomorphic to the semi-direct product Z∗
p � Zp by

the isomorphic map

Stab(0) �
(

1 0
c d

)
�−→ (d, c) ∈ Z∗

p � Zp

and, hence, we obtain a smaller quotient P1(Zp)/Z∗
p � Zp of P1(Zp) than

P1(Zp)/Z∗
p. From the tree of P1(Zp)/Z∗

p, we obtain the following tree cor-
responding to P1(Zp)/Z∗

p � Zp since two elements (pn : 1) and (1 : 1) are
equivalent under the action of Z∗

p � Zp for all n ∈ N (Figs. 1.5 and 1.6).
(In fact, (pn : 1) · (1, 1 − pn) = (1 : 1) and clearly (1, 1 − pn) ∈ Z∗

p � Zp.)

O

∞

(p2 : 1)Z∗
p

(p : 1)Z∗
p

(1 : 1)Z∗
p

(1 : p)Z∗
p

(1 : p2)Z∗
p

0

Fig. 1.5. P1(Zp)/Z∗
p � pZ ∪ {0,∞}
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O

(1 : 1)Z∗
p � Zp

(1 : p)Z∗
p � Zp

(1 : p2)Z∗
p � Zp

0

Fig. 1.6. P1(Zp)/Z∗
p � Zp � pN ∪ {0}

1.2 γ-Measure on Qp

1.2.1 p-γ-Integral

Let p be a finite prime. It is known that Qp is a locally compact topological
additive group. Let dx be the Haar measure on Qp normalized by dx(Zp) = 1.
Since dx is invariant under the addition and any open set will be represented
as disjoint union of sets such as q + pnZp, we note that dx(q + pnZp) = p−n

for all n ∈ Z. Let φZp be the characteristic function of Zp;

φZp(x) =

{
1 if x ∈ Zp,

0 if x /∈ Zp.

We also let d∗x be the Haar measure on the multiplicative group Q∗
p nor-

malized by d∗x(Z∗
p) = 1. Since d(a · x) = |a|pdx for any a ∈ Q∗

p, the
measure dx/|x|p is also invariant under the multiplication. Since the Haar
measure on Q∗

p is unique up to positive constant multiplication, it holds that
d∗x = c · dx/|x|p for some c > 0. Actually,

c =
dx

|x|p (Z∗
p)

−1 = dx(Z∗
p)−1 (|Z∗

p|p = 1)

=
(
dx(Zp) − dx(pZp)

)−1

= (1 − p−1)−1

= ζp(1),

where ζp(s) := (1 − p−s)−1 is the local zeta function at p. The function ζp(s)
is expressed as the following p-γ-integral:

ζp(s) =

∫
Q∗

p

φZp(x)|x|spd∗x. (1.2)

In fact since Zp =
⊔

n≥0 pnZ∗
p, we have∫

Q∗
p

φZp(x)|x|spd∗x =
∑
n≥0

∫
pnZ∗

p

|x|spd∗x =
∑
n≥0

p−ns = (1 − p−s)−1 = ζp(s).
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1.2.2 η-γ-Integral

What is the real analogue of this, or what is the “characteristic function φZη

of Zη”? From the complete Riemann zeta function, the local zeta function at
the real prime p = η is defined by ζη(s) := π− s

2 Γ ( s
2 ) where Γ (s) is the gamma

function. Suppose ζη(s) has the similar η-γ-integral

ζη(s) =

∫
Q∗

η

φZη(x)|x|sηd∗x, (1.3)

where d∗x = dx/|x|η is the invariant measure on Q∗
η = R∗ and |x|η is the usual

absolute value. By the Mellin inversion formula, the mysterious function φZη

should be given by

φZη (x) =
1

2πi

∫ σ+i∞

σ−i∞
ζη(s)|x|−sds (σ > 0)

=
∑
n≥0

(
Res

s=−2n
ζη(s)

)
|x|2n

η (σ → −∞)

=
∑
n≥0

(−1)n

n!
πn|x|2n

η .

Hence we have φZη (x) = e−πx2

.

1.2.3 γ-Measure on Qp

From the γ-integral (1.2) and (1.3), for β > 0 and all prime p ≥ η (this means
that p = η, 2, 3, 5, . . .), we define the γ-measure on Qp by

τβ
Zp

:= φZp(x)|x|βp
d∗x

ζp(β)
.

Then τβ
Zp

is a probability measure on Qp;
∫

Qp
τβ

Zp
= 1. The name of the γ-

measure is given from the gamma function. If p = η, τβ
Zη

is the Gaussian

probability measure, which is invariant under Z∗
η = {±1}. If p �= η, then τβ

Zp

is also invariant under the action Z∗
p, whence gives a probability measure on

Zp/Z∗
p. Notice that for all n ≥ 0, we have τβ

Zp
(pnZ∗

p) = p−nβ(1 − p−β) (see

Fig. 1.7).

1.3 β-Measure on P1(Qp)

1.3.1 The Projective Space P1(Qp)

We next define a measure on the projective line P1(Qp), which is called
β-measure. Let V (Qp) := Qp × Qp be the plane and V ∗(Qp) := {(x, y) ∈
V (Qp) | (x, y) �= (0, 0)}. We define a symplectic form on V (Qp) by

〈(x1, y1), (x2, y2)〉 := x1y2 − y1x2 (x1, y1), (x2, y2) ∈ V (Qp)
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O

Z∗
p

pZ∗
p

p2Z∗
p

p3Z∗
p

0

γ-measure

(1 − p−β)

p−β(1 − p−β)

p−2β(1 − p−β)

p−3β(1 − p−β)

Fig. 1.7. γ-measure on Zp/Z∗
p

and an absolute value on V (Qp) by

|x, y|p = |(x, y)|p :=

⎧⎨⎩max{|x|p, |y|p} if p �= η,√
|x|2η + |y|2η if p = η

(x, y) ∈ V (Qp).

For p �= η, put

V (Zp) : = Zp × Zp,

V ∗(Zp) : =
{
(x, y) ∈ Zp

∣∣ |x, y|p = 1
}
.

Then the projective line P1(Qp) is expressed as P1(Qp) = V ∗(Qp)/Q∗
p =

V ∗(Zp)/Z∗
p. For all p ≥ η, there is a canonical distance function ρp : P1(Qp)×

P1(Qp) → [0, 1] defined by

ρp

(
(x1 : y1), (x2 : y2)

)
:=

|x1y2 − y1x2|p
|x1, y1|p · |x2, y2|p

The function ρp is well-defined. Namely, the value ρp

(
(x1 : y1), (x2 : y2)

)
is determined independently of the choices of (x1, y1) and (x2, y2) in the
equivalence class. The following properties are easily obtained.

(i) ρp

(
v1, v2

) ∈ [0, 1],

(ii) ρp

(
v1, v2

)
= 0 ⇐⇒ v1 = v2,

(iii) ρp

(
v1, v2

)
= ρp

(
v2, v1

)
,

(iv) ρp

(
v1, v3

) ≤ ρp

(
v1, v2

)
+ ρp

(
v2, v3

)
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Hence ρp is a metric on P1(Qp). Further if p �= η, we have

(iv) ρp

(
v1, v3

) ≤ max
{
ρp

(
v1, v2

)
, ρp

(
v2, v3

)}
,

(v) ρp(v1, v2) ≤ p−n ⇐⇒ v1 ≡ v2 (mod pn).

For p = η, we have
ρη(v1, v2) = | sin θ|,

where θ is the angle between the lines v1 and v2. Let us denote ρ∞(x) (resp.
ρ0(x)) the distance with respect to ρp between (1 : x) ∈ P1(Qp) and ∞ =
(0 : 1) (resp. 0 = (1 : 0)). Namely,

ρ∞(x) : = ρp

(
(0 : 1), (1 : x)

)
= |1, x|−1

p ,

ρ0(x) : = ρp

(
(1 : 0), (1 : x)

)
= |1, x−1|−1

p .

It is easy to see that for p �= η

ρ∞(x) =

{
1 if x ∈ Zp,

|x|−1
p if x ∈ Qp\Zp,

ρ0(x) =

{
|x|p if x ∈ Zp,

1 if x ∈ Qp\Zp,
(1.4)

and for p = η

ρ∞(x) =(1 + x2)−
1
2 , ρ0(x) = (1 + x−2)−

1
2 . (1.5)

Finally we have

max{ρ∞(x), ρ0(x)} = 1 if p �= η,

ρ∞(x)2 + ρ0(x)2 = 1 if p = η

and for all p ≥ η

|x|p =
ρ0(x)

ρ∞(x)
.

1.3.2 β-Integral

For p ≥ η, we put

ζp(α, β) :=
ζp(α)ζp(β)

ζp(α + β)
.

Then, for Re(α) > 0 and Re(β) > 0, ζp(α, β) is expressed as the following
β-integral;

ζp(α, β) =

∫
Q∗

p

ρ∞(x)αρ0(x)βd∗x. (1.6)
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Let us prove this. If p �= η, note that for n ∈ N we have from (1.4)

ρ∞(x)αρ0(x)β =

⎧⎪⎨⎪⎩
p−nβ if x ∈ pnZ∗

p,

1 if x ∈ Z∗
p,

p−nα if x ∈ p−nZ∗
p.

Hence the right hand side of (1.6) is equal to∑
n≥1

p−nα + 1 +
∑
n≥1

p−nβ =
1 − p−α−β

(1 − p−α)(1 − p−β)
=

ζp(α)ζp(β)

ζp(α + β)
.

On the other hand if p = η, from (1.5), the right hand side of (1.6) can be
written as∫

R∗
(1 + x2)−

α
2 (1 + x−2)−

β
2 d∗x =

∫ ∞

0

(1 + x)−
α
2 (1 + x−1)−

β
2 d∗x

= B
(α
2

,
β

2

)
=

Γ
(

α
2

)
Γ
(

β
2

)
Γ
(

α+β
2

) =
ζη(α)ζη(β)

ζη(α + β)

where B(α, β) is the beta function. Hence we obtain formula (1.6).

1.3.3 β-Measure on P1(Qp)

From the β-integral (1.6), for α > 0 and β > 0, we define the β-measure by

τα,β
p := ρ∞(x)αρ0(x)β d∗x

ζp(α, β)
.

The name of the β-measure is given from the beta function. Since the pro-
jective line P1(Qp) is expressed as (1.1), τα,β

p gives a probability measure on

P1(Qp) for all p ≥ η. Further since τα,β
p is invariant under the action of Z∗

p, it
is a probability measure on P1(Qp)/Z∗

p. Here we can take p both finite or real
prime. If p �= η, we have

τα,β
p ((1 : pn)Z∗

p) =
(1 − p−α)(1 − p−β)

(1 − p−α−β)
×

⎧⎪⎨⎪⎩
pnα if n < 0,

1 if n = 0,

p−nβ if n > 0.

(See Fig. 1.8.) Note that while τα,β
p is not invariant under the action of Z∗

p�Zp,

we can project τα,β
p to a probability measure on P1(Qp)/Z∗

p �Zp. It holds that
for p �= η

τα,β
p ((1 : pn)Z∗

p � Zp) =
(1 − p−α)(1 − p−β)

(1 − p−α−β)
×
{

(1 − p−α)−1 if n = 0,

p−nβ if n > 0

since, for n = 0, we have 1 +
∑

n>0 p−nα = (1 − p−a)−1 (see Fig. 1.9).
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O

∞

(p2 : 1)Z∗
p

(p : 1)Z∗
p

(1 : 1)Z∗
p

(1 : p)Z∗
p

(1 : p2)Z∗
p

0

β-measure

p−2α (1−p−α)(1−p−β)

(1−p−α−β)

p−α (1−p−α)(1−p−β)

(1−p−α−β)

(1−p−α)(1−p−β)

(1−p−α−β)

p−β (1−p−α)(1−p−β)

(1−p−α−β)

p−2β (1−p−α)(1−p−β)

(1−p−α−β)

Fig. 1.8. β-measure on P1(Qp)/Z∗
p

O

(1 : 1)Z∗
p � Zp

(1 : p)Z∗
p � Zp

(1 : p2)Z∗
p � Zp

(1 : p3)Z∗
p � Zp

0

β-measure

(1 − p−α)−1 (1−p−α)(1−p−β)

(1−p−α−β)

p−β (1−p−α)(1−p−β)

(1−p−α−β)

p−2β (1−p−α)(1−p−β)

(1−p−α−β)

p−3β (1−p−α)(1−p−β)

(1−p−α−β)

Fig. 1.9. β-measure on P1(Qp)/Z∗
p � Zp

1.4 Remarks on the γ and β-Measure

1.4.1 β-Measure Gives γ-Measure

The β-measure is more basic than the γ-measure. Actually the γ-measure is
obtained by taking the limit α → ∞ of the β-measure. To see this, we first
consider the case of a finite prime p �= η. Since ρ0(x)β = |x|βp on Zp and

ρ∞(x)α → φZp(x),

ζp(α, β) → ζp(β)
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as α → ∞, it is clear that the β-measure converges to the γ-measure. For the
real prime p = η, remark that

τα,β
η (x) → δ0(x) (α → ∞),

where δ0(x) is the delta measure supported at 0. Hence we consider the
following scaling limit. By the Stirling formula we have

ζη(α, β) =
ζη(α)

ζη(α + β)
ζη(β) ∼

( α

2π

)− β
2

ζη(β) (α → ∞).

This yields that

τα,β
η

(( α

2π

)− 1
2 · x

)
=
(
1 +

2π

α
x2
)−α

2
(
1 +

α

2π
x−2
)− β

2 d∗x
ζη(α, β)

∼ e−πx2
(2π

α
+ x−2

)− β
2 d∗x

ζη(β)

→ e−πx2 |x|βη
d∗x

ζη(β)

as α → ∞. Hence we have τα,β
η

((
α
2π

)− 1
2 · x) → τβ

Zη
(x) as α → ∞. Note that,

more generally, we have for c > 0

τα,β
η

((α

c

)−λ

· x
)
→

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

δ0(x) if λ <
1

2
,( c

2π

)β
2

e−
c
2 x2 |x|βη

d∗x
ζη(β)

if λ =
1

2
,

δ∞(x) if λ >
1

2
,

(α → ∞).

1.4.2 γ-Measure Gives β-Measure

Next we show that the γ-measure gives the β-measure. Let us denote by pr∗
the push forward from the set of measures on V ∗(Qp) onto the set of measures

on P1(Qp). Then the measure pr∗(τ
α
Zp

⊗ τβ
Zp

) gives the β-measure. Actually it
holds that∫

(1:x)

τα
Zp

⊗ τβ
Zp

=

∫
Q∗

p

d∗a · φZp(a)
|a|αp

ζp(α)
φZp(ax)

|ax|βp
ζp(β)

=
|x|βp

ζp(α)ζp(β)

∫
Q∗

p

d∗a · φZp(a · |1, x|p)|a|α+β
p

=
|x|βp |1, x|−α−β

p

ζp(α)ζp(β)
ζp(α + β)

= ρ∞(x)αρ0(x)β 1

ζp(α, β)
.
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Hence we have pr∗(τ
α
Zp

⊗ τβ
Zp

) = τα,β
p . Notice that in the second equality we

use the relation

φZp(a)φZp(b) = φZp(|a, b|p)
where |a, b|p on the right hand side denote any element of Qp of absolute value
|a, b|p; this is shown as follows. We have for p �= η

φZp(|a, b|p) =

{
1 if a, b ∈ Zp,

0 otherwise
= φZp(a)φZp(b)

and for p = η

φZη (|a, b|η) = e−π(
√

a2+b2)2 = e−πa2

e−πb2 = φZη (a)φZη (b).

1.4.3 Special Case α = β = 1

As a final remark we consider the β-measure at a special value of the param-
eters, that is, α = β = 1. For a finite prime p �= η, τ1,1

p gives the unique
PGL2(Zp)-invariant probability measure on P1(Qp). For the real prime p = η,
τ1,1
η gives the unique O(2)-invariant probability measure on P1(R). Note that

O(2) = GL2(Zη). Similarly, the γ-measure τβ
Zp

at β = 1 gives the additive
measure

τ1
Zp

(x) = φZp(x)dx.



2

Markov Chains

Summary. In Sect. 2.1 we show there is a bijection between probability measures τ
on the boundary space ∂X of a tree X, and Markov chain on X. For each point x on
the tree, we consider the set of all the paths going through x and call it the interval
I(x). The interval splits into intervals I(x′) corresponding to each arrow x �→ x′, and
we give this arrow the probability τ (I(x′))/τ (I(x)). The sum of the probability is
equal to 1. This is a Markov chain. We then give a brief description in Sect. 2.2 of the
boundary theory of general transient Markov chains. Let X =

⊔
n Xn, X0 = {x0}

be the state space, P :
⊔

n Xn × Xn+1 → [0, 1] the transition probability. Then we
have

Probability measure τn(x) = (P ∗)nδx0(x) (x ∈ Xn),

Green kernel G(x, y) = P m−n(x, y) (x ∈ Xn, y ∈ Xm),

Martin kernel K(x, y) =
G(x, y)

G(x0, y)
.

The Martin kernel gives a metric. The sequence {yn} is a Cauchy sequence if
{K(x, yn)} is a Cauchy sequence of R for all x and {yn} ∼ {y′

n} if {K(x, yn)} ∼
{K(x, y′

n)}. Then we obtain the compactification

X = {Cauchy sequence of X}/∼ = X � ∂X.

Recall the theorem that every super-harmonic function f is equal to Kµ for some
µ which is a probability measure on X � ∂X. Here a function f is called super-
harmonic if Pf ≥ f . If Pf = f , we call f a harmonic function and µ is a measure
supported only on the boundary ∂X. The set Harm(X) of all harmonic functions
on X is divided as

Harm(X) = Harm(X)ext � Harm(X)non-ext

and the boundary ∂X also decomposes as

∂X = ∂Xext � ∂Xnon-ext.
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Here a point y ∈ ∂X is called extream if Kδy = K(x, y) is extream harmonic
function. Then there is one-to-one correspondence between the probability measures
on ∂Xext and the harmonic functions on X.

2.1 Markov Chain on Trees

2.1.1 Probability Measures on ∂X

Let X be a tree and x0 ∈ X the root. For n ≥ 0, we denote by Xn the set

Xn := {x ∈ X | d(x0, x) = n}.

Then X decomposes as the disjoint union of Xn; X =
⊔

n≥0 Xn. Note that
X0 = {x0} and Xn is a finite set. The boundary ∂X of X is defined by the
inverse limit of sets Xn or as the collection of all paths starting from the
root x0,

∂X := lim←−Xn =
{
x̃ = {xn}

∣∣xn ∈ Xn, d(xn, xn+1) = 1
}
.

For x ∈ Xn, we denote I(x) ⊂ ∂X , which is called the “interval” of x, by

I(x) :=
{
x̃ = {xn} ∈ ∂X |xn = x

}
and give a topology in ∂X by regarding the family {I(x) |x ∈ X} as open
base of ∂X .

Let τ be a probability measure on the boundary ∂X . Then we obtain a
function τ : X → [0, 1] defined by τ(x) := τ(I(x)) and it satisfies

τ(x0) = 1, τ(x) =
∑

x′∈Xn+1
x �→x′

τ(x′) (x ∈ Xn) (2.1)

since I(x0) = ∂X and I(x) =
⊔

x �→x′ I(x′). Here we write x �→ x′ instead
of d(x, x′) = 1. Conversely, let τ be a function on the tree X satisfying the
condition (2.1). Let τ(I(x)) := τ(x). Then τ gives a probability measure on
∂X since each open set of ∂X is expressed as the disjoint union of some
intervals I(x). Therefore we have the following one-to-one correspondence;

M1(∂X)
1:1←→
{

the function on X satisfying
the condition (2.1)

}
.

Here M1(Y ) denotes the set of all probability measure on Y .
Now given such a τ , we define the probability of going from x to x′ by

P (x �→ x′) := τ(x′)/τ(x). It is clear from (2.1) that∑
x′∈X
x �→x′

P (x �→ x′) = 1 (x ∈ X). (2.2)
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Hence we have a Markov chain (the condition (2.2) is called the Markov
condition). Namely, we have a tree X , which is called the “state space”, and
the function

P :
⊔
n≥0

Xn × Xn+1 −→ [0, 1]

satisfying the condition (2.2). We call such a function P the “transition prob-
ability”. Conversely, if we are given a tree X and a function P satisfying the
Markov condition, we can get a probability measure on ∂X as follows; For
any x ∈ X , we have the unique path x0 �→ x1 �→ · · · �→ xn = x from x0 to x.
Define the function τ : X → [0, 1] by

τ(x) := P (x0 �→ x1) · · ·P (xn−1 �→ xn = x).

Then we have from (2.2) that∑
x �→x′

τ(x′) =
∑

x �→x′
P (x0 �→ x1) · · ·P (xn−1 �→ x)P (x �→ x′)

= P (x0 �→ x1) · · ·P (xn−1 �→ x)
∑

x �→x′
P (x �→ x′)

= τ(x).

Hence the function τ(x) satisfies the condition (2.1) and τ(I(x)) := τ(x) gives
a probability measure on ∂X . We call τ the harmonic measure of P . Hence
we obtain the following one-to-one correspondence;

M1(∂X)
1:1←→
{

Markov chain on X ;
transition probability P

}
.

2.1.2 Hilbert Spaces

Let P be a transition probability and τ its harmonic measure on ∂X . Then
we can obtain the probability measure τn on Xn by

τn(x) = τ(I(x)) := P (x0 �→ x1) · · ·P (xn−1 �→ x) (x ∈ Xn),

where x0 �→ x1 �→ · · · �→ xn = x is the unique path from x0 to x. This can be
also written as τn(x) = (P ∗)nδx0(x) where P ∗ is the adjoint of P and δx0 is
the delta function at x0 (see the next section). Hence, for all n ≥ 0, we obtain
the Hilbert space

Hn := �2(Xn, τn) =
{
f : Xn → C

∣∣ ||f ||Hn < ∞},
where ||f ||Hn := (f, f)

1/2
Hn

and (·, ·)Hn is the inner product of Hn defined by

(f, g)Hn :=
∑

x∈Xn

f(x)g(x)τn(x).
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For each n ≥ 0, we have an embedding Hn ↪→ Hn+1 defined by

Hn � ϕ �−→ ϕ′ ∈ Hn+1; ϕ′(x′) := ϕ(x),

where x ∈ Xn is the unique element such that x �→ x′. This is an unitary
embedding, that is, it preserves the inner product, and we hence identify Hn

with a subspace of Hn+1. On the other hand we have the orthogonal projection
from Hn+1 onto the subspace Hn

Hn+1 � ϕ′ �−→ ϕ = Pϕ′ ∈ Hn; Pϕ′(x) :=
∑

x′∈Xn+1
x �→x′

P (x �→ x′)ϕ′(x′).

In fact, we can easily show that ϕ′−Pϕ′ ∈ Hn
⊥ := {f ∈ Hn+1 | (f, g)Hn+1 = 0

for all g ∈ Hn}.
Since we have a probability measure τ on ∂X , we have another Hilbert

space
H := �2(∂X, τ) =

{
f : ∂X → C

∣∣ ||f ||H < ∞},
where ||f ||H := (f, f)

1/2
H and (·, ·)H is the inner product of H defined by

(f, g)H :=

∫
∂X

f(x̃)g(x̃)τ(dx̃).

There is also an unitary embedding map Hn ↪→ H for all n ≥ 0 defined by

Hn � ϕ �−→ ϕ̃ ∈ H ; ϕ̃(x̃) := ϕ(xn)

with x̃ = {xn} and this is an unitary embedding. The orthogonal projection
from H onto Hn is given as follows;

H � ϕ̃ �−→ ϕ ∈ Hn; ϕ(xn) :=
1

τn(xn)

∫
I(xn)

ϕ̃(x̃)τ(dx̃).

H0
� � �� H1

� � ��

P
����

· · · � � ��

P
����

Hn
� � ��

P
����

� �

��

Hn+1
� � ��

P
����

· · ·
P

				

H







2.1.3 Symmetric p-Adic β-Chain

Let us describe the Markov chains associated to the p-adic trees and measures
on them. We first give the symmetric β-chain on the tree P1(Qp)/Z∗

p with
β-measure. The set of all points on the tree P1(Qp)/Z∗

p is identified with
X = N × N, the state space. In fact, let

Xn =
{
(i, j) ∈ N × N

∣∣max{i, j} = n
}
.
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p−α(1−p−β)

1−p−α−β

p−α

p−α

(1−p−α)(1−p−β)

1−p−α−β

1 − p−α

1 − p−α

(1−p−α)p−β

1−p−α−β

1 − p−β

1

1

p−β

1 − p−β

1

1

p−βO

X1

X2

X3

Fig. 2.1. Symmetric β-chain on P1(Qp)/Z∗
p

Then Xn can be identified with P1(Z/pn)
/
(Z/pn)∗ by the following corre-

spondence;

Xn � (i, j) �−→ (pn−i : pn−j) ∈ P1(Z/pn)
/
(Z/pn)∗.

One can easily obtain the probability measure of each arrow (see Fig. 2.1).
Remember the projection from P1(Qp) onto P1(Qp)/Z∗

p. If we want to
know the probability measure of an arrow in the tree of P1(Qp), we divide
the probability of the projected arrow in P1(Qp)/Z∗

p by the number of the
arrow of P1(Qp) corresponding to the given arrow in P1(Qp)/Z∗

p. For example
if α = β = 1, it it easy to see that the probability of each arrow is given as in
Fig. 2.2 (for the case p = 3). Note that if α = β = 1, the β-measure τ1,1

p is the
unique PGL2(Zp)-invariant measure. In this case we call this the “random
walk”. Random means that the probability of each arrow is alway the same
at any stage. But this is only α = β = 1.

2.1.4 Non-Symmetric p-Adic β-Chain

The symmetric β-chain on P1(Qp)/Z∗
p is still too complicated for us. We next

consider the chain on the tree P1(Qp)/Z∗
p � Zp. Since this is not symmetric,

we call this non-symmetric β-chain. Note that the tree of P1(Qp)/Z∗
p � Zp is

obtained by collapsing all of the paths corresponding to (pn : 1)Z∗
p for n ≥ 0

of P1(Qp)/Z∗
p together. Let

Xn =
{
(i, j) ∈ N × N

∣∣ i + j = n
}
.
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Fig. 2.2. Random walk on P1(Qp)

1−p−β

1−p−α−β

1

1

1 − p−β

1

(1−p−α)p−β

1−p−α−β

1 − p−β

p−β p−βO

X1

X2

X3

Fig. 2.3. Non-symmetric β-chain on P1(Qp)/Z∗
p � Zp

We also regard X = N×N as the state space by the following correspondence;

Xn � (i, j) �−→ (1 : pn−j) = (1 : pi) ∈ P1(Z/pn)
/
(Z/pn)∗ � (Z/pn).

The probability measure is also given in Fig. 2.3. We will concentrate on this
chain because it is very simple and will expect a real analogue of the chain.
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Notice that the dimension of the Hilbert space Hn = �2(Xn, τn) is given by
dimHn = #Xn = n + 1. Now Hn is embedding into Hn+1 and the dimension
grows by 1 at each stage. Therefore we conclude that there is a unique function
ϕn �= 0, up to constant multiplied in Hn∩(Hn−1)

⊥ and obtain the orthogonal
decomposition Hn = Cϕn ⊕Hn−1. Let us decide this function. First it is easy
to see that

ϕ1 = 1, (2.3)

where 1 is the constant function. Next ϕ1 is the function on X1 = {(1, 0), (0, 1)}
and satisfies (ϕ1, ϕ0)H1 = 0. Namely,

ϕ1(1, 0)τ1(1, 0) + ϕ1(0, 1)τ1(0, 1) = 0.

Since τ1(1, 0) = (1−p−α)p−β/(1−p−α−β) and τ1(0, 1) = (1−p−β)/(1−p−α−β),
we conclude that

ϕ1(i, j) =

{
(1 − p−β)pβ if (i, j) = (1, 0),

−(1 − p−α) if (i, j) = (0, 1).
(2.4)

Similar on the n-th set Xn = {(n, 0), (n − 1, 1), . . . , (0, n)} for n ≥ 2, the
function ϕn is given by

ϕn(i, j) =

⎧⎪⎨⎪⎩
(1 − p−β)pβn if (i, j) = (n, 0),

−pβ(n−1) if (i, j) = (n − 1, 0),

0 if 0 ≤ i < n − 1.

(2.5)

By the embedding Hn ↪→ Hn+1, the function ϕn, which is an element of Hn,
can be viewed also as the function on the following spaces HN for N > n.
Hence we also obtain the orthogonal decomposition of the N -th layer HN

from (2.3), (2.4) and (2.5);

HN =
⊕

0≤m≤N

CϕN,m,

where

ϕN,0 = 1,

ϕN,1(i, j) =

{
(1 − p−β)pβ if 0 < i ≤ N,

−(1 − p−α) if i = 0,

ϕN,m(i, j) =

⎧⎪⎨⎪⎩
(1 − p−β)pβm if m − 1 < i ≤ N,

−pβ(m−1) if i = m − 1,

0 if 0 ≤ i < m − 1,

(m ≥ 2).
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Remember that the function ϕn can be naturally viewed as the element of the
boundary space H = �2(∂X, τ). Therefore the Hilbert space H is also written
as the orthogonal direct sum over all m ≥ 0;

H =
⊕
m≥0

Cϕm.

Identifying the boundary ∂X = P1(Qp)/Z∗
p � Zp, we have

ϕ0 = 1,

ϕ1 = (1 + pβ − p−α)φpZp − (1 − p−α)1,

ϕm = pβmφpmZp − pβ(m−1)φpm−1Zp
(m ≥ 2)

since, say for m ≥ 2, ϕm = (1 − p−β)pβmφpmZp − pβ(m−1)(φpm−1Zp
− φpmZp).

We will denote in future HN by H
(α)β
p(N). (The reason why we denote (α)β

but not α, β is that it is not symmetric for α and β.) The boundary space H is

also written as H
(α)β
p . Further we denote the basis ϕN,m of HN by ϕ

(α)β
p(N),m and

the basis ϕm of H by ϕ
(α)β
p,m . We call ϕ

(α)β
p(N),m the p-Hahn basis (an analogue of

the Hahn polynomial) and ϕ
(α)β
p,m the p-Jacobi basis (an analogue of the Jacobi

polynomial).

2.1.5 p-Adic γ-Chain

Let us consider the γ-measure. Take α → ∞ in either the symmetric β-chain
or non-symmetry β-chain. We get the following tree in Fig. 2.4, called the
p-adic γ-chain.

1 − p−β

1

1

1 − p−β

1

p−β

1 − p−β

p−β p−βO

X1

X2

X3

Fig. 2.4. γ-chain on Zp/Z∗
p
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Similarly we obtain the orthogonal decomposition of HN and H ;

HN : = Hβ
p(N) =

⊕
0≤m≤N

Cϕβ
p(N),m,

H : = Hβ
Zp

=
⊕
m≥0

Cϕβ
Zp,m,

where ϕβ
p(N),m (resp. ϕβ

Zp,m) is the basis of HN (resp. H) defined by

ϕβ
p(N),0 = 1,

ϕβ
p(N),1(i, j) =

{
(1 − p−β)pβ if 0 < i ≤ N,

−1 if i = 0,

ϕβ
p(N),m(i, j) =

⎧⎪⎨⎪⎩
(1 − p−β)pβm if m − 1 < i ≤ N,

−pβ(m−1) if i = m − 1,

0 if 0 ≤ i < m − 1,

(m ≥ 2).

and

ϕβ
Zp,0 = φZp ,

ϕβ
Zp,m = pβmφpmZp − pβ(m−1)φpm−1Zp

(m ≥ 1).

We call ϕβ
Zp,m the p-Laguerre basis, it is the analogue of the Laguerre

polynomial.
Note that if β = 1, the γ-measure can be written as τ1

Zp
= φZp(x)|x|1pd∗x/

ζp(1) = dx, where dx is the Haar measure of the additive group Qp normalized
to be a probability measure by dx(Zp) = 1. This show that τ1

Zp
is an “additive”

measure. Hence the probability of each arrow in the tree of Zp (which is over
that of Zp/Z∗

p) is given by 1/p, therefore it is also random walk see Fig. 2.5
(for p = 3).

Notice also that if we take the limit β → ∞, the γ-measure τβ
Zp

becomes

the probability measure on Z∗
p since τβ

Zp
(x) → 0 for x ∈ pZp. Further if x ∈ Z∗

p,

we have τβ
Zp

(x) = φZ∗
p
(x)d∗x/ζp(β) → d∗x and this gives the “multiplicative”

measure.

2.2 Markov Chain on Non-Trees

2.2.1 Non-Tree

Now let us consider the real analogue. We already obtain the real analogue
of the measure on the boundary, the real analogue of the γ-measure and
β-measure. Then what is the real analogue of the Markov chain? We usually
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Fig. 2.5. Random walk on Zp

represent a real number as a path in a “tree”. For example, in decimal expan-
sion, each real number is identified with a path from the origin in the 10 + 1
regular tree and we obtain R, the set of all real numbers, as the boundary
of the tree. Here we sometimes identify two paths, for instance, 1.0000 . . . is
identified with 0.9999 . . .. This shows that the boundary is not totally discon-
nected, hence this is a non-tree (for any tree, the boundary is always totally
disconnected). In this section we study the Markov chain on non-trees, which
can have continuous boundary.

2.2.2 Harmonic Functions

Let X =
⊔

n≥0 Xn, X0 = {x0} and Xn be a finite set for all n ≥ 0. We call X
the state space. Let P :

⊔
n≥0 Xn × Xn+1 → [0, 1] be a transition probability,

that is, P satisfies ∑
x′∈Xn+1

P (x, x′) = 1 (x ∈ Xn). (2.6)

Then we says that we have a Markov chain. If for any x ∈ Xn there exists a
sequence x0, x1, . . . , xn = x such that xj ∈ Xj and P (xj , xj+1) > 0, we say
that x is reachable from x0. We assume that every state x ∈ X is reachable
from x0. The function P can be extended as a function on X ×X by giving 0
if two points x, x′ are not connected. Therefore we can regard P as a matrix
over X × X .
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We also regard P as an operator which acts on �∞(X), the space of all
bounded function on X , as follows;

Pf(x) :=
∑

x′∈X

P (x, x′)f(x′)

It is easy to see

(i) f ≥ 0 =⇒ Pf ≥ 0,

(ii) P1 = 1

from the Markov property (2.6).
We have the adjoint operator P ∗, which acts on �1(X), defined by

P ∗µ(x′) :=
∑
x∈X

µ(x)P (x, x′).

This operator satisfies

(i) µ ≥ 0 =⇒ P ∗µ ≥ 0,

(ii)

∫
X

P ∗µ =

∫
X

µ =
∑
x∈X

µ(x).

The Laplacian ∆ is given by the operator

∆ := 1− P.

The function f : X → [0,∞) is called harmonic if

∆f ≡ 0, f(x0) = 1.

(Here the second condition is a normalization.) Note that the constant func-
tion 1 is clearly harmonic. Up to a constant multiplication, this is equivalent
to the equation

f(x) =
∑
x′

P (x, x′)f(x′)

We denote by Harm(X) the collection of all harmonic functions. Notice that
Harm(X) is convex. Namely,

f0, f1 ∈ Harm(X)
λ0, λ1 ≥ 0, λ0 + λ1 = 1

=⇒ λ0f0 + λ1f1 ∈ Harm(X).

The set Harm(X) is also compact for the topology of pointwise convergence.
If we can take λ0, λ1 > 0, then such a function is called non-extremal and we
let Harm(X)non-ext be the set of all non-extremal harmonic function;

Harm(X)non-ext :=
{
λ0f0 +λ1f1

∣∣ f0, f1 ∈ Harm(X), λ0, λ1 > 0, λ0 +λ1 = 1
}
.

The harmonic function is called extream if it is not non-extream and we denote
by Harm(X)ext the set of all extream harmonic functions. Then we obtain

Harm(X) = Harm(X)non-ext � Harm(X)ext.

This is a basic decomposition of a convex set (see Fig. 2.6).
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Harm(X)non-ext

Harm(X)ext

Fig. 2.6. Harm(X)

2.2.3 Martin Kernel

The Green kernel G is given by the operator

G := ∆−1 =
∑
m≥0

Pm.

If we view P as a matrix on X × X , G can be expressed as follows; Since
P m(x, y) is 0 unless x ∈ Xn and y ∈ Xn+m for some n ∈ N, we have

G(x, y) =
∑

x,x1,...,xm=y

P (x, x1) · · ·P (xm−1, y)

where the sum is over all paths from x to y. Fix a point y ∈ X . Then the
function G(·, y) : X → [0,∞) has finite support and is essentially harmonic
except for the point x = y. Namely,

G(x, y) =
∑

x �→x′
P (x, x′)G(x′, y) (x �= y).

If x = y, we have G(y, y) = 1 by the definition. Therefore we conclude that

∆G(·, y) = δy,·.

We next define the Martin Kernel K by

K(x, y) :=
G(x, y)

G(x0, y)
.

Hence this function will also be harmonic outside of x = y if we regard K(x, y)
as a function of x for a fixed y ∈ X . Note that

G(x0, y) ≥ G(x0, x)G(x, y).
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and we obtain the bound of the Martin Kernel;

K(x, y) ≤ 1

G(x0, x)
.

Now the Martin metric d : X × X → [0, 1] is defined by

d(y1, y2) :=
∑
n≥0

1

2n+1

1

#Xn

∑
x∈Xn

G(x0, x)|K(x, y1) − K(x, y2)|.

The sequence {xn} is a Cauchy sequence with respect to the Martin metric
if, for every x ∈ X , {K(x, xn)} ⊂ R is a Cauchy sequence. We say that two
such sequences {xn} and {x′

n} are equivalent (we write simply {xn} ∼ {x′
n})

if d(xn, x′
n) → 0 as n → ∞. This is equivalent to {K(x, xn)} ∼ {K(x, x′

n)} for
all x ∈ X . This clearly gives an equivalence relation on the set of all Cauchy
sequences and we obtain

X := {Cauchy sequences on X}/∼.

This is a compactification of X . Actually, for x ∈ X , the constant sequence
{xn} with xn = x for all n ≥ 0 gives a Cauchy sequence, whence X ⊂ X. We
then obtain X = X � ∂X where ∂X := X \ X .

The Martin kernel K(x, y), which is defined on X × X , is extended to
X × ∂X as follows; For x ∈ X and {xn}/∼∈ ∂X , we define

K(x, {xn}/∼) := lim
n→∞

K(x, xn).

(Since {K(x, xn)} is a Cauchy sequence in R, the limit exists.) This is well-
defined. Fix a point y = {yn}/∼∈ ∂X . Let us write Kδy(x) = K(x, y). Then
this is always Harmonic:∑

x �→x′
P (x, x′)K(x′, y) = K(x, y)

If we take y1 �= y2, then we have Kδy1 �= Kδy2 . More generally, for any
probability measure µ on the boundary ∂X , the function

Kµ(x) :=

∫
∂X

K(x, y)µ(dy)

is always a harmonic function.
The main theorem of the potential theory is as follows:

Theorem 2.2.1. For every harmonic function f ∈ Harm(X), there exists a
probability measure µ ∈ M1(∂X) such that f = Kµ.

We here gives some remarks. The function f is called super harmonic
if Pf ≥ f . The proof of Theorem 2.2.1 goes via showing that every super
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harmonic function f is of the form f = Kµ where µ is a probability measure on
X = X � ∂X . Note that if f ∈ Harm(X)ext, then the corresponding measure
µ has support at one point. Therefore f = Kδy for some y ∈ ∂X . We define

∂Xext :=
{
y ∈ ∂X

∣∣Kδy ∈ Harm(X)ext

}
,

In generally, we have ∂X = ∂Xext � ∂Xnon-ext. For our case, we have ∂X =
∂Xext. Now if in Theorem 2.2.1 the probability measure µ is supported on the
extream points, then it is unique. Therefore, for general Markov chain (on a
non-tree), we obtain the following one-to-one correspondence;

Harm(X)
1:1←→ M1(∂Xext)

Kµ ←→ µ

This is the one-to-one correspondence stated at the beginning of this chapter.
In particular, the constant function 1 is always harmonic. The correspond-

ing unique measure τ , supported at the extream points, is called the harmonic
measure.
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Real Beta Chain and q-Interpolation

Summary. In Sect. 3.1 we have the real analogue of the p-adic Markov chain. The
state space is just N×N. We give the probability on the arrow from (0, 0) to (0, 1) by

α
α+β

and to (1, 0) by β
α+β

, respectively. If we arrive at the point (i, j), we replace α

by α+2i and β by β +2j, respectively. Then the boundary is given by P1(R)/{±1}.
The harmonic measure is the measure τ (α)β = pr∗

(
τα

Zη
(x) ⊗ τβ

Zη
(x)
)
, the projection

of the product of two real γ-measures down to a measure on the projective line. We
call this the real β-chain.

In Sect. 3.2 we introduce the q-zeta function

ζq(s) =
1

(qs; q)∞
=
∏
n≥0

(1 − qs+n)−1.

It interpolates the p-adic ζp(s) = (1− p−s)−1 and the real ζη(s) = Γ
(

s
2

)
. Here there

is a slight problem with the real limit: we have to introduce a factor (1 − q)s which
destroy the periodicity of ζq(s). For the beta functions this problem disappear.

In Sect. 3.3 we construct the interpolation between the p-adic and the real beta
chains, that is, the q-β-chain. Again the state space is N×N. We give the probability

on the arrow from (0, 0) to (0, 1) by 1−qβ

1−qα+β and to (1, 0) by qβ(1−qα)

1−qα+β , respectively.

If we arrive at the point (i, j), we replace α by α + i and β by β + j, respectively.
The boundary is now given by gN ∪{0}. Here gi is the limit point of (i, j) as j → ∞
and, the one more point, 0 is the limit point (i, 0) or gi as i → ∞. We see that the
q-β-chain interpolate between the real and the p-adic β-chains.

3.1 Real β-Chain

We saw in Sect. 2.1 there is a one-to-one correspondence between the Markov
chains on a tree and probability measures on the boundary. But there is no
such correspondence on a non-tree.

Let X = N × N be the state space again and XN :=
{
(i, j) | i + j = N

}
.

We give a Markov chain, called the real β-chain on X . Let us start from
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(i, j) (i + 1, j)

(i, j + 1) (i + 1, j + 1)

β + 2j

α + β + 2N

α + 2i

α + β + 2N

α + 2i

α + β + 2(N + 1)

β + 2j

α + β + 2(N + 1)

Fig. 3.1. The real β-chain

the origin (0, 0). We can go to (0, 1) and (1, 0) from the origin and give the
probability on each walk by α and β respectably. To obtain the transition
probability, we normalize by dividing by α + β. If we reach the point (i, j),
we replace α by α + 2i and β by β + 2j, respectively (see Fig. 3.1). Namely, if
i + j = N , we put the probability as

P ((i, j), (i + 1, j)) :=
α + 2i

α + β + 2N
,

P ((i, j), (i, j + 1)) :=
β + 2j

α + β + 2N
.

Remark that the product of the probability from (i, j) to (i+1, j +1) is same
independent of which way you go. This shows that the probability does not
depend on the path, but only on the initial and the final points of the path.

3.1.1 Probability Measure

To apply the potential theory, we first need the probability measure on the
finite layer XN . Let (i, j) ∈ XN , that is, i + j = N . From the definition, the

probability measure τα,β
N (i, j) is given by

τα,β
N (i, j) = τ(i, j) = (P ∗)N δ(0,0)(i, j).

We claim that

τα,β
N (i, j) =

N !

i!j!

ζη(α + 2i, β + 2j)

ζη(α, β)
(3.1)

To prove this, denote by τ̃ (i, j) the right hand side of (3.1). Note that the prob-
ability measure τ is characterized by the following equations; τ(0, 0) = 1
and



3.1 Real β-Chain 49

τ(i + 1, j + 1) = τ(i, j + 1)
α + 2i

α + β + 2(N + 1)
+ τ(i + 1, j)

β + 2j

α + β + 2(N + 1)

Hence all we need to do is to check that τ̃(i, j) also satisfies these equations.
It is clear that τ̃ (0, 0) = 1. So let us check the second equation. From the
recursion formula of the gamma function Γ (s + 1) = sΓ (s), we see that

τ̃(i, j + 1) = τ̃ (i, j)
N + 1

j + 1

β
2 + j

α+β
2 + N

, τ̃ (i + 1, j) = τ̃ (i, j)
N + 1

i + 1

α
2 + i

α+β
2 + N

and

τ̃ (i + 1, j + 1) = τ̃(i, j)
(N + 1)(N + 2)

(i + 1)(j + 1)

(
α
2 + i

)(
β
2 + j

)(
α+β

2 + N
)(

α+β
2 + N + 1

) .
Hence the equation

τ̃ (i, j + 1)
α + 2i

α + β + 2(N + 1)
+ τ̃(i + 1, j)

β + 2j

α + β + 2(N + 1)
= τ̃ (i + 1, j + 1)

is equivalent to

1

j + 1
+

1

i + 1
=

N + 2

(i + 1)(j + 1)

and this is actually true since i + j = N .

Taking α = β = 2, we have τ2,2
N (i, j) = 1

N+1 for all (i, j), i + j = N .

3.1.2 Green Kernel and Martin Kernel

We next want the Green kernel G((i, j), (i′, j′)) for (i, j) ∈ Xn and (i′, j′) ∈
Xn′ . By the definition, it is clear that G((i, j), (i′, j′)) = 0 unless i′ ≥ i and
j′ ≥ j. Remembering how we defined the probability of the chain. From the
property of the transition probability P , the Green kernel G((i, j), (i′, j′)) is
equal to the measure at (i′ − i, j′ − j) with replacement α by α + 2i and β by
β + 2j. Namely we have

G((i, j), (i′, j′)) =

{
τα+2i,β+2j
n′−n (i′ − i, j′ − j) if i′ ≥ i and j′ ≥ j,

0 otherwise.
(3.2)

Since we obtain the Green kernel, we can now get the Martin kernel. Let

us write it down. The Martin kernel is given by K((i, j), (i′, j′)) = τα+2i,β+2j
n′−n

(i′− i, j′− j)/τα,β
n′ (i′, j′) for i′ ≥ i and j′ ≥ j (otherwise, trivially 0). One can

calculate it explicitly from (3.1). Actually, it can be written as

τα+2i,β+2j
n′−n (i′ − i, j′ − j)

τα,β
n′ (i′, j′)



50 3 Real Beta Chain and q-Interpolation

=
(n′ −n)!

(i′ − i)!(j′ − j)!

i′!j′!
n′!

ζη(α +2i +2(i′ − i), β +2j + 2(j′ − j))

ζη(α +2i, β + 2j)

ζη(α, β)

ζη(α +2i′, β + 2j′)

=
(n′ − n)!

(i′ − i)!(j′ − j)!

i′!j′!
n′!

ζη(α, β)

ζη(α + 2i, β + 2j)
.

Therefore we obtain

K((i, j), (i′, j′)) =

⎧⎪⎨⎪⎩
(n′ − n)!

(i′ − i)!(j′ − j)!

i′!j′!

n′!

ζη(α, β)

ζη(α + 2i, β + 2j)
if i′ ≥ i and j′ ≥ j,

0 otherwise.

(3.3)

Remark that the factor ζη(α, β)/ζη(α + 2i, β + 2j) does not depend on i′, j′.

3.1.3 Boundary

Now let us obtain the boundary of X . We first decide the Cauchy sequence. Let
{xn} = {(in, jn)} be a Cauchy sequence of X . By the definition it means that,
for any (i, j), {K((i, j), (in, jn))} is a Cauchy sequence of R. In particular, let
us pick (i, j) = (1, 0) and (0, 1). Plugging in formula (3.3) of Martin kernel,
the sequences

K((1, 0), (in, jn)) =
(in + jn − 1)!

(in − 1)!jn!

in!jn!

(in + jn)!

ζη(α, β)

ζη(α + 2, β)

=
in

in + jn

ζη(α, β)

ζη(α + 2, β)

and

K((0, 1), (in, jn)) =
jn

in + jn

ζη(α, β)

ζη(α, β + 2)
.

should be Cauchy sequences. This means that either

1. There exists some i∞ and j∞ such that (in, jn) ≡ (i∞, j∞) for all n � 0, or
2. in + jn → ∞ (n → ∞) and jn/in converges (in wide sense) in [0,∞].

Conversely, as we will check below soon, the Martin kernel converges for all
(i, j) whenever jn/in converges in the wide sense. Therefore we obtain the
boundary;

∂X = [0,∞] = P1(R)/{±1} = P1(C)/C(1),

where C(1) :=
{
x ∈ C

∣∣ |x|η = 1
}
. Note that {±1} = Z∗

η.
Now assume jn/in → |x|2η as n → ∞ with x ∈ [0,∞]. Then we need to

show that, for all (i, j), the limit

K((i, j), x) := lim
in+jn→∞

jn/in→|x|2η

K((i, j), (in, jn)).



3.1 Real β-Chain 51

exists. This is a simple calculation. Actually, from (3.3) again, we have

K((i, j), (in, jn))

=
(in + jn − i − j)!

(in + jn)!

in!jn!

(in − i)!(jn − j)!

ζη(α, β)

ζη(α + 2i, β + 2j)

=
in(in − 1) · · · (in − i + 1) · jn(jn − 1) · · · (jn − j + 1)

(in + jn)(in + jn − 1) · · · (in + jn − i − j − 1)

ζη(α, β)

ζη(α + 2i, β + 2j)

=

( 1

1 + jn
in

)( 1

1 + jn+1
in−1

)
· · ·
( 1

1 + jn+i−1
in−i+1

)
·
( 1

1 + in
jn

)( 1

1 + in+1
jn−1

)
· · ·
( 1

1 + in+j−1
jn−j+1

)
1 ·
(
1 − 1

in + jn

)
· · ·
(
1 − i + j − 1

in + jn

) ζη(α + 2i, β + 2j)

ζη(α, β)

.

Therefore we have

lim
in+jn→∞

jn/in→|x|2η

K((i, j), (in, jn)) =
( 1

1 + |x|2η
)i( 1

1 + |x|−2
η

)j ζη(α, β)

ζη(α + 2i, β + 2j)
.

(3.4)
This also gives the extension of the Martin kernel to the point x in the
boundary [0,∞].

3.1.4 Harmonic Measure

From the calculation above we obtain the boundary ∂X = [0,∞]. We next
would like to calculate the harmonic measure. Remark that the harmonic
measure is the measure on the boundary which corresponds to the constant
function 1 (which is always harmonic). Remember that the real β-measure is
given by

τα,β
η (x) = ρ∞(x)αρ0(x)β d∗x

ζη(α, β)
.

Hence, by (3.4), the Martin kernel K((i, j), x) is given by

K((i, j), x) = ρ∞(x)2iρ0(x)2j ζη(α, β)

ζη(α + 2i, β + 2j)
=

τα+2i,β+2j
η (x)

τα,β
η (x)

. (3.5)

We claim that the real β-measure τα,β
η is the harmonic measure on the bound-

ary ∂X = [0,∞]. Let us show that Kτα,β
η

= 1. In fact, by (1.6), we have for

all (i, j)

Kτα,β
η

(i, j) =

∫
∂X

K((i, j), x)τα,β
η (x) =

∫ ∞

0

τα+2i,β+2j
η (x)

τα,β
η (x)

τα,β
η (x)

=

∫ ∞

0

τα+2i,β+2j
η (x) = 1.

Hence we obtain the claim.



52 3 Real Beta Chain and q-Interpolation

3.2 q-Interpolation

There is no one-to-one correspondence between harmonic probability measures
on the boundary and non-tree Markov chains. But we saw that the real β-
measure is the harmonic measure of the real β-Markov chain. Both the p-adic
and the real β-chains have the same state space N × N. Here we construct a
q-interpolation between them.

3.2.1 Complex β-Chain

Before we state the q-interpolation, we just make a remark about complex
prime η. Let dx be the Haar measure on Qη = C (usual Lebesgue measure on
C multiplied by two). Then we have

d(ax) = |a|ηdx, |a|η = a · a = |a|2 (a ∈ C).

Let d∗x be the Haar measure on C∗ normalized by

d∗x :=
dx

|x|2
1

2π
=

dr

r

dθ

π
(x = reiθ ∈ C∗)

Then the complex γ-integral is given by∫
C∗

e−π|x|2|x|sηd∗x = π−sΓ (s).

On the projective line P1(C), we also define a metric ρ by

ρ((x1 : y1), (x2 : y2)) :=
|x1y2 − y1x2|η

(|x1|2η + |y1|2η)(|x2|2η + |y2|2η)

and

ρ∞(x) : = ρ((0 : 1), (1 : x)) = (1 + |x|2)−1,

ρ0(x) : = ρ((1 : 0), (1 : x)) = (1 + |x|−2)−1.

Then the complex β-measure is defied by

τα,β
η := ρ∞(x)αρ0(x)β d∗x

ζη(α, β)
,

where ζη(α, β) is the beta function;

ζη(α, β) := B(α, β) =
Γ (α)Γ (β)

Γ (α + β)
.

Then we have
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(i, j) (i + 1, j)

(i, j + 1) (i + 1, j + 1)

β + j

α + β + N

α + i

α + β + N

α + j

α + β + N + 1

β + j

α + β + N + 1

Fig. 3.2. The complex β-chain

ζη(α, β) =

∫
P1(C)

ρ∞(x)αρ0(x)βd∗x.

Now we consider the complex β-chain. Let X and XN be the same as the real
β-chain. For (i, j) ∈ XN , we give the probability by

P ((i, j), (i + 1, j)) :=
α + i

α + β + N
,

P ((i, j), (i, j + 1)) :=
β + j

α + β + N
.

see Fig. 3.2.
Remark the real beta chain is obtained by replacing α by α/2 and β by

β/2, respectively.

3.2.2 q-Zeta Functions

Remember the local zeta functions for a finite prime p; ζp(s) := (1 − p−s)−1,
and the complex prime η; ζη(s) := Γ (s). Let us compare these functions.
Notice that the function ζp(s) is periodic with period 2πi

log p and has simple

poles at 2πi
log pZ. On the other hand the function ζη(s) is “Z-periodic”, that is,

ζη(s + 1) = sζη(s) and has simple poles at s = 0,−1,−2, . . . .

finite prime p complex prime η

local zeta function ζp(s) := (1 − p−s)−1 ζη(s) := Γ (s)

periodicity ζp

(
s +

2πi

log p

)
= ζp(s) ζη(s + 1) = sζη(s)

poles
2πi

log p
Z −N
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The simplest function which has both the same periodicity and poles of
the local zeta function is

ζq(s) :=
1

(qs : q)∞
=
∏
n≥0

(1 − qs+n)−1.

We call ζq(s) the q-zeta function. We see that the function ζq(s) interpo-
lates these two local zeta. Notice that ζq(s) has both periodicities mentioned

above. Namely, it is periodic with period 2πi
log q ; ζq

(
s + 2πi

log q

)
= ζq(s), and “Z-

periodic”; ζq(s + 1) = (1 − qs)ζq(s). And the poles of ζq(s) are located on
1/2-lattice −N + 2πi

log q Z.

Let us see that ζq(s) indeed gives an interpolation between ζp(s) and ζη(s).

1. For a finite prime p �= η, we have

lim
N→∞

ζp−N

( s

N

)
= ζp(s)

2. For the complex prime η, the limit is not so simple. We recall the Jackson
q-gamma function Γq(s) defined by

Γq(s) :=
ζq(s)(1 − q)−s

ζq(1)(1 − q)−1
.

We have just seen that the function ζq(s) is periodic with period 2πi
log q Z.

On the other hand the factor (1 − q)−s is periodic with period 2πi
log (1−q)Z.

Then taking the product of this two function, we lose the periodicity. This
is why we prefer to work with ζq(s). The q-gamma function Γq(s) actually
gives a q-analogue of the gamma function since

Γq(s) = (1 − q)−s+1
∏
n≥0

1 − q1+n

1 − qs+n
=
∏
n≥0

1 − q1+n

1 − qs+n

(1 − q2+n

1 − q1+n

)s−1

.

Taking the limit q → 1, we have from the Stirling formula

lim
q→1

Γq(s) =
∏
n≥0

1 + n

s + n

(2 + n

1 + n

)s−1

= lim
N→∞

1 · 2 · · · (N − 1)N

s(s + 1) · · · (s + N − 1)
(N + 1)s−1

= lim
N→∞

Γ (s)Γ (N)

Γ (s + N)
Ns (N(N + 1)s−1 ∼ Ns)

= Γ (s).

(Remark that the second line is the original definition of the gamma
function by Euler.) This shows that

lim
q→1

ζq(s)(1 − q)−s

ζq(1)(1 − q)−1
= ζη(s).
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Define the q-beta function ζq(α, β) by

ζq(α, β) :=
ζq(α)ζq(β)

ζq(α + β)ζq(1)
= (1 − q)−1 Γq(α)Γq(β)

Γq(α + β)

This function is nice since it is periodic both in α and β with period 2πi
log q .

Note that the original beta function does not have such properties. Let us see
that ζq(α, β) also gives an interpolation of ζp(α, β).

1. For a finite prime p �= η, one can obtain ζp(α, β) by the p-adic substitu-
tion p©N ;

(1 − q)ζq(α, β)

∣∣∣∣∣ q=p−N

α= α
N

,β=
β
N

−→ ζp(α, β) =
(1 − p−α)−1(1 − p−β)−1

(1 − p−α−β)−1
(N → ∞)

2. For the complex prime η, we have ζη(α, β) by

(1−q)ζq(α, β)

∣∣∣∣∣ any q∈(0,1)

q=q
1
N

−→ ζη(α, β) = B(α, β) (N → ∞)

and, for the real prime η = R, have also ζη(α, β) by the real substitu-
tion η©N ;

(1−q)ζq(α, β)

∣∣∣∣∣ any q∈(0,1)

q=q
1
N ,α= α

2
,β=

β
2

−→ ζη(α, β) = B
(α
2

,
β

2

)
(N → ∞)

3.3 q-β-Chain

We next consider the chain called the q-β-chain, which is also a q-interpolation
between the p-adic and the real β-chains. The state space is X = N × N and
the N -th layer XN is also the same as in the real β-chain. For (i, j) ∈ XN , we
define the transition probability by

P ((i, j), (i + 1, j)) : =
(1 − qα+j)qβ+j

1 − qα+β+i+j
, (3.6)

P ((i, j), (i, j + 1)) : =
1 − qβ+j

1 − qα+β+i+j
.

It is easy to see that the p-adic substitution p© and real substitution η© yield
the (non-symmetric) p-adic and real β-chains, respectively;

q-β-chain
p©N−→ the p-adic β-chain (N → ∞),
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q-β-chain
η©N−→ the real β-chain (N → ∞).

In this sense, the q-β-chain interpolates between the p-adic and the real β-
chain. Notice that if we take the limit N → ∞ in the p-adic substitution p©N ,
the probability on the walk from (i, j) to (i + 1, j) vanishes unless j = 0. This
means that there are no path from (i, j) to (i+1, j) unless j = 0 in the p-adic
β-chain. Hence the form of the tree of the non-symmetric p-adic β-chain is
given in Fig. 2.3. Remark that in the q-case the probability of given two points
depends on the path which connects them. More precisely, we have

P ((i, j), (i + 1, j))P ((i + 1, j), (i + 1, j + 1))

= q · P ((i, j), (i, j + 1))P ((i, j + 1), (i + 1, j + 1)). (3.7)

When q becomes 0, as in the p-adic limit, we get the vanishing of (3.7) hence
the form of a tree; while when q becomes 1, as in the real limit, we get from
(3.7) the independence of the probability on the path, as noted for the real
β-chain.

3.3.1 q-Binomial Theorem

We want to analyze the q-β-chain and the probability measure, the Green
kernel, the Martin kernel, and so on. Before that, we recall the notation of
q-analogues. We denote the q-number by

[s]q :=
1 − qs

1 − q

and the q-factorial by

[n]q! := [n]q[n − 1]q · · · [1]q (n ∈ N).

Note that [1]q = 1 = [0]q. We define also the q-binomial coefficient by[
n

k

]
q

:=
[n]q!

[k]q![n − k]q!
,

[
1

0

]
q

= 1 =

[
0

0

]
q

.

The fundamental properties of the q-binomial coefficient is[
n

k

]
q

=

[
n − 1

k

]
q

qk +

[
n − 1

k − 1

]
q

.

Now an important identity is the following q-binomial theorem. Let X
and Y be operators which act on some space and satisfy the q-commutativity;

XY = qY X. (3.8)

Then we have

(X + Y )N =
∑

0≤k≤N

[
N

k

]
q

Y N−kXk. (3.9)

One can prove this formula by a simple induction on N .
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3.3.2 Probability Measure

Let us consider the q-Markov chain. Notice that

P ∗f(i, j) =
(1 − qα+i−1)qβ+j

1 − qα+β+i+j−1
f(i − 1, j) +

(1 − qβ+j−1)

1 − qα+β+i+j−1
f(i, j − 1).

This can be written as

P ∗f(i, j) = Xf(i, j) + Y f(i, j),

where X (resp Y ) denotes the move in the x-direction (resp. y-direction)
and acts on f by multiplication by the probability. From (3.7) or Fig. 3.3, we
see that X and Y satisfy the q-commutativity (3.8). Now let us calculate the
probability measure by applying the q-binomial theorem (3.9). The probability
measure is given by

τα,β
N (i, j) = τ(i, j) = (P ∗)Nδ(0,0)(i, j)

for i + j = N . By the q-binomial theorem, we have

τα,β
N (i, j) = (X + Y )Nδ(0,0)(i, j),

=
∑

0≤k≤N

[
N

k

]
q

Y N−kXkδ(0,0)(i, j).

(i, j) (i + 1, j)

(i, j + 1) (i + 1, j + 1)

1 − qβ+j

1 − qα+β+i+j

(1 − qα+i)qβ+j

1 − qα+β+i+j

(1 − qα+i)qβ+j+1

1 − qα+β+i+j+1

1 − qβ+j

1 − qα+β+i+j+1

Fig. 3.3. The q-β-chain
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Now X (resp. Y ) acts on the delta function δ(0,0)(i, j) by pushing it 1-step

in the x-direction (resp. y-direction), Y N−kXkδ(0,0)(i, j) has support at the
point (k, N − k). Hence putting i = k and j = N − k, we have

=

[
N

i

]
q

(1 − qβ+j−1)

(1 − qα+β+i+j−1)
· · · (1 − qβ)

(1 − qα+β+i)

(1 − qα+i−1)qβ

(1 − qα+β+i−1)
· · · (1 − qα)qβ

(1 − qα+β)

=

[
N

i

]
q

ζq(β + j)

ζq(β)

ζq(α + i)

ζq(α)

ζq(α + β)

ζq(α + β + i + j)
qβi.

Therefore we obtain

τα,β
N (i, j) =

[
N

i

]
q

ζq(α + i, β + j)

ζq(α, β)
qβi. (3.10)

3.3.3 Green Kernel and Martin Kernel

Let i + j = n and i′ + j′ = n. By the similar observation at the real β-chain,
the Green kernel is given by

G((i, j), (i′, j′)) =

{
τα+i,β+j
n′−n (i′ − i, j′ − j) if i′ ≥ i and j′ ≥ j,

0 otherwise
(3.11)

and the Martin kernel is also given by K((i, j), (i′, j′)) = τα+i,β+j
n′−n (i′−i, j′−j)/

τα,β
n′ (i′, j′) for i′ ≥ i and j′ ≥ j (otherwise, 0). More explicitly, we have from

(3.10)

K((i, j), (i′, j′)) =

[
n′ − n

i′ − i

]
q

ζq(α + i′, β + j′)
ζq(α + i, β + j)

q(β+j)(i′−i)

[
n′

i′

]
q

ζq(α + i′, β + j′)
ζq(α, β)

qβi′

=

[
n′−n
i′−i

]
q[

n′
i′
]
q

ζq(α, β)

ζq(α + i, β + j)
q−βi+j(i′−i).

Hence we obtain the Martin kernel;

K((i, j), (i′, j′)) =

⎧⎪⎪⎨⎪⎪⎩
[
n′−n
i′−i

]
q[

n′
i′
]
q

ζq(α, β)

ζq(α + i, β + j)
q−βi+j(i′−i) if i′ ≥ i and j′ ≥ j,

0 otherwise.

(3.12)
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3.3.4 Boundary

We next calculate the boundary. Again recall that the sequence {(in, jn)}
is a Cauchy sequence if {K((i, j), (in, jn))} is a Cauchy sequence of R for
all (i, j). In particular, {K((1, 0), (in, jn))} is a Cauchy sequence of R. Since
K((1, 0), (in, jn)) is expressed from (3.12) as

K((1, 0), (in, jn)) =

[
in+jn−1

in−1

]
q[

in+jn

in

]
q

ζq(α, β)

ζq(α + 1, β)
q−β =

1 − qin

1 − qin+jn

(1 − qα+β

1 − qα

)
qβ ,

this is equivalent to the fact that either one of the following holds,

1. There exists some i∞ and j∞ such that (in, jn) ≡ (i∞, j∞) for all n � 0,
2. in → ∞ as (n → ∞).
3. There exists some i∞ such that in ≡ i∞ for n � 0 and jn → ∞ as (n → ∞).

Conversely, as we shall see soon, the Martin kernel converges for all (i, j) if
one of these hold. As a consequence, we obtain the boundary;

X = X � {0} � gN, ∂X = {0} � gN,

where gn ∈ gN is the limit point of the sequence {(n, k)} as k → ∞ and {0}
is the limit point of the sequence {(n, kn)} as n → ∞, any k′

ns (see Fig. 3.4).
We claim that gn converges to {0} in the boundary, just as we have seen

in the p-adic β-chain. To prove this, we need to know the extension of the

O

g0 g1 g2

0 = lim
n→∞

gn

Fig. 3.4. The q-β-chain
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Martin kernel to the boundary. Take q ∈ (0, 1). First of all for any i ≤ n, we
have from (3.12)

K((i, j), gn) = lim
k→∞

K((i, j), (n, k))

= lim
k→∞

[
k+n−i−j

n−i

]
q[

k+n
n

]
q

ζq(α, β)

ζq(α + i, β + j)
q−βi+j(n−i)

=
ζq(1 + n)

ζq(1 + n − i)

ζq(α, β)

ζq(α + i, β + j)
q−βi+j(n−i).

Hence we have

K((i, j), gn) =

⎧⎨⎩
ζq(1 + n)

ζq(1 + n − i)

ζq(α, β)

ζq(α + i, β + j)
q−βi+j(n−i) if i ≤ n,

0 otherwise.

(3.13)
This is an extream harmonic function which has support at i ≤ n and gives
the extension of the Martin kernel to the boundary. But the boundary has
one more point. Then we similarly calculate K((i, j), 0);

K((i, j), 0) = lim
n→∞

K((i, j), (n, k))

= lim
n→∞

[
k+n−i−j

n−i

]
q[

k+n
n

]
q

ζq(α, β)

ζq(α + i, β + j)
q−β+j(n−i).

Therefore we have

K((i, j), 0) =

⎧⎨⎩
ζq(α, β)

ζq(α + i, β)
q−βi =

ζq(α)

ζq(α + i)

ζq(α + β + i)

ζq(α + β)
q−βi if j = 0,

0 otherwise.

(3.14)
It is also easy to see that this is an extream harmonic function which is
supported at j = 0. From (3.13) and (3.14), we have limn→∞ gn = 0. Further,
all the point in the boundary ∂X = {0} � gN are extream, it holds that
∂X = ∂Xext.

3.3.5 Harmonic Measure

Finally we give the harmonic measure of the q-β-chain. Let

τα,β
q (gn) :=

ζq(α + n)

ζq(1 + n)

qβn

ζq(α, β)
. (3.15)

We call τα,β
q (gn) the q-β-measure. This is the probability measure on the

boundary. Remark that the measure τα,β
q has support at gN and this is the
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open and dense subset of ∂X . We claim that this is the harmonic measure of
the q-β-chain. First of all, for all i ≤ n, we have from (3.13)

τα+i,β+j
q (gn−i)

τα,β
q (gn)

=
ζq(α + n)

ζq(1 + n − i)

ζq(1 + n)

ζq(α + n)

ζq(α, β)

ζq(α + i, β + j)
q(β+j)(n−i)−βn

=
ζq(1 + n)

ζq(1 + n − i)

ζq(α, β)

ζq(α + i, β + j)
q−βi+j(n−i)

= K((i, j), gn).

Therefore we have

Kτα,β(i, j) =

∫
∂X

K((i, j), y)τα,β
q (y) =

∑
n≥i

τα+i,β+j
q (gn−i)

τα,β
q (gn)

τα,β
q (gn)

=
∑
n≥0

τα+i,β+j
q (gn) = 1.

By the definition, this shows that the q-β-measure is the harmonic measure.
We check the last equality. Namely,

The q-beta sum:
∑
n≥0

τα,β
q (gn) =

∑
n≥0

ζq(α + n)

ζq(1 + n)

qβn

ζq(α, β)
= 1. (3.16)

This will be the most basic q-summation. It is sufficient to show that

ζq(α, β) =
∑
n≥0

ζq(α + n)

ζq(1 + n)
qβn.

Remember that

ζq(α, β) =
ζq(α)ζq(β)

ζq(α + β)ζq(1)
.

Hence it is equivalent to show that

ζq(β)

ζq(α + β)
=
∑
n≥0

ζq(α + n)

ζq(α)

ζq(1)

ζq(1 + n)
qβn

=
∑
n≥0

(1 − qα)(1 − qα+1) · · · (1 − qα+n−1)

(1 − q)(1 − q2) · · · (1 − qn)
qβn =: Z(α, β).

Note that

Z(α, β) − qαZ(α, β + 1) =
∑
n≥0

(1 − qα)(1 − qα+1) · · · (1 − qα+n−1)

(1 − q)(1 − q2) · · · (1 − qn)
qβn(1 − qα+n)

= (1 − qα)
∑
n≥0

(1 − qα+1)(1 − qα+1) · · · (1 − qα+n)

(1 − q)(1 − q2) · · · (1 − qn)
qβn



62 3 Real Beta Chain and q-Interpolation

= (1 − qα)Z(α + 1, β)

and similarly

Z(α, β) − Z(α, β + 1) =
∑
n≥0

(1 − qα)(1 − qα+1) · · · (1 − qα+n−1)

(1 − q)(1 − q2) · · · (1 − qn)
qβn(1 − qn)

= (1 − qα)
∑
n≥1

(1 − qα+1)(1 − qα+1) · · · (1 − qα+n−1)

(1 − q)(1 − q2) · · · (1 − qn−1)
qβn

= (1 − qα)Z(α + 1, β)qβ .

From these two equation, we have

Z(α, β) − Z(α, β + 1) =
(
Z(α, β) − qαZ(α, β + 1)

)
qβ .

Therefore we inductively obtain

Z(α, β) = Z(α, β + 1)
1 − qα+β

1 − qβ

= Z(α, β + 2)
1 − qα+β+1

1 − qβ+1

1 − qα+β

1 − qβ

= · · ·

= Z(α,∞)
ζq(β)

ζq(α + β)
.

By the definition it is obvious that Z(α,∞) = 1, whence we obtain the result

Z(α, β) =
ζq(β)

ζq(α + β)
.

This completes the proof of (3.16).



4

Ladder Structure

Summary. In Sect. 4.1 we study the ladder structure for Markov chains on trees. In
Sect. 4.2 we specialize to the p-adic β-chain. On the N-th layer of the p-adic β-chain
XN :=

{
(i, j) ∈ N × N

∣∣ i + j = N
}

which is identified with P1(Z/pN )/(Z/pN)∗ �

Z/pN , we get the Hilbert space H
(α)β

p(N) of dimension N + 1. Each space embeds
unitarily into the next stage and all of them embed unitarily into the boundary
space H

(α)β
p = �2

(
P1(Qp)/Z∗

p � Zp, τ
(α)β
p

)
. This is because of the tree structure of

the p-adic β-chain. On each next stage, we obtain the new function ϕ
(α)β
p(N),m of the

N-th layer which is orthogonal to all the function of the N − 1-th layer. These
functions give an orthogonal basis of the N-th layer and, in the boundary space,
they also gives an orthogonal basis.

In Sect. 4.2 (resp. 4.4) we give the “ladder structure” for the q-β (resp. real β)
chains. In the case of the q-β and the real β-chain, we do not have a tree (we have
loops). We have an embedding of the N − 1-th layer space into the N-th layer space
but it is not a unitary embedding. So we need something else. We introduce the
following difference operator

Dϕ(i, j) :=
ϕ(i + 1, j) − ϕ(i, j + 1)

qi(1 − q)
.

We consider the operator as the map on the N-th space H
(α)β

q(N)
= �2

(
XN , τ

(α)β

q(N)

)
to

H
(α+1)β+1
q(N−1) . Note that both parameters α and β go up by 1 and N goes down by 1,

respectively. We denote its adjoint by D∗ and then obtain the ladder

H
(α)β
q(N)

DN ��
H

(α+1)β+1
q(N−1)

D+
N

��
DN−1 ��

H
(α+2)β+2
q(N−2)

D+
N−1

�� .

Here the operator D+ is a constant multiple of the adjoint D∗. One can check that
the operators D+ and D satisfy the relation

DND+
N − D+

N−1DN−1 = (const.) · id
H

(α+1)β+1
q(N−1)

.

We call it the Heisenberg relation up the ladder. It follows immediately that if we
just take the constant function 1, going up the ladder m step, in other word, acting
with D+ m times on 1, gives an orthogonal basis of H

(α)β
q(N);
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ϕ
(α)β
q(N),m := (D∗)m1

H
(α+m)β+m
q(N−m)

, m = 0, 1, . . . , N.

Taking the limit N → ∞, we get the boundary space denoted by H
(α)β
q . Now

the difference operator D is defined by

Dϕ(gi) :=
ϕ(gi+1) − ϕ(gi)

qi(1 − q)

and again we obtain its adjoint D+ and the ladder;

H
(α)β
q

D ��
H

(α+1)β+1
q

D+

��
D ��

H
(α+2)β+2
q

D+

�� .

The operators D and D+ again satisfy the Heisenberg relation up the ladder, and
the constant function 1 also gives the orthogonal basis ϕ

(α)β
q,m , m ≥ 0, by going m

step up the ladder. One checks that the Martin kernel K gives the compatibility
between this finite difference operator and the operator on the boundary. Hence we
have the diagonalization of the Martin kernel. Note that it is not an orthogonal
projection (as in the p-adic case) because the norm of ϕ

(α)β
q,m is different from the

norm of ϕ
(α)β
q(N),m.

ϕ
(α)β
q,m ∈ H

(α)β
q

D ��

K
(α)β
q(N)

��

H
(α+1)β+1
q

D+

��

K
(α+1)β+1
q(N−1)

��

� ϕ
(α+1)β+1
q,m

ϕ
(α)β

q(N),m ∈

��

K
(α)β
q(N)

�

H
(α)β

q(N)

DN ��
H

(α+1)β+1

q(N−1)

D+
N

�� � ϕ
(α+1)β+1

q(N−1),m

��

K
(α+1)β+1
q(N−1)

�

Taking the p-adic limit p©, we see that the basis ϕ
(α)β
q,m converges to the basis

ϕ
(α)β
p,m which we have obtained before from the tree structure. Similarly the q-basis

ϕ
(α)β
q(N),m converges in the p-adic and the real limits to ϕ

(α)β
p(N),m and ϕ

(α)β
η(N),m, respec-

tively. We call the basis ϕ
(α)β

q(N)
of the finite layer the q-Hahn polynomial and of the

boundary the q-little Jacobi polynomial.
In Sect. 4.3 the ladder structure of the q-γ-chain is obtained from the q-β-chain

by taking the limit α → ∞. We have the ladder

Hβ
q(N)

DN ��
Hβ+1

q(N−1)

D+
N

��
DN−1 ��

Hβ+2
q(N−2)

D+
N−1

�� ,

where Hβ
q(N) is the space of the N-th layer of the q-γ-chain and D and D+ are

finite difference operator. The ladder satisfies the Heisenberg relation up the ladder.
Hence we again obtain the basis

ϕβ
q(N),m = (−1)m q

m(m−1)
2

[m]q !
(D+)m1

H
β+m
q(N−m)

.
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X0 X1 X2 X3

p0 p1 p2 p3 ∂X

0

The p-adic β-chain

XN =
{
(i, j) ∈ N × N

∣∣ i + j = N
}

Hilbert space H
(α)β
p(N) = �2

(
XN , τ

(α)β
p(N)

)
measure τ

(α)β

p(N)

orthogonal basis ϕ
(α)β
p(N),m (p-Hahn basis)

∂X = P1(Qp))/Zp � Z∗
p � pN ∪ {0}

Hilbert space H
(α)β
p = �2

(
∂X, τ

(α)β
p

)
measure τ

(α)β
p

orthogonal basis ϕ
(α)β
p,m (p-Jacobi basis)

X0 X1 X2 X3

g0 g1 g2 g3 ∂X

0

The q-β-chain

XN =
{
(i, j) ∈ N × N

∣∣ i + j = N
}

Hilbert space H
(α)β

q(N) = �2
(
XN , τ

(α)β

q(N)

)
measure τ

(α)β
q(N)

orthogonal basis ϕ
(α)β

q(N),m (q-Hahn basis)

∂X = gN ∪ {0}

Hilbert space H
(α)β
q = �2

(
∂X, τ

(α)β
q

)
measure τ

(α)β
q

orthogonal basis ϕ
(α)β
q,m (q-Jacobi basis)

X0 X1 X2 X3

∞ ∂X

0

The real β-chain

XN =
{
(i, j) ∈ N × N

∣∣ i + j = N
}

Hilbert space Hα,β
η(N) = �2

(
XN , τα,β

η(N)

)
measure τα,β

η(N)

orthogonal basis ϕα,β
η(N),m (Hahn polynomial)

∂X = [0, 1] = P1(R)/{±1} � P1(C)/C(1)

Hilbert space Hα,β
η = L2

(
∂X, τα,β

η

)
measure τα,β

η

orthogonal basis ϕα,β
η,m (Jacobi polynomial)
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Here (−1)mq
m(m−1)

2 /[m]q ! is a normalization constant. We call this finite q-Laguerre
basis. When we take the limit N → ∞, we have on the boundary the similar ladder:

Hβ
q

D ��
Hβ+1

q
D∗

��
D ��

Hβ+2
q

D∗
�� ,

where

Dϕ(gi) =
ϕ(gi) − ϕ(gi+1)

qi(1 − q)
,

D∗ϕ(gi) =
1

1 − q

(
ϕ(gi) − (1 − qi)q−βϕ(gi−1)

)
.

One can check that ϕβ
q(N),m gives the p-adic basis in the p-adic limit p©. We denote

the boundary space by Hβ
Zq

:= �2
(
∂X, τβ

Zq

)
where ∂X = gN ∪ {0} and τβ

Zq
is the

q-γ-measure given by

τβ
Zq

(gi) =
ζq(1)

ζq(1 + i)

qβi

ζq(β)
.

In Sect. 4.4 we take the real limit of this q-ladder-structure. On the finite layers
we still have difference operators DN , D+

N , but on the boundary we obtain differential
operators D, D+. The Heisenberg relations up the ladder are preserved. We obtain
basis for the finite layers and the boundary Hilbert spaces. These are the classical
Hahn polynomial and the classical Jacobi polynomial.

In Sect. 4.5 we study the Laguerre basis. We do not have a real γ-chain. The
α → ∞ limit of the real β-chain, or the real limit of the q-γ-chain, both give the
trivial chain N with Prob(i �→ i + 1) = 1, and with only one point as boundary.
Nevertheless, the boundary ladder structure of the q-γ-chain converge in the real
limit, and similarly, a normalized α → ∞ limit of the boundary ladder structure of
the real β-chain converge. These are equal and give the ladder structure for the real
γ-spaces, giving rise to the Laguerre basis.

We summarize the relations between our different basis in one commutative
diagram of limit transitions:

ϕ
(α)β

p(N),m
(i, j)

α→∞

��

j→∞

������������
ϕ

(α)β

q(N),m
(i, j)

p©
��

α→∞

��

η©
��

j→∞

������������
ϕα,β

η(N),m(i, j)

�
�
�
�

���
�

�

i → ∞, j → ∞, j/i → |x|2η

������������

ϕ
(α)β
p,m (pi)

α → ∞

��

ϕ
(α)β
q,m (gi)

α → ∞

��

p©
�� i→∞,q→1,qi→ρ0(x)2 �� ϕα,β

η,m(x)

x :=
(

2π
α

) 1
2

α → ∞

��

ϕβ
p(N),m

(i, j)

j→∞

������������
ϕβ

q(N),m
(i, j) ����� ���������

j→∞

������������

p©
�� ?

���
�

�
�

�
�

ϕβ
Zp,m(pi) ϕβ

Zq,m(gi)
p©

��
i → ∞, q → 1, qi

1−q → πx2

�� ϕβ
Zη ,m(x)
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In Sect. 4.6 we consider the “missing” real units. In the p-adic case, we have the
following simple exact sequence

∗ −→ Z∗
p −→ Q∗

p

|·|p
−→ pZ −→ ∗

and, in the real case, we have

∗ −→ Z∗
η −→ Qη

|·|η
−→ R+ −→ ∗

Here the p-adic units Z∗
p is given by Z∗

p = µp−1e
2pZp where µp−1 is the set of all

p − 1 root of unity. Z∗
p is an open subset of Q∗

p, while Z∗
η = {±1} if η is real, or

C(1) =
{
z ∈ C∗

∣∣ |z|η = 1
}

if η is complex, and they are both closed subset of Q∗
η.

This shows that we are missing the part “e2pZp” for the real units.
An early motivation for our investigation was the desire to do an “Iwasawa

theory” for the Riemann zeta function. In the usual Iwasawa theory one construct
the p-adic L-functions as Zp-valued measures on Z∗

p = lim
←−

(
Z/pN

)∗
, or the Galois

group Gal
(
Q(µp∞)/Q

)
= lim

←−
Gal
(
Q(µpN )/Q

)
. In the real case we would like to

understand R+, or rather the infinitesimal neighborhood of 1 in R+, as similar inverse
limit, but now with loops, i.e., a Markov chain. The Markov chain is obtained as the
α = β → ∞ limit of the real β-chain, just as the tree chain for Z∗

p = lim
←−

(
Z/pN

)∗
is

the α = β → ∞ limit of the p-adic β-chain. The ladder structure is preserved and
it gives as basis the elementary symmetric functions on the finite layers, and the
Hermite polynomials on the boundary. We have thus “finite quantum mechanics”
approximating the usual creation and annihilation operators.

4.1 Ladder for Trees

Recall the chain for a tree. Let XN be the N -th layer and HN = �2(XN , τN )
the corresponding Hilbert space (see Sect. 2.1). Here

τN (x) = P (x0 �→ x1) · · ·P (xN−1 �→ x) (x ∈ XN ),

where x0, x1, . . . , x is the unique path from x0 to x. We have a chain on a tree
X =

⊔
N≥0 XN and embeddings

K∗ : HN � ϕ �−→ K∗ϕ ∈ HN+1,

where

K∗ϕ(x′) := ϕ(x)

for the unique point x ∈ Xn such that x �→ x′. Further we have also the
orthogonal projection

K : HN+1 � ϕ̃ �−→ Kϕ̃ ∈ HN ,

where
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Kϕ̃(x) :=
∑

x �→x′
P (x �→ x′)ϕ̃(x′)

Note that K∗ is the adjoint operator of K since

(ϕ̃, K∗ϕ)HN+1 =
∑
x′

ϕ̃(x′)K∗ϕ(x′)τN+1(x
′)

=
∑
x′

∑
x �→x

ϕ̃(x′)ϕ(x)τN (x)P (x �→ x′)

=
∑

x

ϕ(x)
(∑

x �→x′
P (x �→ x′)ϕ̃(x′)

)
τN (x) = (Kϕ̃, ϕ)HN .

Here we use the equation τN+1(x
′) = τN (x)P (x �→ x′) with x �→ x′. Hence we

obtain the ladder

HN

K∗
��
HN+1

K
�� .

Note that

K∗ϕ(x′) =
∑

x

ϕ(x)K(x, x′)τN (x),

Kϕ̃(x) =
∑
x′

ϕ̃(x′)K(x, x′)τN+1(x
′),

where K(x, x′) is the Martin kernel;

K(x, x′) =

⎧⎨⎩
1

τN (x)
if x �→ x′,

0 otherwise,
=

P (x �→ x′)
τN+1(x′)

.

Therefore these maps K∗ and K are given in terms of the Martin kernel.
On the boundary ∂X of X , we have also the Hilbert space H = �2(∂X, τ)

where τ ∈ M1(∂X). Then there is an embedding

K∗
N : HN � ϕ �−→ K∗

Nϕ ∈ H,

where
K∗

Nϕ({xn}) := ϕ(xN )

and also the orthogonal projection

KN : H � ϕ̃ �−→ KN ϕ̃ ∈ HN ,

where

KN ϕ̃(x) :=
1

τN (x)

∫
I(x)

ϕ̃(x̃)τ(x̃),
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where I(x) =
{
x̃ = {x̃n} ∈ ∂X

∣∣ x̃N = x
}
. Then K∗

N is also adjoint of K
because

(ϕ̃, K∗
Nϕ)H =

∫
∂X

ϕ̃(x̃)K∗
Nϕ(x̃)τ(x̃)

=
∑
xN

ϕ(xN )

∫
I(xN)

ϕ̃(x̃)τ(x̃)

=
∑
xN

ϕ(xN )KN ϕ̃(xN )τN (xN ) = (KN ϕ̃, ϕ)HN .

Then we have also the ladder

HN

K∗
N ��

H
KN

�� .

These can be also written as

K∗
Nϕ(x̃) =

∑
x∈XN

ϕ(x)K(x, x̃)τN (x),

KN ϕ̃(x) =

∫
∂X

ϕ̃(x̃)K(x, x̃)τ(x̃),

where K(x, {xN}) is the Martin kernel;

K(x, {xN}) =

⎧⎨⎩
1

τN (x)
if x = xN ,

0 otherwise,
= lim

N→∞
K(x, xN ).

Spectrally, we have the orthogonal basis ϕm of H and ϕN,m of HN ;

H =
⊕
m≥0

Cϕm, HN =
⊕

0≤m≤N

CϕN,m.

Since KN is the orthogonal projection, we have

KNϕm =

{
ϕN,m if 0 ≤ m ≤ N,

0 otherwise.

This is similar to the projection Zp → Z/pN .
We remark that for the p-adic chain, the embedding K∗ : HN → HN+1

is unitary and the projection K : HN+1 → HN is orthogonal, and similarly
for the boundary space these are obtained from the Martin kernel, and reflect
the projections Z/pN+1 → Z/pN and Zp → Z/pN . But in the case where
we do not have a tree, K∗ is not always unitary and K is not an orthogonal
projection. Therefore we can not identify HN with a subspace of HN+1 and
also with a subspace of the boundary space H . We next see the ladder for the
non-tree q-β-chain.
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4.2 Ladder for the q-β-Chain

4.2.1 Finite Layer: The q-Hahn Basis

Let us consider the q-β-chain. Let XN =
{
(i, j) ∈ N×N

∣∣ i + j = N
}
. Denote

by H
(α)β
q(N) := �2(XN , τ

(α)β
q(N)) the finite N -th layer. Here τ

(α)β
q(N) is defined in

Sect. 3.2;

τ
(α)β
q(N)(i, j) =

[
N

i

]
q

ζq(α + i, β + j)

ζq(α, β)
qβi.

Notice that τ
(α)β
N (i, j) can be written as τ

(α)β
N (i, j) = C

(α)β
q(N)t

(α)β
q(N)(i, j) where

C
(α)β
q(N) :=

ζq(1 + N)

ζq(α, β)ζq(α + β + N)
, t

(α)β
q(N)(i, j) :=

ζq(α + i)ζq(β + j)

ζq(1 + i)ζq(1 + j)
qβj.

It is clear that C
(α)β
q(N) is a constant. Therefore we may concentrate on the

normalized measure t
(α)β
q(N) of τ

(α)β
q(N) . For example t

(1)1
q(N)(i, j) = qi if we take

α = β = 1.

Let H̃
(α)β
q(N) := �2(XN , t

(α)β
q(N)) be the corresponding Hilbert space. Consider

the difference

∇ : H̃
(1)1
q(N) � ϕ �−→ ∇ϕ ∈ H̃

(1)1
q(N−1),

where

∇ϕ(i, j) :=
ϕ(i, j + 1) − ϕ(i + 1, j)

qi(1 − q)
((i, j) ∈ XN−1).

Then its adjoint

∇∗ : H̃
(1)1
N−1 � ϕ �−→ ∇∗ϕ ∈ H̃

(1)1
N

is given by

∇∗ϕ(i, j) :=
ϕ(i, j − 1) − ϕ(i − 1, j)

qi(1 − q)
((i, j) ∈ XN ).

Notice that they satisfy the q-commutativity:

∇∗∇ = q∇∇∗.

More important for us is that the adjoint operator ∇∗ is expressed as the sum
of two operator X, Y where

Xϕ(i, j) := −ϕ(i − 1, j)

qi(1 − q)
, Y ϕ(i, j) :=

ϕ(i, j − 1)

qi(1 − q)
.
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Then X and Y again satisfy the q-commutativity;

XY = qY X.

Therefore, applying the q-binomial theorem, we calculate the m-th power as
follows;

(∇∗)mϕ(i, j) = (X + Y )mϕ(i, j)

=
1(

qi(1 − q)
)m ∑

0≤k≤m

[
m

k

]
q

(−1)kq
k(k−1)

2 ϕ(i − k, j − m + k).

Now we make a trick. Let us consider ∇ as the operator from H̃
(α)β
q(N) into

H̃
(α+1)β+1
q(N−1) and write this as DN . Namely, we have the operator

DN = ∇ : H̃
(α)β
q(N) −→ H̃

(α+1)β+1
q(N−1) .

Then its adjoint D∗
N is given by

D∗
N =

t
(1)1
q (N)

t
(α)β
q(N)

∇∗ t
(α+1)β+1
q(N−1)

t
(1)1
q(N−1)

.

By the simple calculation, we have explicitly

D∗
Nϕ(i, j) =

1

1 − q

{
(1−qα+i)(1−qj)ϕ(i, j−1)−(1−qi)(1−qβ+j)q−βϕ(i−1, j)

}
.

Hence we have the ladder

H̃
(α)β
q(N)

DN ��
H̃

(α+1)β+1
q(N−1)

D∗
N

��

DN−1 ��
H̃

(α+2)β+2
q(N−2)

D∗
N−1

�� . . .

Notice that in this ladder, upper indices go up by 1 and lower indices go down
by 1.

Now we calculate the operator [DND∗
N −D∗

N−1DN−1] on H̃
(α+1)β+1
q(N−1) . Let

(i, j) ∈ XN−1. Then we have

DN D∗
N ϕ(i, j)

=
1

(1 − q)qi

(
D∗

N ϕ(i, j + 1) − D∗
N ϕ(i + 1, j)

)
=

1

(1 − q)2qi

{
(1 − qα+i)(1 − qj+1)ϕ(i, j) − (1 − qi)(1 − qβ+j+1)q−βϕ(i − 1, j + 1)

+ (1 − qi+1)(1 − qβ+j)q−βϕ(i, j) − (1 − qα+i+1)(1 − qj)ϕ(i + 1, j − 1)
}

and
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D∗
N−1DN−1ϕ(i, j)

=
1

(1 − q)

(
(1 − qα+1+i)(1 − qj)DN−1ϕ(i, j − 1)

− (1 − qi)(1 − qβ+1+j)q−β−1DN−1ϕ(i − 1, j)
)

=
1

(1 − q)2qi

{
(1 − qα+1+i)(1 − qj)

(
ϕ(i, j) − ϕ(i + 1, j − 1)

)
+ (1 − qi)(1 − qβ+1+j)q−β

(
ϕ(i, j) − ϕ(i − 1, j + 1)

)}
.

Notice that in the calculation of D∗
N−1DN−1ϕ(i, j), i and j remain the same

but α and β go up by 1. Now the miracle occurs. Canceling the terms
ϕ(i − 1, j + 1) and ϕ(i + 1, j − 1), one obtains

[DND∗
N − D∗

N−1DN−1]ϕ(i, j)

= ϕ(i, j)
1

(1 − q)2qi

{
(1 − qα+i)(1 − qj+1) − (1 − qα+1+i)(1 − qj)

+ (1 − qi+1)(1 − qβ+j)q−β − (1 − qi)(1 − qβ+j+1)q−β
}

= ϕ(i, j)
1

(1 − q)2qi

{
(qj − qα+i)(1 − q) + (qi − qβ+j)q−β(1 − q)

}
= ϕ(i, j)

q−β − qα

1 − q

= ϕ(i, j)[α + β]qq
−β .

Notice that the constant [α+β]qq
−β is independent on both i and j. Therefore

we obtain

[DND∗
N − D∗

N−1DN−1] = [α + β]qq
−β. (4.1)

This shows that we obtain a constant multiple of the identity operator for
the difference between going down and going up in this ladder. We call this
the Heisenberg relation. Note that the difference D always kill the constant
function 1 and, actually, the constant function is characterized by the equa-
tion D1 = 0 up to a constant multiple. Therefore one can regard D as an
annihilator operator, D∗ as a creation operator and the constant function 1
as the vacuum.

Define

ϕ̃
(α)β
q(N),m := (D∗)m · 1

H̃
(α+m)β+m

q(N−m)

= D∗
N · ϕ̃(α+1)β+1

q(N−1),m−1 ∈ H̃
(α)β
q(N). (4.2)

Then using the Heisenberg relation and the relation

[m]q[m− 1 + α + β]qq
−β−m+1 = [α + β]qq

−β + [m− 1]q[m + α + β]qq
−β−m+1,

we inductively obtain

DN ϕ̃
(α)β
q(N),m = DND∗

N ϕ̃
(α+1)β+1
q(N−1),m−1
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=
(
[α + β]qq

−β + D∗
N−1DN−1

)
ϕ̃

(α+1)β+1
q(N−1),m−1

= [m]q[m − 1 + α + β]qq
−β−m+1ϕ̃

(α+1)β+1
q(N−1),m−1. (4.3)

Hence we have

D∗
NDN ϕ̃

(α)β
q(N),m = [m]q[m − 1 + α + β]qq

−β−m+1ϕ̃
(α)β
q(N),m.

This shows that the function ϕ̃
(α)β
q(N),m is the eigen-function of the number

operator D∗
NDN with eigenvalue [m]q[m− 1+α+β]qq

−β−m+1. Note that the

eigenvalues for 0 ≤ m ≤ N are all distinct. Therefore ϕ̃
(α)β
q(N),m are orthogonal

basis of the space H̃
(α)β
q(N), whence of H

(α)β
q(N). We finally calculate the L2-norm

of ϕ̃
(α)β
q(N),m as follows; Using the relation (4.3), we have

||ϕ̃(α)β
q(N),m||2

H̃
(α)β

q(N)

= (ϕ̃
(α)β
q(N),m, ϕ̃

(α)β
q(N),m)

H̃
(α)β

q(N)

= (ϕ̃
(α)β
q(N),m, D∗

N ϕ̃
(α+1)β+1
q(N−1),m−1)H̃

(α)β

q(N)

= (DN ϕ̃
(α)β
q(N),m, ϕ̃

(α+1)β+1
q(N−1),m−1)H̃

(α+1)β+1

q(N−1)

= [m]q[m − 1 + α + β]qq
−β−m+1||ϕ̃(α+1)β+1

q(N−1),m−1||2H̃(α+1)β+1

q(N−1)

.

Hence we obtain inductively

||ϕ̃(α)β
q(N),m||2

H̃
(α)β

q(N)

= [m]q!q
−βm−m(m−1)

2 · ||1||2
H̃

(α+m)β+m

q(N−m)

× [m − 1 + α + β]q[m + α + β]q · · · [2m + α + β − 2]q

=
ζq(α + β + 2m − 1)

ζq(α + β + m − 1)

(q
m(m−1)

2

[m]q!

)−1

q−βm · (C(α+m)β+m
N−m )−1

(4.4)

Note that, by the normalization of the measure, we have ||1||2
H̃

(α+m)β+m

q(N−m)

=

(C
(α+m)β+m
q(N−m) )−1.

Now we introduce the normalized basis

ϕ
(α)β
q(N),m :=

ζq(α + β + N)

ζq(α + β + N + m)
(−1)m q

m(m−1)
2

[m]q!
ϕ̃

(α)β
q(N),m.

(The factor q
m(m−1)

2 is essential for the p-adic limit,
ζq(α+β+N)

ζq(α+β+N+m) is essential

for the real limit.) Under this normalization, from (4.2) and (4.3), we have

−(1 − qα+β+N )−1D∗
Nϕ

(α+1)β+1
q(N−1),m−1 = [m]qq

1−mϕ
(α)β
q(N),m,

−(1 − qα+β+N )DNϕ
(α)β
q(N),m = [m − 1 + α + β]qq

−βϕ
(α+1)β+1
q(N−1),m−1.
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From the calculation (4.4), we obtain

||ϕ(α)β
q(N),m

||2
H

(α)β
q(N)

=

[
N

m

]
q

ζq(α + m, β + m)

ζq(α, β)

ζq(α + β + 2m − 1, α + β + N)

ζq(α + β + m − 1, α + β + N + m)
q−βm.

Moreover one can calculate the explicit formula of ϕ
(α)β
q(N),m by using the q-

binomial theorem as follows;

ϕ
(α)β
q(N),m(i, j)

=
∑

0≤k≤m

[
i

m − k

]
q

[
j

k

]
q

(−1)kq
k(k−1)

2 +(k−m)β ζq(α + i + k, β + j + m − k)

ζq(α + i, β + j)
.

(4.5)

With some more calculation (q-chu-Vandermonde) we can rewrite this in a
form showing more clearly the dependence on (i, j):

ϕ
(α)β
q(N),m(i, j) =

ζq(α + β + N)

ζq(α + β + N + m)

∑
0≤k≤m

[
i

m − k

]
q

[
j

k

]
q

qik(−1)k (4.6)

× q
k(k−1)

2 +(k−m)(β+k) ζq(α + m)ζq(β + m)

ζq(α + m − k)ζq(β + k)
.

4.2.2 Boundary: The q-Jacobi Basis

Now let us extend the ladder to the boundary ∂X = gN ∪ {0}. Remember
that, for fixed i, the point gi ∈ gN is obtained by taking the limit of (i, j) as

j → ∞. We have already obtained the Hilbert space H
(α)β
q := �2(∂X, τ

(α)β
q )

where τ
(α)β
q is the harmonic measure defined as (3.15). Here we also consider

the normalized measure

t(α)β
q (gi) := ζq(α, β)τ (α)β

q =
ζq(α + i)

ζq(1 + i)
qβi

and the associated Hilbert space H̃
(α)β
q := �2(∂X, t

(α)β
q ). Then we again obtain

the following ladder;

H̃
(α)β
q

D ��
H̃

(α+1)β+1
q

D∗
��

D ��
H̃

(α+2)β+2
q

D∗
�� .

Here the operator D is defined by

Dϕ(gi) :=
ϕ(gi) − ϕ(gi+1)

qi(1 − q)

and its adjoint D∗ is easily calculated as



4.2 Ladder for the q-β-Chain 75

D∗ϕ(gi) = [α + i]qϕ(gi) − [i]qq
−βϕ(gi−1).

Then we have also the Heisenberg relation

DD∗ − D∗D = [α + β]qq
−βid

H̃
(α+1)β+1
q

.

Then we get the basis ϕ
(α)β
q,m of the boundary space H̃

(α)β
q defined by

ϕ(α)β
q,m := (−1)m q

m(m−1)
2

[m]q!
(D∗)m1

H̃
(α+m)β+m
q

.

This is also expressed as

ϕ(α)β
q,m (gi) = lim

j→∞
ϕ

(α)β
q(i+j),m(i, j). (4.7)

Hence the operator D is the limit of the finite operator DN . Remember that

ϕ
(α)β
q(i+j),m(i, j) is the eigen-function of the number operator D∗

NDN . Similarly

to the finite case, the basis ϕ
(α)β
q,m (gi) is also eigen-function of D∗D. In fact,

by the same way to (4.2), one can obtain the following simple formulas

−D∗ϕ(α+1)β+1
m−1 = [m]qq

1−mϕ(α)β
q,m ,

−Dϕ(α)β
q,m = [m − 1 + α + β]qq

−βϕ
(α+1)β+1
q,m−1 ,

whence

D∗Dϕ(α)β
q,m = [m]q[m − 1 + α + β]qq

−β−m+1ϕ(α)β
q,m .

This shows that the function ϕ
(α)β
q,m is the eigen-function of the number oper-

ator D∗D with eigenvalue [m]q[m− 1 + α + β]qq
−β−m+1. By the same reason

for the finite layer, ϕ
(α)β
q,m are orthogonal basis of the space H̃

(α)β
q , whence of

H
(α)β
q . Note that the norm of ϕ

(α)β
q,m is given as follows;

||ϕ(α)β
q,m ||2

H
(α)β
q

=
ζq(1)

ζq(1 + m)

ζq(α + m, β + m)

ζq(α, β)

ζq(α + β + 2m− 1)

ζq(α + β + m − 1)
q−βm.

Remark that we can check directly that the basis ϕ
(α)β
q(N),m and ϕ

(α)β
q,m go to

ϕ
(α)β
p(N),m and ϕ

(α)β
p,m , respectively, if we take the p-adic substitution p©;

ϕ
(α)β
q(N),m(i, j)

p©−→ ϕ
(α)β
p(N),m(i, j),

ϕ(α)β
q,m (gi)

p©−→ ϕ(α)β
p,m (pi).

Also we can get the explicit formula of ϕ
(α)β
q,m (gi) by just taking the limit

(4.7). In fact, from (4.5), we have
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ϕ(α)β
q,m (gi) =

∑
0≤k≤m

[
i

m − k

]
q

(−1)kq
k(k−1)

2 +(k−m)β

× ζq(1)

ζq(1 + k)

ζq(α + i + k)

ζq(α + i)
(4.8)

=
∑

0≤k≤m

[
i

m − k

]
q

(−1)kqik · q k(k−1)
2 +(k−m)(β+k)

× ζq(1)

ζq(1 + k)

ζq(α + m)

ζq(α + m − k)

ζq(β + m)

ζq(β + k)
,

whence in the limit i → ∞ we pick up the k = 0 term in the last sum,

ϕ(α)β
q,m (0) = lim

i→∞
ϕ(α)β

q,m (gi) = q−mβ ζq(1)

ζq(1 + m)

ζq(β + m)

ζq(β)
.

Some calculations gives the equation

ϕ
(α)β
q,m (gi)

ϕ
(α)β
q,m (0)

=
∑

0≤k≤m

[m
k

]
q
(−1)kq

k(k−1)
2

−km ζq(β)

ζq(β + k)

ζq(α + β + m + k − 1)

ζq(α + β + m − 1)
q(1+i)k

Note that this is the polynomial in qi. Further it can be written as

ϕ
(α)β
q,m (gi)

ϕ
(α)β
q,m (0)

= 2φ1(−m, α + β + m − 1, β; 1 + i),

where

rφs(α1, . . . , αr; β1, . . . , βs; γ)

:=
ζq(1)ζq(β1) · · · ζq(βs)

ζq(α1) · · · ζq(αr)

∑
n≥0

(
(−1)nq

n(n−1)
2

)s+1−r

ζq(α1 + n) · · · ζq(αr + n)

ζq(1 + n)ζq(β1 + n) · · · ζq(βs + n)
qnγ .

and 2φ1(−m, α + β + m − 1, β; 1 + i) becomes a polynomial in qi, called the
little q-Jacobi polynomial.

Now we have the basis of Hilbert spaces for both finite layer and for the
boundary and operators between them. Therefore we obtain the following
diagram:

H
(α)β
q

D ��

K
(α)β

q(N)

��

H
(α+1)β+1
q

D+

��

K
(α+1)β+1

q(N−1)

��
H

(α)β
q(N)

DN ��
H

(α+1)β+1
q(N−1)

D+
N

��

(4.9)
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Here K
(α)β
q(N) : H

(α)β
q → H

(α)β
q(N) is a map on H

(α)β
q to the finite layer H

(α)β
q(N)

defined via the Martin kernel K on H
(α),β
q as follows;

K
(α)β
q(N)ϕ(i, j) :=

∫
∂X

K((i, j), gn)ϕ(gn)τα,β
q (gn).

From (3.13) one can calculate explicitly K
(α)β
q(N)ϕ(i, j) as

K
(α)β
q(N)ϕ(i, j) =

1

ζq(α + i, β + j)

∑
n≥0

ζq(α + i + n)

ζq(1 + n)
qn(β+j)ϕ(gi+n).

Using the (4.2), we see that this diagram is essentially commutative in the
following sense.

(1 − qα+β+N )−1D+
N ◦ K

(α+1)β+1
q(N−1) = K

(α)β
q(N) ◦ D+,

(1 − qα+β+N)DN ◦ K
(α)β
q(N) = K

(α+1)β+1
q(N−1) ◦ D.

This also shows that the operators D and D+ are compatible with the Martin
kernel. Immediately we have

K
(α)β
q(N)ϕ

(α)β
q,m =

{
ϕ

(α)β
q(N),m if 0 ≤ m ≤ N,

0 if m > N.

Just like in the p-adic case, we have diagonalize the Martin kernel in this
sense. However, remark that this is not the orthogonal projection because

||ϕ(α)β
q,m ||

H
(α)β
q

�= ||ϕ(α)β
q(N),m||

H
(α)β

q(N)

. The map K
(α)β
q(N) is a q-analogue of the

reduction modulo pN of Zp.

4.3 Ladder for q-γ-Chain

4.3.1 Finite Layer: The Finite q-Laguerre Basis

We here recall the q-γ-chain. This is obtained by simply taking the limit
α → ∞ of the q-β-chain. Let Hβ

q(N) := �2(XN , τβ
q(N)) be the Hilbert space for

the finite layer with the probability measure

τβ
q(N) := lim

α→∞ τ
(α)β
q(N) =

[
N

j

]
q

ζq(β + j)

ζq(β)
qβi

We have also the same difference operator DN and its adjoint D∗
N between

Hβ
q(N) and Hβ+1

q(N−1) by taking the limit α → ∞;

DNϕ(i, j) : =
ϕ(i, j + 1) − ϕ(i + 1, j)

qi(1 − q)
,

D∗
Nϕ(i, j) : =

1

1 − q

{
(1 − qj)ϕ(i, j − 1) − (1 − qi)(1 − qβ+j)q−βϕ(i − 1, j)

}
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and hence obtain the ladder

Hβ
q(N)

DN ��
Hβ+1

q(N−1)
D∗

N

��
DN−1 ��

Hβ+2
q(N−2)

D∗
N−1

��

In particular it satisfies the Heisenberg relation

DND∗
N − D∗

N−1DN−1 =
q−β

1 − q
idHβ+1

q(N−1)

The orthogonal basis ϕβ
q(N),m of Hβ

q(N) is similarly defined as

ϕβ
q(N),m := (−1)m q

m(m−1)
2

[m]q!
(D∗)m1Hβ+m

q(N−m)
.

More precisely we have from (4.5)

ϕβ
q(N),m(i, j) =

∑
0≤k≤m

[
i

m − k

]
q

[
j

k

]
q

(−1)kq
k(k−1)

2 +(k−m)β ζq(β + j + m − k)

ζq(β + j)
.

(4.10)

4.3.2 Boundary: The q-Laguerre Basis

Similarly for the boundary space Hβ
Zq

:= �2(∂X, τβ
Zq

) where

τβ
Zq

(gi) := lim
α→∞

τ (α)β
q =

ζq(1)

ζq(β)

qβi

ζq(1 + i)
,

the basis ϕβ
Zq,m is just obtained by the limit j → ∞ of ϕ

(α)β
q(i+j),m or also by

the limit α → ∞ of ϕ
(α)β
q,m :

ϕβ
Zq,m(gi) := lim

j→∞
ϕβ

q(i+j),m(i, j) = lim
α→∞

ϕ(α)β
q,m (gi) (4.11)

Of course one can construct the basis from the following difference operators;

Dϕ(gi) : =
ϕ(gi) − ϕ(gi+1)

qi(1 − q)
,

D∗ϕ(gi) : =
1

1 − q

(
ϕ(gi) − (1 − qi)q−βϕ(gi+1)

)
.

Then we have

ϕβ
Zq,m = (−1)m q

m(m−1)
2

[m]q!
(D∗)m1Hβ+m

Zq

,



4.3 Ladder for q-γ-Chain 79

whence from (4.8) or from (4.10)

ϕβ
Zq,m(gi) =

∑
0≤k≤m

[
i

m − k

]
q

(−1)kq
k(k−1)

2 +(k−m)β ζq(1)

ζq(1 + k)
.

From (4.11), we have

ϕβ
Zq,m(gi)

ϕβ
Zq,m(0)

= 2φ1(−m,∞, β; 1 + i).

Hence we obtain the following diagram between the boundary space and
finite approximation.

Hβ
Zq

D ��

Kβ
q(N)

��

Hβ+1
Zq

D+

��

Kβ+1
q(N−1)

��
Hβ

q(N)

DN ��
Hβ+1

q(N−1)
D+

N

��

Here Kβ
q(N) : Hβ

Zq
→ Hβ

q(N) is also defined via the Martin kernel;

Kβ
q(N)ϕ(i, j) : =

∫
∂X

K((i, j), gn)ϕ(gn)τβ
Zq

(gn)

=
ζq(1)

ζq(β + j)

∑
n≥0

qn(β+j)

ζq(1 + n)
ϕ(gi+n).

In this case, we obtain compatibility

D+
N ◦ Kβ+1

q(N−1) = Kβ
q(N) ◦ D+,

DN ◦ Kβ
q(N) = Kβ+1

q(N−1) ◦ D.

From this equation, we get the diagonalization of the Martin kernel

Kβ
q(N)ϕ

β
Zq,m =

{
ϕβ

q(N),m if 0 ≤ m ≤ N,

0 if m > N.

We call the basis ϕβ
Zq,m, which is the polynomial of degree m in qi, the q-

Laguerre polynomial. By taking the limit α → ∞ of the formulas for ϕ
(α)β
q,m ,

the m-th basis of H
(α)β
q which we call the q-Jacobi polynomial, one can obtain
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the corresponding formulas for ϕβ
Zq,m. In this sense, the q-Laguerre polynomial

ϕβ
Zq,m is a limit of the q-Jacobi polynomial.

ϕβ
Zq,m(gi) = lim

α→∞
ϕ(α)β

q,m (gi).

It can be also expressed as the limit of the finite q-Laguerre basis:

ϕβ
Zq ,m(gi) = lim

j→∞
ϕβ

q(i+j),m(i, j).

Notice that the difference operators similarly satisfies the Heisenberg relation

DD∗ − D∗D =
q−β

1 − q
idHβ+1

Zq

.

Hence we have the following properties

−D∗ϕβ+1
Zq,m−1 = [m]qq

1−mϕβ
Zq,m

by the definition, and

−Dϕβ
Zq,m =

q−β

1 − q
ϕβ+1

Zq,m−1.

(This is obtained by the induction on m by using the Heisenberg relation.)
In particular we have

D∗Dϕβ
Zq ,m = [m]q

q−(m+β−1)

1 − q
ϕβ

Zq,m.

This shows that ϕβ
Zq,m are the eigen-functions of this number operator D∗D

and [m]q
q−(m+β−1)

1−q is the eigenvalue. Since the eigenvalues are all different for

different m, this is an orthogonal basis. We have the explicit formula of this
function

ϕβ
Zq ,m(gi) =

∑
0≤k≤m

[
i

m − k

]
q

(−1)kq
k(k−1)

2
−(m−k)β+k(i−k+m) ζq(1)

ζq(1 + k)

ζq(β + m)

ζq(β + k)

(4.12)

and the L2-norm of this basis (by using the Heisenberg relation)

||ϕβ
Zq,m||2

Hβ
Zq

=
ζq(1)

ζq(1 + m)

ζq(β + m)

ζq(β)
q−βm =: Cβ

q (m).

Also we calculate the special value of this function at 0, that is the limit
i → ∞ of the value at gi. If we take the limit i → ∞, each term in (4.12)
vanishes unless k = 0. Therefore we have
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ϕβ
Zq ,m(0) = lim

i→∞
ϕβ

Zq,m(gi) = Cβ
q (m). (4.13)

Let us give just two properties of this basis. First of all, one can get the
formula

τs
Zq

(ϕβ
Zq,m) = Cβ−s

q (m).

(This gives formula (4.13) for s = 0 since this measure for s = 0 is the delta

function.) We also have the expansion of the basis ϕβ′

Zq,m

ϕβ′

Zq,m =
∑

0≤j≤m

Cβ′−β
q (j)ϕβ

Zq ,m−j.

4.4 Ladder for η-β-Chain

4.4.1 Finite Layer: The η-Hahn Basis

In the second subsection, we saw that the basis of Hilbert space for p-adic
β-chain is obtained by the p-adic limit p©. Here we consider the real limit,

η-β-chain. We start from the finite layer Hα,β
η(N) := �2(XN , τα,β

η(N)) where τα,β
η(N)

is the probability measure given in (3.1);

τα,β
η(N)(i, j) =

(
N

i

)
ζη(α + 2i, β + 2j)

ζη(α, β)
.

Define the difference operator DN : Hα,β
η(N) → Hα+2,β+2

η(N−1) and its adjoint D+
N :

Hα+2,β+2
η(N−1) → Hα,β

η(N) as

DNϕ(i, j) =
(α + β

2
+ N

)(
ϕ(i, j + 1) − ϕ(i + 1, j)

)
,

D+
Nϕ(i, j) =

(α + β

2
+ N

)−1(
j
(α
2

+ i
)
ϕ(i, j − 1) − i

(β
2

+ j
)
ϕ(i − 1, j)

)
.

Then again we have the following ladder

Hα,β
η(N)

DN ��
Hα+2,β+2

η(N−1)
D+

N

��
DN−1 ��

Hα+4,β+4
η(N−2)

D+
N−1

��

Similarly to the case of the q-β-chain, it is easy to see that these operator
satisfy the Heisenberg relation;

DND+
N − D+

N−1DN−1 =
(α + β

2

)
idHα+2,β+2

η(N−1)
.

The orthogonal basis ϕα,β
η(N),m is obtained by
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ϕα,β
η(N),m := (−1)m 1

m!
(D+)m1Hα+2m,β+2m

η(N−m)
.

It can be also given as the limit

ϕα,β
η(N),m(i, j) = lim

q→1
ϕ

α
2 , β

2

q(N),m(i, j)

=
∑

0≤k≤m

(
i

m − k

)(
j

k

)
(−1)k ζη(α + 2(i +k), β + 2(j + m− k))

ζη(α + 2i, β + 2j)
.

We have also the following relations;

−D+
Nϕα+2,β+2

η(N−1),m−1 = mϕα,β
η(N),m,

−DNϕα,β
η(N),m =

(
m − 1 +

α + β

2

)
ϕα+2,β+2

η(N−1),m−1.

Therefore we have also

D+
NDNϕα,β

η(N),m = m
(
m − 1 +

α + β

2

)
ϕα,β

η(N),m

This shows that the basis ϕα,β
η(N),m is the eigen-functions of the number opera-

tor D+
NDN with the eigenvalue m

(
m− 1 + α+β

2

)
, whence an orthogonal basis

of Hα,β
η(N). The norm of ϕα,β

η(N),m is given as follows;

||ϕα,β
η(N),m

||
H

α,β
η(N)

=
(N
m

) ζη(α + 2m, β + 2n)

ζη(α, β)

ζη(α + β + 4m − 2, α + β + 2N)

ζη(α + β + 2m − 2, α + β + 2N + 2m)
.

4.4.2 Boundary: The η-Jacobi Basis

We next study the boundary space Hα,β
η := L2(∂X, τα,β

η ) (see Sect. 3.1). We
must treat the boundary a bit more delicately. Recall the boundary ∂X and
the harmonic measure τα,β

η on ∂X ;

∂X = [0,∞] = P1(R)/{±1}, τα,β
η (x) = ρ∞(x)αρ0(x)β d∗x

ζη(α, β)
.

Change the variable

P1(R)/{±1} � x �−→ z ∈ [−1, 1]; z = ρ∞(x)2 − ρ0(x)2 =
1 − x2

1 + x2
.

Then it holds that

ρ∞(x)2 =
1

1 + x2
=

1 + z

2
, ρ0(x)2 =

1

1 + x−2
=

1 − z

2
,
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d∗x =
1

2

(1 + z

2

)−1(1 − z

2

)−1

dz

Then we have an isomorphism

Hα,β
η 
 L2

(
[−1, 1],

(1 + z

2

)α
2 −1(1 − z

2

)β
2 −1 dz

2ζη(α, β)

)
.

Again we have the ladder;

Hα,β
η

D ��
Hα+2,β+2

η

D+

��
D ��

Hα+4,β+4
η

D+

��

Here the operators D and D+ are defined by

D = ρ∞(x)−2ρ0(x)−2 x

2

∂

∂x
= −2

∂

∂z
,

D+ = −ρ∞(x)−αρ0(x)−β x

2

∂

∂x
ρ∞(x)αρ∞(x)β

and these are the limit of the operators DN and D+
N , respectively. One can

also see that they satisfy the Heisenberg relation

DD+ − D+D =
(α + β

2

)
id

H
(α+2)β+2
η

.

Note that D+ is the adjoint of D up to a constant multiple. Remember that
for finite layer Hα,β

η(N), the orthogonal basis ϕα,β
η(N),m is the eigen-function of

D+
NDN with eigenvalue m

(
m − 1 + α+β

2

)
. On the boundary space, we can

also obtain the orthogonal basis ϕα,β
η,m which is the eigen-function of D+D.

Actually, let

ϕα,β
η,m := (−1)m 1

m!
(D+)m1Hα+2m,β+2m

η
.

Then we have

−D+ϕα+2,β+2
η,m−1 = mϕα,β

η,m,

−Dϕα,β
η,m =

(
m − 1 +

α + β

2

)
ϕα+2,β+2

η,m−1 ,

whence

D+Dϕα,β
η,m = m

(
m − 1 +

α + β

2

)
ϕα,β

η,m.

This shows that ϕα,β
η,m is the eigen-function of the number operator D+D with

the same eigenvalue as ϕα,β
η(N),m, whence an orthogonal basis of Hα,β

η . More

precisely, it can be written in terms of two types of limits. In fact, it is the
limit of the real finite approximation ϕα,β

η(i+j),m;
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ϕα,β
η,m(x) = lim

i,j→∞
j/i→x2

ϕα,β
η(i+j),m(i, j). (4.14)

On the other hand, it is expressed as the limit of the boundary function for
q-β-chain;

ϕα,β
η,m(x) = lim

q→1,i→∞
qi→ρ0(x)2

ϕ
α
2 , β

2
q,m (gi). (4.15)

Also it can be written as the function in z since i−j
i+j → z if i/j → x2;

ϕα,β
m (z) = lim

i,j→∞
i−j
i+j

→z

ϕα,β
η(i+j),m(i, j)

= P β/2−1,α/2−1
m (z),

where P α,β
m (z) is the classical Jacobi polynomial of degree m. The norm is

calculated as

||ϕα,β
η,m||2

Hα,β
η

=
ζη(α + 2m, β + 2m)

ζη(α, β)

ζη(α + β + 4m − 2)

ζη(α + β + 2m − 2)

πm

m!
.

Remember that ζη(α, β) is the beta function and similarly ζη(α) is the gamma
function (multiplied by π−α

2 ).
Now we obtain the following diagram

Hα,β
η

D ��

K
(α)β

η(N)

��

Hα+2,β+2
η

D+

��

Kα+2,β+2
η(N−1)

��
Hα,β

η(N)

DN ��
Hα+2,β+2

η(N−1)
D+

N

��

where Kα,β
η(N) is also defined via the Martin kernel:

Kα,β
η(N)ϕ(i, j) :=

∫
∂X

K((i, j), x)ϕ(x)τα,β
η (x).

From (3.5), it is represented as

Kα,β
η(N)ϕ(i, j) =

∫
P1(R)

ϕ(x)τα+2i,β+2j
η (x).

Then we have the compatibility of the Martin kernel and D+ and D.

Kα+2,β+2
η(N−1) ◦ D = DN ◦ Kα,β

η(N),
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Kα,β
η(N) ◦ D+ = D+

N ◦ Kα+2,β+2
η(N−1)

and hence

Kα,β
η(N)ϕ

α,β
η,m =

{
ϕα,β

η(N),m if 0 ≤ m ≤ N,

0 if m > N.

Therefore we have the diagonalization of the Martin kernel Kα,β
η(N) in such a

sense. However, again it is not an orthogonal projection on the finite layer.
But, in a sense, it is regarded as a real analogue of the p-adic reduction modulo
pN .

It is natural that one consider the real γ-theory by taking the limit as
α → ∞. However, as we have noticed before, there is no finite layer for γ-chain.
We do not know how to normalize it, whence there is no finite approximation.
But on the boundary, if we take a scaling limit α → ∞, we can obtain the
classical Laguerre polynomial and, instead of the β-measure, the γ-measure.

The limit (4.14) and (4.15) can be checked directly. More conceptually,
these follow from the fact that the operator

D = ρ∞(x)−2ρ0(x)−2 x

2

∂

∂x
= (1 + x2)(1 + x−2)

x

2

∂

∂x
.

is obtained as the limit of the corresponding operator. Since the operator D+

is just adjoint of D up to a constant multiple, we only need to look at the
operator D;

1. We now calculate the limit

lim
i,j→∞
j/i→x2

DNϕ(i, j) = lim
i,j→∞
j/i→x2

(α + β

2
+ i + j

)(
ϕ(i, j + 1) − ϕ(i + 1, j)

)
.

Note that if we take the limit i, j → ∞ with j/i → x2, we have

i − j

i + j
→ 1

1 − x2
− 1

1 + 1
x2

=
1 − x2

1 + x2
= z.

Define

ϕ(x) := Φ(z) and set Φ(i, j) := Φ
( i − j

i + j

)
.

Then we have

DNΦ(i, j) =
(α + β

2
+ i + j

)(
Φ
( i − j − 1

i + j + 1

)
− Φ
( i − j + 1

i + j + 1

))

= −2

α + β

2
+ i + j

i + j + 1

(Φ
( i − j − 1

i + j + 1

)
− Φ
( i − j + 1

i + j + 1

)
− 2

i + j + 1

)
.
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Therefore one obtains

lim
i,j→∞
j/i→x2

DNΦ(i, j) = −2
∂

∂z
Φ(z).

On the other hand it is clear that

∂

∂x
ϕ(x) =

( ∂

∂z
Φ(z)

) ∂

∂x

(1 − x2

1 + x2

)
=
( ∂

∂z
Φ(z)

) −4x

(1 + x2)2

= −4
( ∂

∂z
Φ(z)

)
ρ∞(x)2ρ0(x)2

1

x
.

Hence we have

−2
∂

∂z
Φ(z) = ρ∞(x)2ρ0(x)−2 x

2

∂

∂x
ϕ(x) = Dϕ(x)

This shows that the operator DN converges to D as i, j → ∞ with j/i →
x2.

2. Another case is the limit q → 1, i → ∞ with qi → ρ0(x)2 of the difference

operator D : H
(α)β
q → H

(α+1)β+1
q ,

Dϕ(gi) =
ϕ(gi) − ϕ(gi+1)

qi(1 − q)
.

Define

z = (1 + x−2)−1 = ρ0(x)2, ϕ(x) := Φ(z) and set Φ(gi) := Φ(qi).

Then we have

lim
q→1,i→∞
qi→ρ0(x)2

Φ(qi) − Φ(qi+1)

qi(1 − q)
=

∂

∂z
Φ(z).

On the other hand we have also

∂

∂x
ϕ(x) =

( ∂

∂z
Φ(z)

) ∂

∂x

(
1 + x−2

)−1

=
( ∂

∂z
Φ(z)

) 2x

(1 + x2)2

=
( ∂

∂z
Φ(z)

)
ρ∞(x)2ρ0(x)2

2

x
,

whence
∂

∂z
Φ(z) = ρ∞(x)−2ρ0(x)−2 x

2

∂

∂x
ϕ(x) = Dϕ(x)
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4.5 The η-Laguerre Basis

Remember that we unfortunately do not have a real γ-chain. However we do
have a basis on the boundary space for the real β-measure. We consider the
scaled limit of α → ∞ of the Jacobi basis. We denote the boundary space by
Hβ

Zη
= L2(R/{±1}, τβ

Zη
) where τβ

Zη
is the η-γ-measure defined by

τβ
Zη

(x) = e−πx2 |x|2η
d∗x

ζη(β)
.

Note that ζη(β) = π− β
2 Γ
(

β
2

)
. We have also the ladder

Hβ
Zη

D ��
Hβ+2

Zη

D+

��
D ��

Hβ+4
Zη

D+

��

Here D is the scaled limit α → ∞ of the differential operator Dα,β
η which we

have obtained for η-β-chain. It is given as

D = lim
α→∞

(α

2

)−1

π
(( α

2π

) 1
2
)
◦ Dα,β

η ◦ π
(( α

2π

)− 1
2
)
,

where π(a)ϕ(x) = ϕ(a−1x). Now this limit is easily calculated as

D =
1

2πx

∂

∂x
.

Then the adjoint operator D∗ = D∗
β is given by

D∗ = lim
α→∞π

(( α

2π

) 1
2
)
◦ (D+)α,β

η ◦ π
(( α

2π

)− 1
2
)

and has a simple formula

D∗ = eπx2 |x|−β
η

(
−x

2

∂

∂x

)
e−πx2|x|βη = −x

2

∂

∂x
+ πx2 − β

2
.

And again these operator D and D∗ satisfy the Heisenberg relation

DD∗
β − D∗

β+2D = idHβ+2
Zη

.

Using this formula, we have the eigen-function of the number operator DD∗

with eigenvalue m given by

ϕβ
Zη ,m := (−1)m 1

m!
(D∗)m1Hβ+2m

Zη

.

This basis can be expressed in various ways. First of all, it is given by the
scaled limit of the classical Jacobi polynomial;

ϕβ
Zη ,m(x) = lim

α→∞
ϕα,β

η,m

(( α

2π

)− 1
2

x
)
.
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Similarly one can write this by the limit of the q-Laguerre basis as follows:

ϕβ
Zη ,m(x) = lim

q→1,i→∞
qi

1−q
→πx2

ϕβ
Zq,m(gi). (4.16)

From the definition we have again a simple formula

ϕβ
Zη ,m(x) = eπx2 |x|2−β

η

1

m!

( 1

2x

∂

∂x

)m

e−πm2 |x|β+2(m−1)
η

=
πm

m!

∑
0≤k≤m

(
m

k

)
(−1)k ζη(β + 2m)

ζη(β + 2k)
x2k

= (−1)mL
β
2 −1
m (πx2),

where Lβ
m(x) is the classical Laguerre polynomial. Then let us check the

formula (4.16). Remember the q-Difference operator for the q-Laguerre basis;

Dϕ(gi) =
ϕ(gi) − ϕ(gi+1)

qi(1 − q)

Take the limit i → ∞, q → 1 in such a way that qi

1−q → πx2. We also put

ϕ(x) = Φ(z), z = πx2, Φ(gi) = Φ
( qi

1 − q

)
Then we have

(1 − q)DΦ(z) =
Φ(z) − Φ(qz)

qi

1 − q
− qi+1

1 − q

=
Φ(z) − Φ(qz)

z − qz
−→ ∂

∂z
Φ(z)

as q → 1. Changing the variable x to z, we have

∂

∂x
ϕ(x) =

∂

∂z
Φ(z)

∂

∂x
z

Hence we have
1

2πx

∂

∂x
=

∂

∂z
.

We finally see the limit of the special number Cβ
q (m). In the p-adic limit

p© (note that the p-adic limit q → 0 but qβ → p−β), we have

Cβ
q (m)

p©−→ Cβ
p (m) :=

{
1 if m = 0,

(1 − p−β)pβm if m > 0,

Similarly in the real limit η©, it holds that

Cβ
q (m)

η©−→ Cβ
η (m) :=

πm

m!

ζη(β + 2m)

ζη(β)
=

1

m!

β

2

(β

2
+ 1
)
· · ·
(β

2
+ m − 1

)
.

With these values the formulas for the q-Laguerre basis at the end of 4.3.2
continue to hold in the p-adic and real limits.
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4.6 Real Units

Let us now consider the limit α, β → ∞ of the p-β-chain. The “up-stares” of
this chain is the tree with valencies (p− 1) at the root, and all other valencies
equal to p. The probability is given by 1/(p− 1) at the first stage and 1/p at
the other stages, whence it is the random walk. Namely, each arrow gets the
same probability from the same point. The boundary is Z∗

p and the harmonic
measure is just multiplicative Haar on Z∗

p normalized by d∗(Z∗
p) = 1. We

consider the same thing for the real.
We take the limit α, β → ∞ with α = β in the η-β-chain. The probability

of going from (i, j) to (i+1, j) or (i, j+1) is given by 1/2. Then the probability
measure on the N -th layer XN is very simple. In fact it is given by the limit

α = β → ∞ of the probability τ
(α)β
η(N);

τη(N)(i, j) := lim
α→∞

τ
(α)α
η(N)(i, j) =

N !

i!j!

1

2N
.

Let us obtain the harmonic measure on the boundary. At first, the Martin
kernel is given as follows;

K((i, j), (i′, j′)) =

⎧⎨⎩
(i′ + j′ − (i + j))

(i′ − i)!(j′ − j)!

i′!j′!
(i′ + j′)!

2i+j if i′ ≥ i, j′ ≥ j,

0 otherwise.

One can check that the sequence (in, jn) in the state space converges in
the Martin metric if and only if jn/in converges in the wide sense in
[0,∞] = P1(R)/{±1}. Equivalently, in−jn

in+jn
converges in [−1, 1], that is the

Cayley transform. We also extend the Martin kernel to the boundary by

K((i, j), x) = lim
j′/i′→|x|2η

K((i, j), (i′, j′)) = 2i+jρ∞(x)2iρ0(x)2j

for x ∈ [0,∞] or, by the Cayley transform,

K((i, j), z) = lim
i′−j′
i′+j′ →z

K((i, j), (i′, j′)) = (1 + z)i(1 − z)j

for z ∈ [−1, 1]. Here

z = ρ∞(x)2 − ρ0(x)2 =
1 − x2

1 + x2
.

Hence, the harmonic measure on the boundary is just given by δx=1 for x ∈
[0,∞] or δz=0 for z ∈ [−1, 1].

Let us denote the N -th space by Hη(N) = �2
(
(i, j), τη(N)

)
. We have the

operator ∇N : Hη(N) → Hη(N−1) and its adjoint ∇∗
N : Hη(N−1) → Hη(N),

which are the limit α = β → ∞ of the operators for the η-β-chain;
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∇Nϕ(i, j) = ϕ(i, j + 1) − ϕ(i + 1, j)

Put ∇+
N := N∇∗

N . Then it can be written as

∇+
Nϕ(i, j) = jϕ(i, j − 1) − iϕ(i − 1, j).

Then we have the ladder

Hη(N)

∇N ��
Hη(N−1)

∇+
N

��
∇N−1 ��

Hη(N−2)

∇+
N−1

�� .

This again satisfies the Heisenberg relation up the ladder

∇N∇+
N −∇+

N−1∇+
N−1 = idHN .

We define the basis of HN by

ϕ̃η(N),m = (−1)m 1

m!
(∇+)m1Hη(N−m)

(we normalize ϕ̃ soon.) It has an expression as the limit α → ∞ of the real
Hahn function;

ϕ̃(i, j)η(N),m = 2m lim
α→∞

ϕα,α
η(N),m(i, j) =

∑
0≤k≤m

(
i

k

)(
j

m − k

)
(−1)m−k

= σN,m(1, . . . , 1︸ ︷︷ ︸
i

,−1, . . . ,−1︸ ︷︷ ︸
j

),

where σN,m is the m-th elementary symmetric function of N variable:

σN,m(x1, . . . , xN ) =
∑

1≤j1<···<jm≤N

xj1 · · ·xjm .

We also have the following formulas by using the Heisenberg relation.

−∇+
N ϕ̃η(N−1),m−1 = mϕ̃η(N),m,

−∇N ϕ̃η(N),m = ϕ̃η(N−1),m−1.

Hence we have
∇∗

N∇N ϕ̃η(N),m = mϕ̃η(N),m

This shows that the function ϕ̃N,m is the eigen function of the number operator
∇∗

N∇N with eigenvalue m, whence ϕ̃η(N),m is the orthogonal basis for the
N -th layer. The L2-norm is calculated as

||ϕ̃η(N),m||2Hη(N)
=

(
N

m

)
To see the limit of these at the boundary, we need to scale. Let us scale the
operator ∇N as follows;

DN :=
√

2πN∇N
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Then the adjoint operator is given by

D∗
N =

√
2π

N
∇+

N .

Similarly we put

ϕη(N),m := (−1)m 1

m!
(D∗)m1Hη(N−m)

This is the old function up to a constant, that is,

ϕη(N),m =
(2π)

m
2(

N(N − 1) · · · (N − m + 1)
) 1

2

ϕ̃η(N),m.

Hence this also gives an orthogonal basis and the L2-norm of it is easily
calculated as

||ϕη(N),m||2Hη(N)
=

(2π)m

m!
.

Now this is much better than the one for ϕ̃η(N),m because it is independent
on N . Let us associate (i, j) with the point

w(i, j) :=
i − j√

2π(i + j)
=

√
N

2π

i − j

i + j
∈
[
−
√

N

2π
,

√
N

2π

]
.

Then the measure τN becomes the measure

τη(N) =
1

2N

∑
i+j=N

N !

i!j!
δ i−j√

2πN

=
(1

2
δ 1√

2πN
+

1

2
δ− 1√

2πN

)∗N

.

Here ∗N denotes the N times additive-convolution. By the central limit
theorem, this converges as N → ∞;

τη(N) −→ e−πw2

dw

This is why we consider the scaled limit.
Now the limit N → ∞ of the operators DN and D∗

N converges as follows;

DN −→ D = − ∂

∂w
,

D∗
N −→ D∗ = eπw2 ∂

∂w
e−πw2

=
∂

∂w
− 2πw.

These act on the space Hη := L2(R, e−πw2

dw). They satisfies the Heisenberg
relation

DD∗ − D∗D = (2π)idHη .
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And we obtain the basis

ϕη,m := (−1)m 1

m!
(D∗)m1Hη .

We have also an expression of the basis as as the limit of the finite layer;

ϕη,m(w) = lim
w(i,j)→w

ϕη(i+j),m(i, j).

Also it can be written as the scaled limit α = β → ∞ of the real Jacobi basis;

ϕη,m(w) = lim
α→∞

ϕα,α
η(N),m(z)

∣∣∣
z= 2π

α w
= eπw2 (−1)m

m!

( ∂

∂w

)m

e−πmα

and these are the even and odd Hermite polynomials top-right of (Fig. 4.1).
Now we are looking at the parameters (α, β) of real β-chain. We first

notice the special point (1, 1). At this point, we have a unique probability
measure on the projective line that is invariant under the orthogonal group.
Similarly, at the point (2, 2), we have a unique probability measure on the
projective line over the complex which is invariant under the unitary group.
Let us take the limit of one parameter, say α, as α → ∞. If β = 1 and
α → ∞, we obtain the additive Haar measure |x|1ηd∗x = dx and the Laguerre

basis for L2
(
R/{±1}, e−πx2|x|1ηd∗x

)
, which are essentially the even Hermite

0 1 2 3 n ∞
0

1

2

3

n

∞

1st Chebyshev

Legendre

2nd Chebyshev

Gegenbauer

even Hermite

odd Hermite

even and odd Hermite

Laguerre

Jacobi

α

β

Fig. 4.1. η-β-chain (α, β)
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polynomials. Remember the operators D and D∗. For the real case, they act
between the space with β = 1 to β = 3. For β = 3, we have also the Hilbert
space L2

(
R/{±1}, e−πx2|x|3ηd∗x

)
, and the Laguerre basis is essentially the

odd Hermite polynomials divided by x. Now if we take the limit α = β → ∞
diagonally, at the point (∞,∞), we get the space L2

(
R, e−πx2

dw
)

and the
basis for this space consisting of both odd and even Hermite polynomials.



5

q-Interpolation of Local Tate Thesis

Summary. In Sect. 5.1 we give the q-interpolation between the p-adic and the real
theory of the local (and unramified) part of Tate’s thesis. We study the Hilbert space
Hβ = L2(G, τβ) where

G =

⎧⎪⎨⎪⎩
Q∗

p/Z∗
p = pZ for p,

R∗/{±1} = R+ for η,

gZ for q,

τβ(x) = |x|β
d∗x

ζ(β)
.

Here the measure d∗x is the Haar measure (resp. counting measure) on G for η (resp.
p and q) and | · | is the corresponding absolute values:

|a| =

⎧⎪⎨⎪⎩
p−ordp(a) for p,

usual absolute value of a for η,

qn (a = gn) for q.

The measure τβ is called the Tate measure. Note that the following stories are true
for all subscripts p, η and q. Let πβ : G → U(Hβ) be the unitary representation
defined by

πβ(a)ϕ(x) := |a|−
β
2 ϕ(a−1x).

Let Ĥβ = L2(Ĝ, τ̂β), where Ĝ is the dual group of G;

Ĝ =

⎧⎪⎨⎪⎩
iR
/

2πi
log p

Z for p,

iR for η,

iR
/

2πi
log q

Z for q,

τ̂β(s) = ζ
(β

2
+ s,

β

2
− s
)
d◦s,

and

d◦(it) = dt ·

⎧⎪⎨⎪⎩
log p/2π for p,

1/4π for η,

| log q|/2π for q.
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We have the cyclic vector φZ of Hβ;

φZ(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

{
1 if x ∈ Zp,

0 if x /∈ Zp,
for p,

e−πx2

for η,

1/ζ(1 + n) (x = gn) for q,

and the decomposition of the representation πβ into the continuous sum (= integral)

of the 1-dimensional irreducible representations given by the characters in Ĝ is as
follows;

Hβ ∼
−→ Ĥβ

φZ �−→ 1,

πβ(a)φZ �−→ |a|s · 1.

More generally, the isomorphism is given by

ϕ �−→ τ
β
2

+s(ϕ) =

∫
G

ϕ(x)τ
β
2

+s(dx)

In Sect. 5.2 we describe the Fourier–Bessel transform Fβ on Hβ. It is the operator
that intertwines the representation πβ(a) and πβ(a−1): Fβπβ(a) = πβ(a−1)Fβ , and

it corresponds to the operator F̂β on Ĥβ given by

F̂β : Ĥβ −→ Ĥβ; f̂(s) �−→ f̂(−s).

We have for any ϕ ∈ Hβ

τ s(Fβϕ) = τβ−s(ϕ)

and this characterizes the Fourier–Bessel transform. Then we obtain the explicit
expression of the kernel Fβ (using the Bessel function for the real case). Notice that,
in the q-world, the kernel 1

ζq(β)
Fβ

q (gn−1) is symmetric in the spectral parameter β

and the geometric one n. This symmetry is lost in the p-adic and the real limits.
We have also the convolution and co-convolution structure;

Hβ ⊗ Hβ

∗β ��
Hβ

∆β

��

For the case of q, this interpolates the convolution and co-convolution structure
on S(Q⊕n

p )GLn(Zp) for p, and on S(R⊕n)On (resp. S(C⊕n)Un) for the real (resp.
complex) η. The operators ∗β and ∆β are adjoint to each other. Remark that the
convolution is not defined on the Hilbert space but the Schwartz space. We also
obtain the following equivalent expressions:

∆βF
β(x, y) = Fβ(x) · Fβ(y),

Fβ(ϕ1 ∗β ϕ2) = Fβ(ϕ1) · F
β(ϕ2).
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In Sect. 5.3 we introduce the Basic Basis, which does not have the spectral
parameter

φm,q(g
n) =

ζq(1)

ζq(1 + m)

qm(m+n)

ζq(1 + m + n)

→

⎧⎪⎪⎨⎪⎪⎩
φm,p(x) =

{
φZp if m = 0,

φp−mZ∗
p

if m > 0,
for p©,

φm,η(x) = (πx2)m

m!
e−πx2

for η©.

We denote by Hβ
Q/Z

the Hilbert space generated by {φm}m≥0 with norm

||φm||
H

β
Q/Z

= Cβ
q (m) =

(1 − qβ) · · · (1 − qβ+m−1)

(1 − q) · · · (1 − qm)
q−mβ

→

⎧⎪⎪⎪⎨⎪⎪⎪⎩
{

1 if m = 0,

(1 − p−β)pmβ if m > 0,
for p©,

(β)m

m!
for η©.

The boundary space Hβ
Z = L2(G, φZτβ) of the Markov chain after multiplication

by φZ is a subspace in Hβ
q , for which we have the Laguerre basis φZ · ϕβ

m. Hβ
Q/Z

is

also a subspace in Hβ
q , and the Fourier–Bessel transform Fβ interchange Hβ

Q/Z
and

φZ · Hβ
Z , carrying the basic basis to the Laguerre basis. Then we have the following

diagram for q, p and η:

Hβ
q

j∗=∗βφZ

��

i∗=·φZ





Fβ

��

Hβ
Q/Z

�	

j

����������������
�� ∼

Fβ

�� φZ · Hβ
Z


 �

i



��������������

φm
�� Fβ

�� φZ · ϕβ
Z,m

C · φZ


 �

��														
�


��
















Here, for the p-adic case, the embedding i and j are the unitary embeddings
and give “ 1

2
-space” of Hβ

p , which is the space of the function supported at pN ⊆ pZ.
On the other hand for η and q cases, these are dense embeddings. The adjoint j∗ is
given by β-convolution with φZ.
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We then introduce some invertible operators X and Y on Hβ
q by

Xϕ(gn) := qnϕ(gn), Y ϕ(gn) := ϕ(gn−1).

They satisfy the q-commutativity relation;

XY = qY X.

Let N := X + Y , A+ := (1 − q)−1Y −1X and A− := Y [1 − X−1(1 − Y )]. These
operators are nice in terms of the basic basis. Actually, we have

Nφm = q−mφm, A+φm = [m + 1]qq
−mφm+1, A−φm = φm−1.

They satisfy the sl2-relations A±N = q±1NA±, A−A+ −A+A− = N , and an extra
relation

A−A+ − q−1A+A− = id.

It is this extra relation that gives rise to the Heisenberg relations up the ladder.

5.1 Mellin Transforms

5.1.1 Classical Cases

Here we study the unitary representation π : G → U(H) of a group G. We
assume that G is non-compact and commutative so that the representation
theory is very easy. In this section, we mainly treat the case

G 

{

Z for p or q,

R for η.

One can also write these groups in a multiplicative way:

Gp := Q∗
p/Z∗

p =

{
pZ for p,

R+ = eR for η.

Here we denote by R+ the set of all positive real numbers. For the p-adic
case, all the representation of Gp is determined by π(p) ∈ U(H). On the other
hand, for the real case, it can be written as π(et) = eitA, where A : H → H is
a self adjoint operator; A is the infinitesimal generator of the unitary group
π(et), it is defined by

iAϕ =
d

dt

∣∣∣∣
t=0

π(et)ϕ.

We assume that the representations of these groups are multiplicity free, in the
sense that there exists a cyclic vector φ ∈ H . Namely, Span

{
π(g)φ

∣∣ g ∈ Gp

}
is dense in H . Let ρ(g) := (φ, π(g)φ)H . Then ρ : Gp → C is a positive definite



5.1 Mellin Transforms 99

function in the following sense: Define the inner product 〈·, ·〉Cc(Gp) : Cc(Gp)×
Cc(Gp) → C, where Cc(Gp) is the set of continuous functions f : Gp → C
which have compact support, as follows:

〈f1, f2〉Cc(Gp) :=

∫∫
Gp×Gp

dg1dg2f1(g1)f2(g2)ρ(g−1
1 g2) (f1, f2 ∈ Cc(Gp)).

Then this is a positive definite inner product on Cc(G). Let us write

π(f)φ :=

∫
Gp

dgf(g)π(g)φ ∈ H (f ∈ Cc(Gp)).

Then we have(
π(f1)φ, π(f2)φ

)
H

=

∫∫
Gp×Gp

dg1dg2f1(g1)f2(g2)(π(g1)φ, π(g2)φ)H

=

∫∫
Gp×Gp

dg1dg2f1(g1)f2(g2)ρ(g−1
1 g2)

= 〈f1, f2〉Cc(Gp) .

This shows that H is the completion of Cc(Gp) with respect to the inner
product 〈·, ·〉Cc(Gp).

To decompose the representation, we look at the dual group

Ĝp :=
(
Q∗

p/Z∗
p

)∧
=

⎧⎨⎩iR
/ 2πi

log p
Z for p �= η,

iR for p = η.

We denote an element of Q∗
p by a and an element of the dual Q̂∗

p of Q∗
p by s

(i.e., s is a character of Q∗
p). The duality 〈·, ·〉 : Gp × Ĝp → C is given by

〈a, s〉 = |a|sp (a ∈ Gp, s ∈ Ĝp).

For a function f on Gp, the Fourier transform f̂ (note that this is a function

on Ĝp) is just given by the Mellin transform:

f̂(s) =

∫
Gp

f(a)|a|spd∗a

and its inverse transform is given by

f(a) =

∫
Ĝp

f̂(s)|a|−s
p d◦s,

where d◦s is the measure on Ĝp which is normalized by this duality:

d◦(it) = dt ·

⎧⎪⎪⎨⎪⎪⎩
log p

2π
for p �= η,

1

4π
for p = η.
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The properties of the Mellin transform is as follows:

(f1 ∗ f2)
∧(s) = f̂1(s) · f̂2(s), f̂∗(s) = f̂(s)

where f∗(a) := f(a−1).
Now let us decompose the representation. All we need to do is to introduce

the positive function

ρ̂(s) :=

∫
Gp

(φ, π(a)φ)H |a|spd∗a.

Then ρ̂(s)d◦s is a measure on Ĝp. Since Gp is non-compact, H decomposes as
the continuous sum of the irreducible one dimensional representation of Gp.
This decomposition is given by

H
∼−→ L2

(
Ĝp, ρ̂(s)d◦(s)

)
=: Ĥ

φ �−→ 1,

π(a)φ �−→ |a|sp · 1 (a ∈ Gp),

π(f)φ �−→ f̂(s) · 1 (f ∈ Cc(Gp)).

Since the set of element π(f)φ is dense in H , to check that the above is a
well-defined isometry, it is enough to note that(

π(f1)φ, π(f2)φ
)

H
= f1 ∗ f∗

2 ∗ ρ(1) =

∫
Ĝp

f̂1(s)f̂2(s)ρ̂(s)d◦s.

In the case of the reals, we also have that the operator iA on H corresponds
under the above isomorphism to the operator of multiplication by s on Ĥ .

We specialize this general theory to the context of Tate thesis [Ta]. In
Tate thesis, we consider the unitary representation π : Q∗

p → U
(
L2(Qp, dx)

)
defined by

π(a)ϕ(x) := |a|−1/2
p ϕ(a−1x) (ϕ ∈ L2(Qp, dx)).

We always specialize to the “unramified” part, which means that we are taking
Z∗

p-invariants, and consider only

π : Q∗
p/Z∗

p −→ U(L2(Qp, dx)Z∗
p).

The unramified part was also studied by Iwasawa independently of Tate. Let
us generalize the above as follows. The Tate measure τβ

p (x) on Qp is given for
β > 0 by

τβ
p (x) := |x|βp

d∗x
ζp(β)

.



5.1 Mellin Transforms 101

Note that τβ
Zp

(x) = φZp(x) · τβ
p (x) is the γ-measure which we have studied

before with

φZp(x) =

{
the characteristic function on Zp for p �= η,

e−π|x|2η for p = η.

Let

Hβ
p := L2(Qp, τ

β
p )Z∗

p

For example if β = 1, τ1
p (x) = dx is the additive Haar measure on Qp. Further

if β = n for some positive integer n, Hn
p can be identified with

Hn
p 
 L2(Q⊕n

p , dx)GLn(Zp).

Any element ϕ ∈ L2(Q⊕n
p , dx)GLn(Zp) that is invariant under the compact

group GLn(Zp) can be written as ϕ(x1, . . . , xn) = ϕ̂(|x1, . . . , xn|p) with ϕ̂ ∈
Hn

p . Let πβ
p : Gp → U(Hβ

p ) be the unitary representation defined by

πβ
p (a)ϕ(x) := |a|−β/2

p ϕ(a−1x)

We next consider the decomposition of this representation. We can take the
cyclic vector of Hβ

p as φZp . We get the positive definite function

ρβ
p (a) :=

(
φZp , πβ

p (a)φZp

)
Hβ

p
= |a|−β/2

p

∫
Qp

φZp(x)φZp (a−1x)|x|βp
d∗x

ζp(β)

Then it is shown that

ρβ
p (a) = ρ∞(a)

β
2 ρ0(a)

β
2 . (5.1)

In fact, for the case of p �= η, we have

ρβ
p (pn) = pn β

2

∫
Qp

φZp(x)φpnZp(x)|x|βp
d∗x

ζp(β)

=

⎧⎪⎪⎨⎪⎪⎩
pn β

2

∫
Qp

φpnZp(x)|x|βp
d∗x

ζp(β)
= p−n β

2 if n ≥ 0,

pn β
2

∫
Qp

φZp(x)|x|βp
d∗x

ζp(β)
= pn β

2 if n < 0

= |1, pn|−
β
2

p |1, p−n|−
β
2

p .

On the other hand for the case of p = η, we have

ρβ
η (a) = |a|−

β
2

η

∫
R

e−π|x|2η(1+|a|−2
η )|x|βη

d∗x
ζη(β)

= |a|−
β
2

η (1 + |a|−2
η )−

β
2

=
(
1 + |a|2η

)− β
4
(
1 + |a|−2

η

)− β
4

= |1, a|−
β
2

η |1, a−1|−
β
2

η .

This shows the claim (5.1).
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Let us calculate the dual measure τ̂β
p of τβ

p . By (5.1) and the formula
|a|p = ρ0(a)/ρ∞(a) we have

τ̂β
p (s) := ρ̂β

p (s)d◦s = d◦s
∫

Q∗
p

ρβ
p (a)|a|spd∗a

= d◦s
∫

Q∗
p

ρ∞(a)
β
2 −sρ0(a)

β
2 +sd∗a

= d◦s · ζp

(β

2
+ s,

β

2
− s
)

=
∣∣∣ζp

(β

2
+ s
)∣∣∣2

p

d◦s
ζp(β)

.

Hence we have the decomposition

Hβ
p = L2(Qp, τ

β
p )Z∗

p
∼−→ L2

(
Ĝp, τ̂

β
p

)
=: Ĥβ

p

φZp �−→ 1,

πβ
p (a)φZp �−→ |a|sp · 1 (a ∈ Gp).

The isomorphism is given by

ϕ �−→ τ
β
2 +s

p (ϕ) =

∫
Qp

ϕ(a)|a| β
2 +s d∗a

ζp

(
β
2 + s

) .
In the case of p = η, we have also the infinitesimal generator

iAϕ(x) = πβ
η

(
a

∂

∂a

∣∣∣
a=1

)
ϕ(x) =

∂

∂t

∣∣∣∣
t=0

πβ
η (et)ϕ(x)

=
∂

∂t

∣∣∣∣
t=0

e−t β
2 ϕ(e−tx)

= −
(β

2
+ x

d

dx

)
ϕ(x)

Namely, i
(

β
2 + x d

dx

)
is the self-adjoint infinitesimal generator.

One can obtain more precise information from the following commutative
diagrams: In the case p �= η, we have

πβ
p (f)φZp

∈ S(Qp)
Z∗

p

τ
β
2

+s
p

∼ �� C[ps, p−s] � f̂(s)

f ∈
�

������������������
Cc(p

Z)

∼

��
















∼

�����������������
� f

�

�����������������
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where S(Qp)
Z∗

p is the set of locally constant compactly supported functions
on Qp which are invariant under the action of Z∗

p. For example, by the inverse

map of τ
β
2 +s

p , the polynomial F (p−s, p−s) is mapped to F (πβ
p (p), πβ

p (p−1))φZp .
For the real case, we have

C
[−(β

2 + x d
dx

)]
e−πx2 ≡C[x2]e−πx2 τ

β
2

+s
η

∼ �� C[s]

C
[
a ∂

∂a

∣∣
a=1

]
∼

�������������������������

∼ (Mellin transform)

�����������������

The inverse map of τ
β
2 +s

η take the polynomial F (s) to F (πB
q (a ∂

∂a |a=1))φZη .

5.1.2 q-Interpolations

Now we want the q-interpolation of these local stories. We work on

Gq := gZ

for some letter g (we use the letter g different from q since in the p-adic limit
we want to let q → 0 but keep gn = pnZ∗

p). We define the q-Tate measure for
Gq by

τβ
q (gn) :=

ζq(1)

ζq(β)
qnβ .

This is a positive measure for β > 0, whence we have the Hilbert space
Hβ

q := �2(Gq, τ
β
q ). The “q-absolute value” is defined on Gq by |gn|q = qn. Let

πβ
q : Gq → U(Hβ

q ) be the unitary representation of Gq defined by

πβ
q (gn)ϕ(gm) := q−n β

2 ϕ(gm−n).

For the cyclic vector, we take

Definition: φZq(g
n) :=

1

ζq(1 + n)
=

⎧⎨⎩
∏

m>n

(1 − qm) for n ≥ 0,

0 for n < 0.

Then we have

φZq →
{

φZp in p© limit,

φZη in η© limit.
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Actually, let us calculate the p-adic and real limit of φZq . First of all, notice
that

lim
q→0

φZq (gn) =

{
1 for n ≥ 0,

0 for n < 0.

Hence, in the p-adic limit p© (recall that p© means that q → 0 in such a way

that qβ → p−β and gn → pnZ∗
p), we see that φZq → φZp . This case is very

simple because the group is the same; Gq 
 Gp. On the other hand in the
real limit η© (recall also that η© means that q → 1, n → ∞ in such a way that
qn

1−q → πx2 ∈ R/{±1}), since

φZq(g
n) =

1

ζq(1 + n)

=
∑
k≥0

ζq(1)

ζq(1 + k)
(−1)kq

k(k−1)
2 qk(1+n)

=
∑
k≥0

(1 − q)k

(1 − q)(1 − q2) · · · (1 − qk)
(−1)kq

k(k+1)
2

( qn

1 − q

)k

→
∑
k≥0

1

k!
(−1)k(πx2)k

= e−πx2

= φZη (x),

one gets that φZq → φZη .
With the representation πβ

q and the cyclic vector φZq , there is associated
the positive definite function on Gq

ρβ
q (gn) : = (φZq , π

β
q (gn)φZq )Hβ

q

=
∑
k≥0

φZq (gk)q−n β
2 φZq(g

k−n)
ζq(1)

ζq(β)
qkβ . (5.2)

We next calculate the Mellin transforms of ρ(gn). We denote the dual group
of Gq by

Ĝq := iR
/ 2πi

log q
Z

The q-Mellin transform of f : Gq → C is given by

f̂q(s) :=
∑

n

f(gn)qns =

∫
Gq

f(x)|x|sqd∗x

Then the inverse transform is given by

f(gn) =

∫
Ĝq

f̂q(s)q
−nsd◦qs, d◦q(it) := dt ·

∣∣∣ log q

2π

∣∣∣.
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From (5.2), we see that the q-Mellin transform ρ̂β
q of ρβ

q is given by

ρ̂β
q (s) =

∑
n

ρβ
q (gn)qns

=
ζq(1)

ζq(β)

∑
n,k≥0

φZq (gk)φZq (gk−n)q−n β
2 +kβ+ns

=
ζq(1)

ζq(β)

∑
m,k

φZq(g
k)φZq (gm)qk

(
β
2 +s
)
qm
(

β
2 −s
)

(m := k − n)

=
1

ζq(1)ζq(β)

∑
m,k≥0

ζq(1)

ζq(1 + k)
qk
(

β
2 +s
)

ζq(1)

ζq(1 + m)
qm
(

β
2 −s
)

=
ζq(

β
2 + s)ζq(

β
2 − s)

ζq(1)ζq(β)

= ζq

(β

2
+ s,

β

2
− s
)
,

whence the dual measure is given by

τ̂β
q (s) := ρ̂β

q (s)d◦s = ζq

(β

2
+ s,

β

2
− s
)
d◦s.

Therefore we obtain the decomposition of the representation Hβ
q :

Hβ
q = �2(Gq, τ

β
q )

∼−→ L2

(
Ĝq, τ̂

β
q

)
=: Ĥβ

q

φZq �−→ 1,

πβ
q (gn)φZq �−→ qns · 1,

πβ
q (f)φZq �−→ f̂q(s) · 1 (f ∈ Cc(Gq)).

The isomorphism is given by

ϕ �−→ τ
β
2 +s

q (ϕ) =
ζq(1)

ζq

(
β
2 + s

) ∑
n

ϕ(gn)qn
(

β
2 +s
)
.

Again one obtains more precise information from the following commutative
diagram:

πβ
q (f)φZq

∈ Sq
τ

β
2

+s

q

∼ �� C[qs, q−s] � f̂q(s)

f ∈
�

����������������

Cc(Gq)

∼

����������������

∼

������������������
� f

�

�����������������

Here Sq := Span
{
πβ

q (gn)φZq

}
n∈Z

.
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5.2 Fourier–Bessel Transforms

5.2.1 Fourier Transform on Hβ
p

Recall that the Fourier transform F = F1
p is a unitary operator from the

space Hp = H1
p = L2(Qp, dx)Z∗

p to itself. Moreover, F satisfies the following
properties:

F = F∗ = F−1,

FφZp = φZp ,

Fπ1
p(a) = π1

p(a−1)F .

Note that the third property shows thatF intertwines the representationsπ1
p(a)

and π1
p(a−1). Similarly if we consider the space Hn

p = L2(Q⊕n
p , dx)GLn(Zp), we

have the n-dimensional Fourier transforms Fn
p . This is also a unitary operator

from Hn
p to itself and satisfies

Fn
p =

(Fn
p

)∗
=
(Fn

p

)−1
,

Fn
p φ

Z
⊕n
p

= φ
Z
⊕n
p

,

Fn
p πn

p (a) = πn
p (a−1)Fn

p .

More generally, for any β > 0, we have the operator Fβ
p : Hβ

p → Hβ
p satisfying

Fβ
p =

(Fβ
p

)∗
=
(Fβ

p

)−1
,

Fβ
p φ = φ,

Fβ
p πβ

p (a) = πβ
p (a−1)Fβ

p .

The operator Fβ
p on Hβ

p corresponds to the operator F̂β
p on Ĥβ

p ,

τ
β
2 +s

p : Hβ
p

Fβ
p

��
∼ �� F̂β

p

F̂β
p

��

where the map F̂β
p : Ĥβ

p → Ĥβ
p is given by

F̂β
p f̂(s) := f̂(−s).

It is also clear that

F̂β
p =

(F̂β
p

)∗
=
(F̂β

p

)−1
,

F̂β
p 1 = 1

because the measure τ̂β
p (s) is symmetric in s �→ −s.

We can always write Fβ
p by using a kernel Fβ

p : Gp × Gp → C;

Fβ
p ϕ(y) =

∫
Gp

ϕ(x)Fβ
p (x, y)τβ

p (dx).
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Since Fβ
p intertwines the action of πβ

p (a) and πβ
p (a−1) for a ∈ Gp, we see that

the kernel Fβ
p (x, y) depend only on x · y. Then it is easy to calculate that

Fβ
p (x) = ζp(β)

(
φZp(x) − p−βφZp(px)

)
,

Fβ
η (x) =

∑
k≥0

(−1)k ζη(β)

ζη(β + 2k)

1

k!
(πx2)k = ζη(β)|x|1−

β
2

η πJ β
2 −1(2πx),

where Jβ(x) is the Bessel function. In particular for β = 1, we have

F1
p (x) =

1

1 − p−1

(
φZp(x) − p−1φZp(px)

)
= φZp(x) − 1

p − 1
φp−1Z∗

p
(x),

F1
η (x) =

∑
k≥0

(−1)k(2πx2)k

2k!
= cos(2πx).

5.2.2 q-Fourier Transform

We now construct the counterpart q-theory of the previous subsection, that
is, the q-Fourier transforms: The operator Fβ

q on Hβ
q is defined to be the

operator that corresponds to F̂β
q on Ĥβ

q

τ
β
2 +s

q : Hβ
q

Fβ
q

��
∼ �� Ĥβ

q

F̂β
q

��

where F̂β
q f̂(s) = f̂(−s). Note that, since τ̂β

q and 1 are invariant under s �→ −s,
we have

Fβ
q =

(Fβ
q

)∗
=
(Fβ

q

)−1
,

Fβ
q φZq = φZq ,

Fβ
q πβ

q (gn) = πβ
q (g−n)Fβ

q .

Similarly, Fβ
q is given by the kernel Fβ

q : Gq → C:

Fβ
q ϕ(y) =

∫
Gq

ϕ(x)Fβ
q (x · y)τβ

q (dx).

Then what is the kernel Fβ
q (x)? Note that Fβ

q is defined by the equation

τ
β
2 +s

q (Fβ
q ϕ) = τ

β
2 −s

q (ϕ),

equivalently
τs
q (Fβ

q ϕ) = τβ−s
q (ϕ), (5.3)
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or, explicitly,∫∫
Gq×Gq

ϕ(x)Fβ
q (x · y)τβ

q (dx)τs
q (dy) =

∫
Gq

ϕ(x)τβ−s
q (dx).

This is equivalent to the equation (for all ϕ’s):∫
Gq

ϕ(x)
ζq(1)

ζq(β)
|x|β−s

q d∗x
∫

Gq

Fβ
q (y)

ζq(1)

ζq(s)
|y|sqd∗y =

∫
Gq

ζq(1)

ζq(β − s)
|x|β−s

q ϕ(x)d∗x.

Notice that the integral is just the sum on gZ and that |gn|q = qn. Hence the

kernel Fβ
q (y) is uniquely characterized by (for Re(s) = β

2 ),∫
Gq

Fβ
q (y)

ζq(1)

ζq(s)
|y|sqd∗y =

ζq(β)

ζq(β − s)
. (5.4)

Actually, we claim that

Fβ
q (gn) = 1φ1(∞; β; 1 + n)

(Cp) =
ζq(β)

ζq(1)

∑
k≥0

(−1)kq
k(k−1)

2
ζq(1)

ζq(1 + k)

ζq(1)

ζq(1 + n + k)
qβk

(Cη) =
ζq(β)

ζq(1)

∑
k≥0

(−1)kq
k(k−1)

2
ζq(1)

ζq(1 + k)

ζq(1)

ζq(β + k)
q(1+n)k.

Then, for 0 < Re(s) < β, we have∫
Gq

Fβ
q (y)

ζq(1)

ζq(s)
|y|sqd

∗y

=
ζq(β)

ζq(s)

∑
n

qns
∑
k≥0

(−1)kq
k(k−1)

2
ζq(1)

ζq(1 + k)

ζq(1)

ζq(1 + n + k)
qβk

=
ζq(β)

ζq(s)

∑
m≥0

qms ζq(1)

ζq(1 + m)

∑
k≥0

(−1)kq
k(k−1)

2
ζq(1)

ζq(1 + k)
q(β−s)k (m := n + k)

=
ζq(β)

ζq(s)
ζq(s)

1

ζq(β − s)

=
ζq(β)

ζq(β − s)
.

This shows that Fβ
q (gn) as given by (Cp) satisfies the formula (5.4). Further,

it is easy to see that the two expressions (Cp) and (Cη) are the same because
expanding 1/ζq(1 + n + k) in (Cp) gives the expression

1

ζq(β)
Fβ

q (gn−1) =
∑

k,�≥0

qk�

[
(−1)kq

k(k−1)
2

ζq(1)

ζq(1 + k)
qβk

][
(−1)�q

�(�−1)
2

ζq(1)

ζq(1 + �)
qnk

]
,

which is symmetric in β and n. This symmetry between the spectral parameter
β and the geometric parameter n is unique to the q-theory, and is lost in the
p-adic and real limits. The expression for the kernel Fβ

p (resp. Fβ
η ) is obtained

by taking the p-adic (resp. real) limits of the formula (Cp) (resp. (Cη)).
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5.2.3 Convolutions

We here study the convolution structure. Let ϕ1, ϕ2 ∈ C∞
c (Q⊕n

p )GLn(Zp).
Then, we have the additive convolution of ϕ1 and ϕ2:

ϕ1 ∗n ϕ2(y) :=

∫
Q

⊕n
p

ϕ1(x)ϕ2(x − y)dx.

It is clear that ϕ1 ∗n ϕ2 ∈ C∞
c (Q⊕n

p )GLn(Zp) and the convolution product ∗n

is associative and commutative. Further, it holds that

Fn
p (ϕ1 ∗n ϕ2) = Fn

p (ϕ1) · Fn
p (ϕ2)

for the p-adic and real case. Next we want to describe the convolution structure
which interpolates the convolution of the p-adic and real one. Define

δβ
q (x1, . . . , xn) :=

∫
Gq

Fβ
q (x1 · y) · · · Fβ

q (xn · y)τβ
q (dy).

The function δβ
q (x1, . . . , xn) is well-defined, is symmetric in the variables

x1, . . . , xn and homogeneous in the sense that

δβ
q (yx1, . . . , yxn) = δβ

q (x1, . . . , xn)|y|−β
q .

For example, if we take n = 1

δβ
q (x) = |x|−β

q

ζq(β)

ζq(0)
= 0.

If we take n = 2, since(
ϕ(x), δβ

q (x, x)
)
Hβ

q
=

∫
Gq

τβ
q (dx)ϕ(x)

∫
Gq

Fβ
q (x · y)Fβ

q (x · y)τβ
q (dy)

=

∫
Gq

τβ
q (dy)Fβ

q ϕ(y)Fβ
q (yx)

= Fβ
q Fβ

q ϕ(x)

= ϕ(x),

we have

δβ
q (x, x) = reproducing kernel for Hβ

q = δx,x
ζq(β)

ζq(1)
|x|−β

q .

We next study the co-convolution ∆β
q :

∆β
q ϕ(x1, x2) = ϕ(x1 ⊕β x2) :=

∫
Gq

ϕ(x0)δ
β
q (x0, x1, x2)τ

β
q (dx0).
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Then ∆β
q satisfies the co-commutativity relation:

ϕ(x1 ⊕β x2) = ϕ(x2 ⊕β x1)

and co-associativity: in fact,

ϕ(x1 ⊕β x2 ⊕β · · · ⊕β xn) =

∫
Gq

ϕ(x0)δ
β
q (x0, x1, . . . , xn)τβ

q (dx0).

The convolution is the dual operator of the co-convolution. It is defined by

ϕ1 ∗β ϕ2(x0) :=

∫∫
Gq×Gq

ϕ1(x1)ϕ2(x2)δ
β
q (x0, x1, x2)τ

β
q (dx1)τ

β
q (dx2).

Then the duality of convolution and co-convolution is expressed as follows:(
∆β

q ϕ0, ϕ1 ⊗ ϕ2

)
Hβ

q ⊗Hβ
q

= (ϕ0, ϕ1 ∗β ϕ2)Hβ
q

=

∫∫∫
Gq×Gq×Gq

ϕ0(x0)ϕ1(x1)ϕ2(x2)δ
β
q (x0, x1, x2)τ

β
q (dx0)τ

β
q (dx1)τ

β
q (dx2).

Further it holds that

Fβ
q (x1 ⊕β x2) =

∫
Gq

τβ
q (dx0)Fβ

q (x0)δ
β
q (x0, x1, x2)

=

∫∫
Gq×Gq

τβ
q (dx0)τ

β
q (dy)Fβ

q (x0)Fβ
q (x0 · y)Fβ

q (x1 · y)Fβ
q (x2 · y)

= Fβ
q Fβ

q

(Fβ
q (x1 · )Fβ

q (x2 · )
)
(1)

= Fβ
q (x1) · Fβ

q (x2).

Similarly, we have

Fβ
q (ϕ1 ∗β ϕ2)(y) =

∫
Gq

τβ
q (dx0)ϕ1 ∗β ϕ2(x0)Fβ

q (x0y)

=

∫∫∫
Gq×Gq×Gq

τβ
q (dx0)τ

β
q (dx1)τ

β
q (dx2)ϕ1(x1)ϕ2(x2)δ

β
q (x0, x1, x2)Fβ

q (x0y).

Changing the variable x0 �→ x0/y, and using homogeneity

|y|−βδβ
q

(x0

y
, x1, x2

)
= δβ

q (x0, yx1, yx2),

we have

Fβ
q (ϕ1 ∗β ϕ2)(y) =

∫∫
Gq×Gq

τβ
q (dx1)τ

β
q (dx2)ϕ1(x1)ϕ2(x2)Fβ

q (yx1 ⊕β yx2)

=

∫∫
Gq×Gq

τβ
q (dx1)τ

β
q (dx2)ϕ1(x1)ϕ2(x2)Fβ

q (yx1)Fβ
q (yx2)

= Fβ
q ϕ1(y) · Fβ

q ϕ2(y).

These are the basic properties of the q-Fourier–Bessel transform, which
interpolates the p-adic and real one. Note that the extra parameter β is
indispensable for this interpolation.
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5.3 The Basic Basis

Let us consider the space �2
(
gN, τβ

q

) ⊆ Hβ
q with τβ

q (gn) = qnβ ζq(1)
ζq(β) . Note that

τβ
Zq

= φZq · τβ
q =

qnβ

ζq(1 + n)

ζq(1)

ζq(β)

and τβ
Zp

= φZp · τβ
p for the γ probability measures in the p-adic and real cases.

Let Hβ
Zq

:= �2
(
gN, τβ

Zq

)
. Then we have φZq · Hβ

Zq
= �2

(
gN, ζq(1 + n)τβ

Zq

)
and

φZq · Hβ
Zq

⊆ �2
(
gN, τβ

q

) ⊆ Hβ
Zq

.

Consider the p-adic and real limit. It is easy to see that

p : Hβ
Zp

≡ Hβ
Zp

≡ Hβ
Zp

q : φZq · Hβ
Zq

⊆

η©
��

p©
��

�2

(
gN, τβ

q

)
⊆

η©
��

p©
��

Hβ
Zq

η©
��

p©
��

η : φZη · Hβ
Zη

⊆ Hβ
η ⊆ Hβ

Zη

Here Hβ
Zp

= �2
(
pN, τβ

Zp

)
and

Hβ
η := L2

(
R/{±1}, |x|βη

d∗x
ζη(β)

)
, Hβ

Zη
= L2

(
R/{±1}, e−πx2|x|βη

d∗x
ζη(β)

)
.

We have also φZη · Hβ
Zη

= L2
(
R/{±1}, eπx2|x|βη d∗x

ζη(β)

)
.

Now define the Basic Basis:

φq,m(gn) :=
( ζq(1)qm2

ζq(1 + m)

) qnm

ζq(1 + m + n)
(m ≥ 0). (5.5)

Note that

φq,0(g
n) =

1

ζq(1 + n)
= φZq (gn)

and φq,m is supported at n ≥ −m. Taking the p-adic and real limit, we have
for m > 0

φq,m −→
{

φp−mZ∗
p

for p©,
1

m! (πx2)me−πx2

for η©.
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In fact, we have limq→0 φq,m(gn) = δq−m,qn , that is in the p-adic limit p©, we
obtain the characteristic function on p−mZ∗

p. On the other hand taking the

real limit η©, we have

φq,m(gn) =
ζq(1)(1 − q)m

ζq(1 + m)
qm2
( qn

1 − q

)m 1

ζq(1 + m + n)
→ 1

m!
(πx2)me−πx2

.

Now we denote by Hβ
Qq/Zq

the Hilbert space with the basic basis {φq,m}m∈Z

as orthogonal basis with norm

||φq,m||2
Hβ

Qq/Zq

:= Cβ
q (m) =

ζq(1)

ζq(1 + m)

ζq(β + m)

ζq(β)
q−mβ.

Note that Hβ
Qq/Zq

is both a Hilbert space, and a space of functions on gZ;

Hβ
Qq/Zq

=
{∑

m≥0

amφq,m(gn)
∣∣∣ ∑

m≥0

|am|2Cβ
q (m) < ∞

}
⊆ Hβ

q .

We have also isometries

Hβ
q ⊇ Hβ

Qq/Zq

∼ ��

∈

Hβ
Zq

∼ ��

∈

φZq · Hβ
Zq

⊆

∈
Hβ

q

φq,m
� �� ϕβ

Zq,m
� �� φZqϕ

β
Zq,m

since these orthogonal basis all have the same norm.
Let us calculate

τs
q (φq,m) =

ζq(1)

ζq(s)

∑
n

ζq(1)

ζq(1 + m)

qm(m+n)

ζq(1 + m + n)
qns

=
ζq(1)

ζq(1 + m)

ζq(s + m)

ζq(s)
q−ms

= Cs
q (m)

Recall from the theory of the Laguerre basis, we have the formula

τs
q

(
φZq · ϕβ

Zq,m

)
= τs

Zq

(
ϕβ

Zq,m

)
= Cβ−s

q (m).

These show that

τ
β
2 +s(φq,m) = C

β
2 +s
q (m) = τ

β
2 −s
(
φZq · ϕβ

Zq,m

)
.

Therefore we can conclude that

Fβ
q (φq,m) = φZqϕ

β
Zq,m
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and the isomorphism Hβ
Qq/Zq

∼←→ φZq · Hβ
Zq

is given by the Fourier–Bessel

transform Fβ
q . The following commutative diagram gives a summery for the

theory of the q-Fourier Bessel transforms:

Hβ
q

j∗

��

i∗

��

Fβ
q

��
C[qs, q−s]

Hβ
Qq/Zq

�


j

��














�� ∼

Fβ
q

�� φZq · Hβ
Zq

� �

i

��
















C[q−s]
��

�����������������
�� ∼

s←→−s
�� C[qs]


 �



���������������

C · φZq


 �



��������������
��

�����������������
C · 1
� �

��
















��

������������������

Here the map i∗ (resp. j∗) is the adjoint operator of the inclusion i (resp. j)
and it is given by

i∗ϕ = φZq · ϕ (resp. j∗ϕ = φZq ∗β ϕ).

We get another expansion of the kernel Fβ
q

Fβ
q (x · y) =

∑
m≥0

1

Cβ
q (m)

φq,m(x)ϕβ
Zq ,m(y)φZq (y).

and similarly

φZq(x ⊕β y) =
∑
m≥0

1

Cβ
q (m)

φβ
q,m(x)φβ

q,m(y).

We have an algebra acting on Hβ
q generated by X and Y ;

Xϕ(gn) := qnϕ(gn), Y ϕ(gn) := ϕ(gn−1)

with q-commutativity:
XY = qY X.

These are invertible operators;

X−1ϕ(gn) := q−nϕ(gn), Y −1ϕ(gn) := ϕ(gn+1)
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Using the q-binomial theorem, we see that N := X + Y satisfies

Nφq,m = q−mφq,m.

This shows that the basic basis are eigenfunction of the operator N . Notice
that we have

A−φq,m = φq,m−1 with A− := Y
[
1 − x−1(1 − Y )

]
,

A+φq,m = [m + 1]qq
−mφq,m+1 with A+ := (1 − q)−1Y −1X.

The conjugation of X , Y with Fβ
q are also useful:

Fβ
q Y Fβ

q = qβY −1,

Fβ
q XFβ

q = (1 − qβY −1)X−1(1 − Y ).

For example, in the real limit η©, we have

(1 − q)−1X �−→ πx2,

(1 − q)−1(1 − Y ) �−→ −x

2

∂

∂x
, (1 − q)−1(1 − qβY −1) �−→ β

2
+

x

2

∂

∂x
,

and conjugation with Fβ
η gives

Fβ
η

(
−x

2

∂

∂x

)
Fβ

η =
β

2
+

x

2

∂

∂x
,

Fβ
η (πx2)Fβ

η =
(β

2
+

x

2

∂

∂x

) 1

πx2

(
−x

2

∂

∂x

)
= − 1

4π

( ∂2

∂x2
+

β − 1

x

∂

∂x

)
= − 1

4π
x1−β ∂

∂x
xβ−1 ∂

∂x
.

We call the algebra generated by N , A+ and A− the “q-Heisenberg algebra”.
We have the relations

A±N = q±1NA±, A−A+ − A+A− = N (sl2-relations)

and an extra relation
A−A+ − q−1A+A− = id. (5.6)

This extra relation (5.6) explains the Heisenberg relation up the ladder for
the boundary space of the Markov chain obtained before;
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Hβ
Z

D ��

∼φZ·
��

Hβ+1
Z

D ��

D+
β

��

∼φZ·
��

Hβ+2
Z

D+
β+1

��

∼φZ·
��

φZ · Hβ
Z��

∼Fβ

��

φZ · Hβ+1
Z��

∼Fβ+1

��

φZ · Hβ+2
Z��

∼Fβ+2

��
Hβ

Q/Z

q−β

1−q A−
��
Hβ+1

Q/Z

q−(β+1)

1−q A−
��

A+

�� Hβ+2
Q/Z

A+

��

Then the Heisenberg relation

DD+
β − D+

β+1D =
q−β

1 − q
idHβ+1

Z

, (5.7)

when written by using the diagram above in terms of the operators A+ and
A−, translates into the extra relation (5.6).



6

Pure Basis and Semi-Group

Summary. In Sect. 6.1 we obtain the basis for the total space Hβ from the basis
of its subspace Hβ

Z and Hβ
Q/Z

. A remarkable phenomenom occurs in the real case;

with ϕβ
m(x) = L

β
2
−1

m (πx2) the Laguerre basis for Hβ
Zη

,

τs
Zη

(ϕβ
m(x)) = (−1)Cβ−s

η (m) : a polynomial with zeros at s = β, β + 2, . . . , β + 2(m − 1),

τs
Zη

(ϕβ
m(

√
2x)) : a polynomial with zeros at Re(s) =

β

2
.

In Sect. 6.2 we give the semi-group Gβ with τ s(Gβϕ) = τ s+β(ϕ) for q, p and η.
The picture can be summarized in the diagram:

Ĥα+β
��

id

��

Hα+β
τ

α+β
2

+s

∼
��

��

G
β
2

��

Hα+β
Q/Z

�� Fα+β

∼
��

��

id=G0

��

φZ · Hα+β
Z

��
∼

��

Gβ

��

Hα+β
Z

Ĝβ

��

Ĥα Hατ
α
2

+s

∼
��

Hα
Q/Z

�� Fα

∼
�� φZ · Hα

Z
��

∼
�� Hα

Z

0 1
2 1
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We notice that for q and p, Ĝβ is given by convolution with the measures of the
finite layers of the γ-chain.

In Sect. 6.3 we give the global semi-group Gβ
Q, and describe its basic properties

very briefly (this is the only chapter where we do global theory in this book). In
particular, we point the relevance of Gβ

Q to the explicit sums, and give an equivalence

of the Riemann hypothesis in terms of Gβ
Q.

6.1 The Pure Basis

Let us specialize the Sect. 5.3 to the case of η. We have the Laguerre basis

ϕβ
Zη,m = ϕβ

m = (−1)mL
β
2 −1
m (πx2).

This is the orthogonal basis for Hβ
Zη

= L2
(
R/{±1}, e−πx2|x|βη d∗x

ζη(β)

)
. Then

ϕβ
m(x)e−

πx2

2

is an orthogonal basis for Hβ
η = L2

(
R/{±1}, |x|βη d∗x

ζη(β)

)
. To normalize the

Gaussian, we replace x by
√

2x in the basis ϕβ
m(x)e−

πx2

2 . Namely, we put

Φβ
m(x) := ϕβ

m(
√

2x)e−πx2

= (−1)mL
β
2 −1
m (2πx2)e−πx2

.

Then Φβ
m(x) is also an orthogonal basis for Hβ

η .

Let us go to the analytic space via τ
β
2 +s

η , where the infinitesimal gen-
erator of the action of the multiplicative groups

(
β
2 + x ∂

∂x

)
corresponds to

multiplication by −s:

Span{Φβ
m(x)} =
��

∼

��

C[x]e−πx2
= Span

{(
β
2 + x ∂

∂x

)n
e−πx2} ⊆

��

∼

��

Hβ
η��

∼τ
β
2

+s
η

��

Span{f̂β
m(s)} = C[s] = Span{sn · 1} ⊆ Ĥβ

η

Here Ĥβ
η := L2

(
iR, ζη

(
β
2 + s, β

2 − s
)
d◦s
)

is the dual space of Hβ
η and

f̂β
m(s) := τ

β
2 +s

η

(
Φβ

m

)
is the orthogonal basis for Ĥβ

η , which corresponds to Φβ
m(x). This is equiva-

lent to

Φβ
m = f̂β

m

(β

2
+ x

∂

∂x

)
e−πx2

.

Since the measure ζη

(
β
2 +s, β

2−s
)
d◦s is symmetric in s and −s, we immediately

see that, depending on m, f̂β
m(s) is odd or even;
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f̂β
m(−s) = (−1)mf̂β

m(s).

Hence we have

Fβ
η Φβ

m = (−1)mΦβ
m.

The recursion relation

−sf̂ β
m(s) = (m + 1)f̂ β

m+1(s) −
(
m − 1 +

β

2

)
f̂ β

m−1(s), (6.1)

is equivalent to(β

2
+ x

∂

∂x

)
Φβ

m(x) = (m + 1)Φβ
m+1(x) −

(
m − 1 +

β

2

)
Φβ

m−1(x).

This recursion (6.1) is also equivalent to

f̂β
m(s) =

(−1)m

m!
· det

⎛⎜⎜⎜⎜⎜⎜⎜⎝

s β
2 0 · · · 0

1 s β
2 + 1

.. .
...

0 2 s
. . . 0

...
. . .

. . .
. . . β

2 + m − 2
0 · · · 0 m − 1 s

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=

(−1)m

m!
· det

[
prβ

m

(
s − (β

2
+ x

∂

∂x

))
prβ

m

]
,

where

prβ
m : Hβ

η −→
⊕

0≤n<m

C · Φβ
m

is the orthogonal projection (this is called the Jacobi matrix). Note that the

zeros of the orthogonal polynomial f̂β
m(s) of degree m are located in the line

iR (in general, the zeros of the orthogonal polynomials are always contained
in the line of orthogonality). Since

f̂β
m

(
s − β

2

)
= τs

η (Φβ
m) =

∫ ∞

0

L
β
2 −1
m (2πx2)e−πx2 |x|sη

d∗x
ζη(s)

, (6.2)

the zeros of this function of s are contained in the vertical line
{
s ∈ C

∣∣Re(s) =
β
2

}
. Similarly, since

τs
Zη

(ϕβ
m) =

∫ ∞

0

L
β
2 −1
m (πx2)e−πx2 |x|sη

d∗x
ζη(s)

= (−1)mCβ−s
η (m)

=
(−1)m

m!

(β − s

2

)(β − s

2
+ 1
)
· · ·
(β − s

2
+ m − 1

)
, (6.3)
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the zeros of τs
Zη

(ϕβ
m) are contained in s ∈ {β, β+2, . . . , β+2(m−1)}. Remark

that the zeros of τs
η (Φβ

m) are located in the vertical line while the one of

τs
Zη

(ϕβ
m) are in the horizontal line (but the only difference between (6.2) and

(6.3) is the factor 2). For the cases of β = 1, the fact that the zeros of f̂1
m(s) are

contained in the line Re(s) = 1/2 is noticed by Bump and K-S Ng (see [BN]).
We have again the ladder

Hβ
η

D−
��
Hβ+2

η

D−
��

D+
β

�� Hβ+4
η

D+
β+2

��

Here

D+
β = πx2 −

(β

2
+ x

∂

∂x

)
, D− =

1

2

(
1 +

1

2πx

∂

∂x

)
.

Note that D+
β = β(D−)∗ and is the same operator as D+

β : Hβ+2
Zη

→ Hβ
Zη

of
Sect. 4.5. These also satisfy the Heisenberg relation up the ladder:

D−D+
β − D+

β+2D
− = idHβ+2

η
.

Then the basis Φβ
m(x) for Hβ

η can be written as

Φβ
m =

(−1)m

m!
(D+)m · e−πx2

.

Since D+
β is the same operator, we have also an expression of the Laguerre

basis ϕβ
m:

ϕβ
m =

(−1)m

m!
(D+)m · 1Hβ

Zη

.

We can translate the ladder to the analytic spaces

Hβ
η

D−
��

∼

��

Hβ+2
η

D−
��

D+
β

��

∼

��

Hβ+4
η

D+
β+2

��

∼

��
Ĥβ

η

D̂−
��
Ĥβ+2

η

D̂−
��

D̂+
β

�� Ĥβ+4
η

D̂+
β+2

��

Here

D̂+
β f̂(s) :=

1

2

[(β

2
+ s
)
f̂(s + 1) −

(β

2
− s
)
f̂(s − 1)

]
,

D̂−f̂(s) :=
1

2

[
f̂(s + 1) − f̂(s − 1)

]
.
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Also we have the Heisenberg relation

D̂−D̂+
β − D̂+

β+2D̂
− = idĤβ+2

η
.

Then, using this relation, one can prove by induction that f̂β
m(s) have all its

zeros on the line Re(s) = 0 (this is why we call Φβ
m the “pure basis”). Similarly,

we have the expression

f̂β
m =

(−1)m

m!
(D̂+)m · 1Ĥβ

η
.

By induction, we have explicitly

f̂β
m =

(β
2 )m

m!
2F1

(
−m,

β

4
+

s

2
;
β

2
; 2
)

=
πm

m!

∑
m≥0

(
m

k

)
(−1)k ζη(β + 2m)

ζη(β + 2k)

ζη

(
β
2 + 2k + s

)
ζη

(
β
2 + s

) 2k.

These are called the Meixner–Pollaczeck polynomials.
We next consider the p-adic pure basis. Let

Φβ
0 := φZp ,

Φβ
2m−δ := φp−mZ∗

p
+ (−1)δϕβ

Zp,m =
(
1 + (−1)δFβ

)
φm,p (m > 0),

where δ ∈ {0, 1}. This is an orthogonal basis for Hβ
p = L2

(
Qp/Z∗

p, |x|βp d∗x
ζp(β)

)
.

In the analytic space, we put

f̂β
2m−δ(s) : = τ

β
2 +s

p (Φβ
2m−δ)

= C
β
2 +s
p (m) + (−1)δC

β
2 −s
p (m).

Recall that Cs
p(m) = (1 − p−s)pms. Then it is easy to see that

f̂β
m(−s) = (−1)mf̂β

m(s), Fβ
p Φβ

m = (−1)mΦβ
m.

The q-theory for Φβ
m and f̂β

m(s) which interpolates the p-adic and real one
is a special case of the Askey–Wilson polynomials.

6.2 The Semi-Group Gβ

We next study the function Gβ
q on Gq = gZ defined by

Gβ
q (gn) :=

ζq(β + n)

ζq(1 + n)
.
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Notice that Gβ
q is supported on gn for n ≥ 0. Let us calculate the p-adic and

the real limit. First of all, for the limit p©, we see that

Gβ
p (pnZ∗

p) := lim
q→0

qβ→p−β

Gβ
q (gn) =

⎧⎪⎨⎪⎩
0 for n < 0,

(1 − p−β)−1 for n = 0,

1 for n > 0.

On the other hand, for the complex η limit, we have

Gβ
η (x) : = lim

q→1, n→∞
qn→|x|2

Gβ
q (gn)

= lim
q→1, n→∞

qn→|x|2

∑
k≥0

ζq(1 − β + k)

ζq(1 − β)

ζq(1)

ζq(1 + k)
q(β+n)k

= lim
q→1, n→∞

qn→|x|2

∑
k≥0

(1 − q1−β)(1 − q2−β) · · · (1 − qk−β)

(1 − q)(1 − q2) · · · (1 − qk)
qβkqβn

=
∑
k≥0

(1 − β)(2 − β) · · · (k − β)

k!
|x|2k

η

=
(
1 − |x|2η

)β−1
.

For the real η case, we always replace β by β/2. Hence we have

Gβ
η (x) =

(
1 − |x|2η

) β
2 −1

+
:=

{
0 for |x|η > 1,(
1 − |x|2η

) β
2 −1

for |x|η ≤ 1.

The basic property of Gβ for all p, η and q is given by∫
G

Gβ(x)|x|sd∗x = ζ(s, β). (6.4)

In fact, for the case of q, we have from the q-β-sum,∫
Gq

Gβ
q (x)|x|sqd∗x =

∑
n≥0

ζq(β + n)

ζq(1 + n)
qns = ζq(s, β).

Hence we obtain the formula (6.4). Then, taking the p-adic and η limit, we
have (6.4) for the case of p and η.

Now we define the operator Gβ , which is the same symbol Gβ as above, by

Gβϕ(y) :=

∫
G

τβ(dx)Gβ(y/x)ϕ(x).

For example, for the case of q, we have

Gβ
q ϕ(gn) =

∑
m

qmβ ζq(1)

ζq(β)

ζq(β + n − m)

ζq(1 + n − m)
ϕ(gm)

= qβn
∑
m

Cβ
q (n − m)ϕ(gm).
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Then let us calculate the Tate distribution of Gβϕ;

τs(Gβϕ) = τs+β(ϕ). (6.5)

Actually, since ∫
G

d∗y|y|s
ζ(s)

Gβ(y) =
ζ(β)

ζ(β + s)
,

we have

τs(Gβϕ) =

∫
d∗y|y|s
ζ(s)

∫
d∗x|x|β
ζ(β)

Gβ(y/x)ϕ(x)

=

∫
d∗x
ζ(β)

|x|β+s
[∫ d∗y|y|s

ζ(s)
Gβ(y)

]
ϕ(y)

= τs+β(ϕ).

Hence we obtain the formula (6.5). Therefore {Gβ} is a semi-group, that is,

Gβ1Gβ2 = Gβ1+β2 ,

lim
β→0

Gβ = id.

Note also that the cyclic vector φZ is characterized by

τs(φZ) = 1, and hence GβφZ = φZ.

For example, for the case of η, we have

Gβ
ηϕ(y) =

∫
R+

d∗x
ζη(β)

|x|βη
(
1 − ∣∣y/x

∣∣2
η

) β
2 −1

+
ϕ(x)

=
1

ζη(β)

∫
R+

dx · x(|x|2η − |y|2η
) β

2 −1

+
ϕ(x).

This shows that the operator Gβ
η is just the fractional differentiation modulo

the change of the variables x �→ √
x and y �→ √

y.
Next we regard Gβ as the map

G
β
2 : Hα+β −→ Hα

It is easy to check that G
β
2 intertwines the representation π:

G
β
2 πα+β(a) = πα(a)G

β
2 ,
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and it preserves the cyclic vectors. This also follows from (6.5) which gives
the following commutative diagram:

Hα+β
G

β
2 ��

∼τ
α+β

2
+s

��

Hα

∼ τ
α
2

+s

��
Ĥα+β

id �� Ĥα

Notice also that (6.5) gives

Fα(Gβϕ) = Fα+β(ϕ)

since

τs(FαGβϕ) = τα−s(Gβϕ) = τα+β−s(ϕ) = τs(Fα+βϕ).

Then, for all p, η and q, we have the following commutative diagram:

φZ · Hα+β
Z

Gβ
��

��

∼Fα+β

��

φZ · Hα
Z��

∼ Fα

��
Hα+β

Q/Z id
�� Hα

Q/Z

Since the basic basis is map via Fα to the Laguerre basis ϕα
Z,m multiplied by

φZ, we conclude that

Gβ(φZ · ϕα+β
Z,n ) = φZ · ϕα

Z,n.

We also can view the operator Gβ as an operator on the boundary space Hα+β
Z

of the Markov chain.
Let Ĝβ := φ−1

Z · Gβ · φZ : Hα+β
Z → Hα

Z . Then we have

Ĝβϕα+β
Z,n = ϕα

Z,n.

For example, for the case of q, we have

Ĝβ
q ϕ(gn) = ζq(1 + m)

∑
n≥0

qnβ ζq(1)

ζq(β)

ζq(β + m − n)

ζq(1 + m − n)

1

ζq(1 + n)
ϕ(gn)

=
∑

0≤n≤m

[[m
n

]
q

qnβ ζq(β + m − n)

ζq(1 + m − n)

]
ϕ(gn)
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=
∑

0≤n≤m

τβ
q(m)(n, m − n)ϕ(gn).

Here we use the relation[
m

n

]
q

qnβ ζq(β + m − n)

ζq(1 + m − n)
= τβ

q(m)(n, m − n)

and τβ
q(m) is just the measure of the m-th layer of the q-β-Markov chain.

6.3 Global Tate–Iwasawa Theory

Next we study the global theory. Let A be the adele ring of Q. The global
Tate measure τβ

A is defined by

τβ
A :=

⊗
p≥η

τβ
p ∈ S∗(A)Ẑ∗

AQ∗
,

where S∗(A) is the space of distributions on the adeles, the dual space of
S(A) :=

⊗
p≥η S(Qp) with respect to φZp ; and we are interested only in Q∗-

invariant distributions; also, for simplicity, we concentrate on ζ(s) rather than

on L-functions and take Ẑ∗
A :=

∏
p≥η Z∗

p-invariant distributions. For β > 0,

τβ
A gives a positive measure on A. Hence we have the Hilbert space

Hβ
A := L2(A, τβ

A )Ẑ∗{±1} =
⊗
p≥η

Hβ
p with respect to φZp .

We take the cyclic vector φZA
:=
∏

p≥η φZp . Let A∗ be the idele group
and | · |A :=

∏
p≥η | · |p be the global absolute value. Consider the unitary

representation

πβ
A : A∗/Ẑ∗{±1} −→ U(Hβ

A ); πβ
A(a)ϕ(x) = |a|−

β
2

A ϕ(a−1x),

Then the dual Hilbert space Ĥβ
A of Hβ

A is given by

Ĥβ
A : = L2

((
A∗/Ẑ∗{±1})∧,

⊗
p≥η

ζp

(β

2
+ itp,

β

2
− itp

)
d◦tp

)
=
⊗
p≥η

Ĥβ
p with respect to 1.

We again obtain the decomposition of the representation πβ
A

Hβ
A

∼−→ Ĥβ
A .
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We have the global Fourier–Bessel transforms Fβ
A :=

⊗
p≥η Fβ

p on the space

Hβ
A which intertwines πβ

A(a) and πβ
A(a−1) and it corresponds to F̂β

A on Ĥβ
A

which transform t to −t for t ∈ (A∗/Ẑ∗
A{±1})∧. Similarly, we obtain the

spaces

Hβ
ZA

:=
⊗
p≥η

Hβ
Zp

, Hβ
QA/ZA

:=
⊗
p≥η

Hβ
Qp/Zp

.

The important thing is that, in the measure
⊗

p≥η ζp

(
β
2 + itp,

β
2 − itp

)
d◦tp

on Ĥβ
A ,

t = {tp}p≥η ∈ (A∗/Ẑ∗
A{±1})∧

and

(A∗/Ẑ∗
A{±1})∧ =

∏
p≥η

(Q∗
p/Z∗

p)
∧ = R ×

∏
p>η

R
/ 2π

log p
Z (“infinite torus”).

Notice that, corresponding to the homomorphism given by the absolute value

A∗/Ẑ∗
A{±1} |·|A−→ A∗/Ẑ∗

AQ∗ = R+,

we have the dual homomorphism given by the diagonal embedding

(R+)∧ = iR −→ iR ×
∏
p>η

iR
/ 2πi

log p
Z =

(
A∗/Ẑ∗

A{±1})∧.

More generally, taking the dual group of all quasi-characters, that is, taking
Hom(·, C∗) instead of Hom(·, C(1)), we have the diagonal embedding

C −→ C ×
∏
p>η

C
/ 2πi

log p
Z

The very definition of the global zeta function as Euler-product is just the
restriction along this diagonal embedding:

ζA(s) : =
∏
p≥η

ζp(s) =
(∏

p≥η

ζp(sp)
)∣∣∣

sp=s
,

ζA(s, t) : =
∏
p≥η

ζp(s, t) =
(∏

p≥η

ζp(sp, tp)
)∣∣∣

sp=s,tp=t
=

ζA(s)ζA(t)

ζA(s + t)
.

Thus the meaning in the global part of the Tate–Iwasawa theory of the
restriction to the characters which are trivial on Q∗ is that we are work-
ing with the action of A∗/Q∗ on the space A/Q∗, or for zeta, with the action

of R+ = A∗/Ẑ∗
AQ∗ on the space A/Ẑ∗

AQ∗:

πβ
A/Q∗ : R+ = A∗/Ẑ∗

AQ∗ :−→ U
(
L2(A/Ẑ∗

AQ∗, τβ
A )
)
.
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For β > 1, the Tate measure τβ
A is supported on A∗ and the space

Hβ
A/Q∗ := L2

(
A∗/Ẑ∗

AQ∗, τβ
A

)
= L2

(
R+, xβ d∗x

ζA(β)

)
makes perfect sense. For β > 2, φ = φZA

is a cyclic vector, and the space

Hβ
A/Q∗ is the completion of C∞

c (R+) with respect to the inner product

(f1, f2) :=

∫ ∞

0

d∗x|x|β
ζA(β)

∑
q1∈Q∗

πβ
η (f1)φ(q1x)

∑
q2∈Q∗

πβ
η (f2)φ(q2x).

We obtain the spectral decomposition of the representation πβ
A/Q∗ of R+ on

Hβ
A/Q∗ :

Hβ
A/Q∗

∼−→ L2
(
iR, ζA

(β
2

+ s,
β

2
− s
)
ds
)

In the “critical stript”, β ∈ [0, 1], τβ
A is supported on the hole of A (e.g., at

β = 1, τ1
A is additive Haar measure). The action of Q∗ on A being ergodic

we need to work with the non-commutative algebra S(A) � Q∗ instead of
S(A/Q∗) =

{∑
q∈Q∗ ϕ(qx)

∣∣ϕ ∈ S(A), x ∈ A∗/Q∗}.
Next we look at the global semi-group. We have the function,

Gβ
A(x) :=

∏
p≥η

Gβ
p (xp) (x ∈ A).

Then Gβ
A(x) is well-defined for Re(β) > 1 and is supported at [−1, 1]× Ẑ ⊆ A

and is Ẑ∗
A{±1}-invariant. We also define

Gβ
Q(x) :=

∑
q∈Q∗/{±1}

Gβ
A(qx) for x ∈ A∗/Ẑ∗

AQ∗ = R+.

Then we have

Gβ
Q(x) = ζA(β)

∑
1≤n≤1/x

1∏
η,p|n ζp(β)

(1 − n2x2)
β
2 −1
+ .

Note that Gβ
Q(x) is a finite sum, is supported at x ∈ (0, 1), is well-defined

for all β, has poles at x = 1/n for n ∈ Z≥1 and is O(1/x) for x ↓ 0 with∣∣ 1
n − x

∣∣ > ε
n , ε > 0. We have

Gβ
Qϕ(y) =

∫
R+

d∗x|x|βη
ζA(β)

Gβ
Q(y/x)ϕ(x)

=

∫
R+

d∗x · xβ
∑

1≤n≤x/y

1∏
η,p|n ζp(β)

(
1 − n2 y2

x2

) β
2 −1

+
ϕ(x).
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Take ϕ ∈ C∞
c (R+). Then Gβ

Qϕ(y) converges for Re(β) > 0 and can be holo-
morphically extended for all β. Remark that if Supp(ϕ) ⊆ {|x|η ≤ c}, then

Supp(Gβ
Qϕ) ⊆ {|x|η ≤ c}. We have

Gβ1

Q Gβ2

Q = Gβ1+β2

Q (Re(βi) > 0, i = 1, 2),

lim
β→0

Gβ
A = id.

Let us look at the Mellin transform of Gβ
Q;∫ 1

0

d∗x · xsGβ
Q(x) = ζA(β, s) (Re(s) > 1, Re(β) > 0). (6.6)

In fact, it can be calculated as∫ 1

0

d∗x · xsGβ
Q(x) =

∫ 1

0

d∗x · xs
∑

1≤n≤1/x

ζA(β)∏
η,p|n ζp(β)

(1 − n2x2)
β
2
−1

= ζA(β)
∑
n≥1

1∏
p|n ζp(β)

1

ζη(β)

∫ 1/n

0

d∗x · xs(1 − n2x2)
β
2
−1

= ζA(β)
[∑

n≥1

(∏
p|n

(1 − p−β)
) 1

ns

] 1

ζη(β)

∫ 1

0

d∗x · xs(1 − x2)
β
2
−1.

Here we have∑
n≥1

(∏
p|n

(1 − p−β)
) 1

ns
=
∏
p>η

(
1 + (1 − p−β)

∑
k≥1

p−ks
)

=
∏
p>η

(
1 +

(1 − p−s)p−s

1 − p−s

)
=
∏
p>η

1 − p−β−s

1 − p−s
=
∏
p>η

ζp(s)

ζp(β + s)

and ∫ 1

0

d∗x · xs(1 − x2)
β
2 −1 =

ζη(β)ζη(s)

ζη(β + s)
.

Therefore we obtain∫ 1

0

d∗x · xsGβ
Q(x) = ζA(β) ·

∏
p>η

ζp(s)

ζp(β + s)
· 1

ζη(β)
· ζη(β)ζη(s)

ζη(β + s)

=
ζA(β)ζA(s)

ζA(β + s)

= ζA(β, s),

whence the global formula (6.6).
Notice that (6.6) can be written as∫ 1

0

d∗x · xs 1

ζA(β)
Gβ

Q(x) =
ζA(s)

ζA(β + s)
.
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By the Mellin inversion formula, we obtain

1

ζA(β)
Gβ

Q(x) =
1

2πi

∫ c+i∞

c−i∞
x−s ζA(s)

ζA(β + s)
ds (c > 1). (6.7)

Then we obtain the following corollary:

Corollary 6.3.1. Fix β > 2 so that Gβ
Q(x) is a continuous function of x ∈

(0, 1]. Then the Riemann hypothesis is equivalent to the statement

1

ζA(β)
Gβ

Q(x) ∼ Aβ

x
+ A′

β + O(xβ− 1
2−ε) (x ↓ 0) (6.8)

for all ε > 0. Here the constants Aβ and A′
β are given by

Aβ := Res
s=1

ζA(s)

ζA(β + s)
=

1

ζA(1 + β)
, A′

β := Res
s=0

ζA(s)

ζA(β + s)
= − 1

ζA(β)
,

In fact, if we have the Riemann hypothesis, we know all the poles of the
function ζA(s)/ζA(β + s) are at s = 1, 0 and at Re(s) = 1

2 − β. Then we can
shift the integral in (6.7) to c = 1

2 − β + ε, ε > 0 and pick up the residue at
s = 1, 0 obtaining the estimate (6.8). Conversely if we have such an estimate,
(6.6) shows that ζA(s)/ζA(β + s) is holomorphic in Re(s) > 1

2 − β + ε, for any
ε > 0, except for the simple poles at s = 1, 0.

Remark that, for Re(s) > 1 and Re(β) > 0, we have

(Gβ
Q

ϕ)∧(s) =

∫
R+

d∗y · ysGβ
Q
ϕ(y)

=

∫
R+

d∗y · ys
∫ 1

0
d∗x · xβϕ(x)

∑
n≤x/y

1∏
η,p|n ζp(β)

(1 − n2y2/x2)
β
2 −1
+

=

∫ 1

0
d∗x · xβ+sϕ(x)

∫ 1

0
d∗y · ys

∑
n≤1/y

1∏
η,p|n ζp(β)

(1 − n2y2)
β
2 −1
+

= ϕ̂(s + β)
ζA(s)

ζA(β + s)
.

Hence we obtain diagram

L2(R+, d∗x)

Gβ
Q

��
∼ �� L2

(
iR, ds

2πi

)
Ĝβ

Q

��

where Ĝβ
Q : L2

(
iR, ds

2πi

)→ L2
(
iR, ds

2πi

)
, which corresponds to Gβ

Q, is explicitly
given by

Ĝβ
Qf̂(s) :=

ζA(s)

ζA(β + s)
f̂(s + β) = ζA(s) · tβ · 1

ζA(s)
· f̂(s),
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and tβ is the translation by β. It makes sense for f̂(s) holomorphic in

Re(s) ≥ 0, and Re(β) ≥ 0, or for general f̂(s) for β ∈ iR. The semi-group

property of Gβ
Q follows since tβ is a semi-group. Therefore it makes sense to

calculate the infinitesimal generator:

∂

∂β

∣∣∣
β=0

Gβ
Qf̂(s) = ζA(s) · ∂

∂s

1

ζA(s)
· f̂(s) =

∂

∂s
f̂(s) − f̂(s)d log ζA(s)

Notice that, in the explicit sum formula, we can write∑
ζA(s)=0

f̂(s) − f̂(0) − f̂(1) =
1

2πi

∮ [ ∂

∂s
f̂(s) − f̂(s)d log ζA(s)

]
,

the path taken around all the zeros and poles of the global zeta function ζA(s);
∂
∂s f̂(s) does not contribute to the integral being holomorphic. The infinites-
imal generator of this semi-group is hence closely related to the Riemann
hypothesis.
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Higher Dimensional Theory

Summary. In Chap. 7 we study the representation GLd+1(Zp) → U(H) where
H = L2(Pd(Zp)). The commutant of GLd+1(Zp) is generated by the functions on
Ωd := Bd,1\GLd+1/Bd,1. Note that the measure on the space Ωd is induced from the
Haar measure on GLd+1(Zp) and is given by the β-measure with the appropriate
parameters. Ωd parameterizes the relative position of two lines in Pd(Zp) which is
given by the “angle” between them, a real number in the real case and an integer
in the p-adic cases.

Remember that for real prime η

GLd+1(Zη) =

{
Od+1 if η is real,

Ud+1 if η is complex,
Bd,1(Zη) =

{
Od × O1 if η is real,

Ud × U1 if η is complex.

Here Od is the orthogonal group and Ud is the unitary group of size d× d. Then, in
the real case, we get a finite angle sin θ between two lines. In the p-adic case, we get
an integer N . Hence we have

Ω1 = B1,1\GL2/B1,1 =

{
pN ∪ {0} � p−N ∪ {0} p is finite,

| sin θ| if η is real,
⊂ [0, 1].

We have also idempotents en in the Hecke algebra H, and H is decomposed as

H =
⊕
n≥0

H ∗ en.

In our cases, we see that these idempotents are given by the Jacobi functions with
certain parameter both in the p-adic and in the real cases. In the case of the p-adic,
we note that the Hecke algebra C∞(Ωd) grows by one dimension every step from
module pN to modulo pN+1. There is one new representation. Also our basis ϕα,β

p(N)

(this also factor through modulo pN) are defined to be orthogonal to every basis
counted before together with the normalization

ϕα,β
p(N)(0) = ||ϕα,β

p(N)||
2.

This gives the desired identification of the idempotents with the Jacobi basis.
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In the real case, we have the Laplacian ∆α,β. Since it commutes with the rep-
resentation, all idempotents are eigenfunctions. The Laplacian is identified up to a
constant multiple with ∆α,β = DD+ and thus the idempotents are again identified
with the Jacobi basis.

7.1 Higher Dimensional Cases

7.1.1 q-β-Chain

In this chapter we introduce the higher dimensional (rank 1) theory. We
consider the projective r-space

B1,...,1\Pr−1 = B1,...,1\GLr/B1,r−1

where

B1,...,1 =

{⎛⎜⎜⎜⎜⎝
∗ · · · · · · ∗
0

. . .
...

...
. . .

. . .
...

0 · · · 0 ∗

⎞⎟⎟⎟⎟⎠ ∈ GLr

}
,

B1,r−1 =

{⎛⎜⎜⎜⎝
1 ∗ · · · ∗
0
... A
0

⎞⎟⎟⎟⎠ ∈ GLr

∣∣∣∣∣A ∈ GLr−1

}
.

Here B1,...,1 is the minimal parabolic subgroup of GLr and B1,r−1 is the
maximal. Let us first construct the q-theory and then take the p-adic and real
limit, respectively.

Now take the state space Nr =
⊔

N≥0 XN where

XN :=
{
m ∈ Nr

∣∣ |m| := m1 + · · · + mr = N
}
, #XN =

(
N + r − 1

N

)
.

The probability Pα
q(N) on XN is given as follows; Take a sequence of parameter

α := (α1, . . . , αr) ∈ Rr
>0. Then Pα

q(N) is defined as

Pα
q(N)(m, n) :=

⎧⎪⎨⎪⎩
1 − qαi+mi

1 − q|α|+|m| q
∑

j<i(αj+mj) if n = m(i+) for some 1 ≤ i ≤ r,

0 otherwise.

Here we denote m(i+) := (m1, . . . , mi−1, mi + 1, mi+1, . . . , mr). For example
at the origin m = 0, the probability is given as follows;
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Pα
q(N)

(
0, (1, 0, 0, 0, . . . , 0)

)
=

1 − qα1

1 − q|α| ,

Pα
q(N)

(
0, (0, 1, 0, 0, . . . , 0)

)
=

(1 − qα2)qα1

1 − q|α| ,

Pα
q(N)

(
0, (0, 0, 1, 0, . . . , 0)

)
=

(1 − qα3)qα1+α2

1 − q|α| , . . . .

At the point m, we replace α with α + m. The probability measure τα
q(N) on

the N -th layer XN is given as follows;

τα
q(N) := (Pα∗

q(N))
Nδ0 = (A1 + · · · + Ar)

Nδ0,

where

Aiϕ(m) :=
1 − qαi+mi−1

1 − q|α|+|m|−1
q
∑

j<i(αj+mj)ϕ(m(i−))

Now again the operator Aj satisfies the q-commutativity:

AiAj = qAjAi for j < i.

Therefore we can apply the higher dimensional q-binomial theorem to calcu-
late τα

q(N) and obtain the formula

τα
q(N)(m) =

[
N

m

]
q

ζq(α + m)

ζq(α)
q
∑

j<i αjmi

where
[
N
m

]
q

is the multi-variable q-binomial coefficient and ζq(α) is the multi-

variable beta function defined respectively by[
N

m

]
q

:=
[N ]q!

[m1]q! · · · [mr]q!
, (m1 + · · · + mr = N),

ζq(α) :=
ζq(α1) · · · ζq(αr)

ζq(α1 + · · · + αr)ζq(1)r−1
.

Hence once we know these, it is easy to see that the process with α starting
at m is the same as the process with α + m starting from 0. Therefore, the
Green kernel Gα is given by

Gα(m, n) =

{
τα+m
q(N) (n − m) if n ≥ m,

0 otherwise.
.

and the Martin kernel is

Kα(m, n) =

⎧⎪⎨⎪⎩
τα+m
q(N) (n − m)

τα
q(N)(n)

if n ≥ m,

0 otherwise.

Here n ≥ m means that nj ≥ mj for all j.
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Then the boundary space ∂X of the q-processes is calculated as

∂X = Nr−1 � Nr−2 � · · · � N1 � N0,

where N0 = {∞} and the element of Nr−j can be expressed as

(∞, . . . ,∞︸ ︷︷ ︸
j

, mj+1, . . . , mr) = lim
m1,...,mj→∞(m1, . . . , mj, mj+1, . . . , mr).

Note that the set Nr−1 is the main part of the boundary ∂X which is open and
dense subset. The extension of the Martin kernel to the boundary is given as

Kα
(
m, (∞, n2, . . . , nr)

)
=⎧⎪⎨⎪⎩

ζq(1 + n2)

ζq(1 + n2 − m2)
· · · ζq(1 + nr)

ζq(1 + nr − mr)

ζq(α)

ζq(α + m)
q
∑

j<i

(
mjni−(mj+αj)mi

)
if ni ≥ mi,

0 otherwise.

The harmonic measure τα
q on ∂X is given by

τα
q (∞, n2, . . . , nr) =

1

ζq(α)

ζq(α2 + n2)

ζq(1 + n2)
· · · ζq(αr + nr)

ζq(1 + nr)
q
∑

j<i αjni .

Next we want to obtain the basis and the ladder. We denote by Ha
q(N) :=

�2
(
XN , τα

q(N)

)
the Hilbert space of the N -th layer with parameter α. Consider

the following ladder

Ha
q(N)

DN ��
H

a(1+,2+)
q(N−1)

D+
N

��

DN−1��
H

a(1++,2++)
q(N−2)

D+
N−1

��

where DN : Ha
q(N) → H

a(1+,2+)
q(N) is the difference operator given by

DNϕ(m) := q−(m2+···+mr) ϕ(m(2+)) − ϕ(m(1+))

1 − q

and D+
N is the normalization of the adjoint operator D∗

N of DN defined as
follows:

D+
N := (1 − q)2

[|α| + N ]q[N ]q[α1]q[α2]q
[|α|]q[|α| + 1]q

D∗
N .

Then we have the Heisenberg relation up the ladder

DND+
N − D+

N−1DN−1 = q−α1 [α1 + α2]qidH
α(1+,2+)

q(N−1)

.

The reason we normalize the adjoint operator D∗
N is to keep the Heisenberg

relation much simpler one (if we do not introduce the operator D+, the relation
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above becomes of the form DND∗
N − (const.)D∗

N−1DN−1 = · · · ). Consider

the following injection ρr−1 : H
(α1+α2,α3,...,αr)
q(N) ↪→ Hα

q(N) between (r − 1)-

dimension space and r-dimension space;

ρr−1ϕ(m) := ϕ(m1 + m2, m3, . . . , mr).

The adjoint ρ∗r−1 of ρr−1 is given by

ρ∗r−1ϕ(m) =
∑

i+j=m1

ϕ(i, j, m2, m3, . . . , mr)τ
(α1)α2

q(m1) (i, j).

Then one can see that the relation Image ρr−1 = kerDN holds. Hence, using
the Heisenberg relation, we obtain the orthogonal basis

ϕα
q(N),v :=

(−1)|v|q(
|v|
2 )

[v1]q! · · · [vr−1]q!
(D+)v1ρr−1(D

+)v2ρr−2 · · · (D+)vr−2ρ2(D
+)vr−11

where v = (v1, . . . , vr−1) and |v| ≤ N .
Now consider the boundary space. Let Ha

q := �2
(
Nr−1, τα

q

)
be the Hilbert

space of the boundary (notice that Nr−1 is dense in ∂X). Then we have also
the ladder

Ha
q

D ��
H

a(1+,2+)
q

D+

��
D ��

H
a(1++,2++)
q

D+

��

where D : Ha
q → H

a(1+,2+)
q is a difference operator given by

Dϕ(n) := q−|n| ϕ(n(2+)) − ϕ(n)

1 − q
, n = (∞, n2, . . . , nr)

and D+ is adjoint of D up to a constant. They again satisfy the following
Heisenberg relation

DD+ − D+D = q−α1 [α1 + α2]qidHa(1+,2+)
q

We have also the embedding ρr−1 : H
(α1+α2,α3,...,αr)
q ↪→ Hα

q defined by

ρr−1ϕ(∞, n2, . . . , nr) = ϕ(∞, n3, . . . , nr)

and see that Image ρr−1 = kerD. This gives also the orthogonal basis ϕα
q,v for

the boundary;

ϕα
q,v :=

(−1)|v|q(
|v|
2 )

[v1]q! · · · [vr−1]q!
(D+)v1ρr−1(D

+)v2ρr−2 · · · (D+)vr−2ρ2(D
+)vr−11

Similarly to the case of r = 2, we obtain the compatibility with respect to
the Martin kernel between the operators D, D+, ρ and the corresponding
operators on the finite layers. Then we have also the commutative diagram
and the diagonalization of the Martin kernel, cf. (4.9).
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7.1.2 The p-Adic Limit of the q-β-Chain

Let us take the p-adic limit p© of the above q-β-chain of the higher dimension.
Remember that the p-adic limit p© is the limit q → 0 with qαi → p−αi . We

identify XN = Xp(N) =
{
m ∈ Nr

∣∣ |m| = N
}

with the space

B1,...,1(Z/pN )\GLr(Z/pN)/B1,r−1(Z/pN ) = B1,...,1(Z/pN )\Pr−1(Z/pN )

as follows;

Xp(N)
∼−→ B1,...,1(Z/pN )\Pr−1(Z/pN )

m �−→ (1 : pmr : pmr+mr−1 : · · · : pmr+···+m2).

Then the p-adic limit of the q-β-chain is the tree chain induced from the
natural projection Z/pN+1 → Z/pN . We also identify the boundary ∂X =
Nr−1 � Nr−2 � · · · � N1 � N0 with

∂X
∼−→ B1,...,1(Zp)\Pr−1(Zp)

(∞, m2, . . . , mr) �−→ (1 : pmr : pmr+mr−1 : · · · : pmr+···+m2)

Here we interpret p∞ = 0. The harmonic measure τα
p on B1,...,1(Zp)\Pr−1(Zp)

is also given by the projection of the product of the p-adic γ measures;

τα
p = pr∗(τ

α1

Zp
⊗ · · · ⊕ ταr

Zp
).

The basis ϕα
q(N),v and ϕα

q,v converge in the p-adic limit to the basis ϕα
p(N),v

and ϕα
p,v for the finite layers spaces �2(Xp(N), τ

α
p ), respectively.

7.1.3 The Real Limit of the q-β-Chain

We next treat the real limit η©. First of all, the measure τα
η(N) on the finite

layer XN is given by

τα
η(N)(m) :=

(
N

m

)
ζη(α + 2m)

ζη(α)
,

where
(

N
m

)
is the multi-variable binomial coefficient and ζη(α) is the multi-

variable beta function which are respectively given by(
N

m

)
: =

N !

m1! · · ·mr!
(m1 + · · · + mr = N),

ζη(α) : =
ζη(α1) · · · ζη(αr)

ζη(α1 + · · · + αr)
.

Now the sequence {m(k)} = {(m(k)
1 , . . . , m

(k)
r )} converges with respect to the

Martin metric if and only if there exists some xj such that
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x2
j = lim

k→∞
m

(k)
j

|m(k)|
∈ [0, 1] for all j = 1, . . . , r.

Note that x2
1 + · · · + x2

r = 1. Hence we identify the boundary ∂X with

{
x ∈ [0, 1]r

∣∣ x2
1 + · · · + x2

r = 1
}

= {±1}r\Sr−1 =

⎧⎨⎩{±1}r−1\Pr−1(R) if η is real,

(C(1))r−1\Pr−1(C) if η is complex.

Then the harmonic measure τα
η is given by the β-measure;

τα
η (x) = pr∗(τ

α1

Zη
⊗ · · · ⊕ ταr

Zη
) = |x1|α1−1 · · · |xr |αr−1 d0x

ζη(α)
.

Here d0x is the Haar measure on the (r − 1)-sphere Sr−1 normalized by
d0x(Sr−1) = 1.

Let Hα
η := L2

({±1}r\Sr−1, τα
η

)
the Hilbert space of the boundary. Then

the operator D : Hα
η → H

α(1++,2++)
η and its adjoint D+ (up to a constant

multiple) converge to certain differential operators as in the 2-dimensional
case. Then we get the ladder

Ha
η

D��
H

a(1++,2++)
η

D+

��
D ��

H
a(1++++,2++++)
η

D+

��

We have also the injection ρr−1 : H
(α1+α2,α3,...,αr)
η ↪→ Hα

η , it is given as
follows;

ρr−1ϕ(x) = ϕ
(√

x2
1 + x2

2, x3, . . . , xr

)
.

Here we replace x2
1 +x2

2 with |x1|2η + |x2|2η if η is complex. Since Image ρr−1 =

kerD, we get again the basis as before denoted by ϕα
η,v, which can be written

as the limit N → ∞ of the basis ϕα
η(N),v of the finite layer or the limit q → 1

of the basis ϕα
q,v of the boundary space for the q-β-chain. Also one can obtain

the commutative diagram generalizing (4.9).

Notice also that if α = (1, . . . , 1), the harmonic measure τ
(1,...,1)
η is the

unique probability measure on the projective r-space Pr−1 which is invariant
under the action of GLr(Zp) in the p-β-chain, or Or, in the real β-chain, or
Ur in the complex β-chain.

7.2 Representations of GLd(Zp), p ≥ η, on Rank-1
Symmetric Spaces

We next concentrate on the q-Jacobi basis, which is the q-interpolation of
zonal spherical functions. So let us begin with general setting.



138 7 Higher Dimensional Theory

Let G be a compact group and τ the Haar measure on G normalized by
τ(G) = 1. Take a closed subgroup B of G and we let X := G/B. We have a
natural projection pr : G � X . Let τX = pr∗τ , a probability measure on X .
Let H = L2(X, τX) and π the unitary representation of G defined by

π : G −→ U(H), π(g)f(x) = f(g−1x).

Since G is compact, we have the following irreducible decompositions

H =
⊕
m

Vm, π =
⊕
m

πm (7.1)

and Vm are finite dimensional. How this representation decomposes can be
seen by looking at the space Ω := G\X×X 
 B\X/B. Here the isomorphism
is given by

G\X × X
∼−→ B\X/B,

G(g1B, g2B) �−→ Bg−1
1 g2B,

G(idB, gB) �−→BgB.

We have also the natural projection pr : G � Ω and obtain the probability
measure τΩ := pr∗τ on Ω.

Let H = C(Ω) or L1(Ω) or C∞(Ω). Note that in the p-adic case, the
smoothness means locally constant. Now we give H the structure of the con-
volution algebra. For two functions ϕ1 and ϕ2 on G, we define the new function
ϕ1 ∗ ϕ2 on G by the convolution product;

ϕ1 ∗ ϕ2(g) :=

∫
G

ϕ1(g1)ϕ2(g
−1
1 g)τ(dg1).

If both ϕ1 and ϕ2 are invariant under both side by B, then the convolution
ϕ1 ∗ ϕ2 is also invariant under both side. Further we have f ∗ ϕ ∈ H for any
f ∈ H and ϕ ∈ H. This is a ∗-representation of H on the Hilbert space H
where the ∗-algebra structure is

ϕ∗(g) := ϕ(g−1).

i.e., H acts on H on the right by convolution.

H ×H −→ H, (f, ϕ) �−→ f ∗ ϕ.

This action commutes with the G-action, that is, (π(g)f) ∗ ϕ = π(g)(f ∗ ϕ).
Further we see that the commutant of π(G) is always generated by H. Let
K : H → H be some operator which commutes with the G-action. Then K
can be written as the convolution with some kernel K : X × X → H as

Kf(y) =

∫
X

f(x)K(x, y)τX (dx).
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We use the same symbol for the kernel. Then we have for any f ∈ H and
g ∈ G

π(g)Kf(y) =

∫
X

f(x)K(x, g−1y)τX(dx)

= K(π(g)f)(y) =

∫
X

f(x)K(gx, y)τX(dx).

This shows that K(x, g−1y) = K(gx, y), or K(x, y) = K(gx, gy). Therefore
the kernel K is a function on G\X × X = Ω. Hence, if we put K(x, y) =:
k(x−1y), we have k ∈ H and Kf = f ∗ k.

Now assume that we have no multiplicity in the decomposition (7.1). This
means that Vm1 �
 Vm2 for m1 �= m2 and also that

(the commutant of π(G)) 

⊕
m

C · idVm

by the Schur lemma. Furthermore this is equivalent to that H is commutative
with respect to the convolution product. Hence we can write

H =
⊕
m

Cem,

where en is an idempotent. Namely, en satisfies

em1 ∗ em2 = δm1,m2em1 ,

e∗m = em.

Therefore H is very simple algebra once we know the idempotent em and the
decomposition (7.1) can be easily described. Actually, em gives the represen-
tation Vm by Vm = H ∗ em. On the other hand Vm also determines uniquely
em by the following relation (Vm)B = C · em. These show that Vm determines
the em up to a constant multiple. Further the constant can be known by the
formula

||em||2H = em ∗ e∗m(id) = em(id).

i.e., for any v ∈ (Vm)B we have

em =
v(id)

||v||2H
v.

Similarly let us take two closed subgroups Bi (i = 1, 2) of G. Let Hi :=
L2(G/Bi, τG/Bi

) and, say, HBi = L1(Bi\G/Bi, τBi\G/Bi
). If the operator ϕ :

H1 → H2 commutes with the G-action, that is, ϕ(π(g)f) = π(g)(ϕ(f)) for all
g ∈ G, it is given by the convolution

ϕ : H1 −→ H2, f �−→ f ∗ ϕ
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with the kernel ϕ in HB1,B2 := L1(B1\G/B2, τB1\G/B2
). Then HB1,B2 is a

HB1 -module on the left and a HB2-module on the right. If we assume the
multiplicity free of the irreducible decomposition of both H1 and H2, then
HB1,B2 is the module;

HB1,B2 

⊕
m

Cem.

Here em are the common idempotents acting in both the decompositions of
H1 and H2.

We next renormalize all our old basis. First we redefine the q-Hahn basis
as follows;

ϕ
(α)β
q(N),m :=

ϕ
(α)β
q(N),m(N, 0)

||ϕ(α)β
q(N),m||2

H
(α)β

q(N)

ϕ
(α)β
q(N),m.

Also let us normalize the basis for the finite layer for the p-adic and the real
basis in the same way. Similarly on the boundary, we normalize again the
q-Jacobi basis;

ϕ(α)β
q,m =

ϕ
(α)β
q,m (0)

||ϕ(α)β
q,m ||2

H
(α)β
q

ϕ(α)β
q,m

and similarly for the p-adic and real basis. Here 0 = limi→∞ gi. These nor-

malization guarantee the condition ||ϕ(α)β
q,m ||2 = ϕ

(α)β
q,m (id). Each normalized

constant can be written as follows; For the q-Hahn basis, it is given by

ϕ
(α)β
q(N),m(N, 0)

||ϕ(α)β
q(N),m||2

H
(α)β

q(N)

=
ζq(α)

ζq(α + m)

ζq(α + β + m)

ζq(α + β)

1 − qα+β+2m−1

1 − qα+β+m−1
.

Similarly for the q-Jacobi basis, it is given by the same constant

ϕ
(α)β
q,m (0)

||ϕ(α)β
q,m ||2

H
(α)β
q

=
ζq(α)

ζq(α + m)

ζq(α + β + m)

ζq(α + β)

1 − qα+β+2m−1

1 − qα+β+m−1
.

Notice that when we take α → ∞, both the q-Laguerre and the finite
q-Laguerre basis (hence the p-adic and real Laguerre basis as well) are already
normalized

ϕβ
q(N),m(N, 0)

||ϕβ
q(N),m||2

Hβ
q(N)

=
ϕβ

Zq,m(0)

||ϕβ
Zq,m||2

Hβ
Zq

= 1.

In the following table, we give some examples of the compact group G, the
closed subgroup B of G, X = G/B, Ω = B\G/B, the probability measure τΩ

on G and the idempotent em which are normalized as above. The first table
is for the p-adic cases and the second one for the real cases.
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G B X Ω τΩ em

GL2(Z/pN ) B1,1 P1(Z/pN ) {0, 1, . . . , N} τ
(1)1

p(N)
ϕ

(1)1

p(N),m

GLd+1(Z/pN ) Bd,1 Pd(Z/pN ) {0, 1, . . . , N} τ
(1)d

p(N)
ϕ

(1)d

p(N),m

GLd0+d1
(Z/pN ) Bd0+d1−1,1, Bd0,d1

− {0, 1, . . . , N} τ
(d0)d1
p(N)

ϕ
(d0)d1
p(N),m

GL2(Zp) B1,1 P1(Zp) pN ∪ {0} τ (1)1
p ϕ(1)1

p,m

GLd+1(Zp) Bd,1 Pd(Zp) pN ∪ {0} τ (1)d
p ϕ(1)d

p,m

GLd0+d1
(Zp) Bd0+d1−1,1, Bd0,d1

− pN ∪ {0} τ (d0)d1
p ϕ(d0)d1

p,m

GLd(Zp) Bd−1,1, B1,...,1 − Nr−1 � · · · � N0 τ (1,...,1)
p ϕ

(1,...,1)
p,v

(Z/pN )∗ � Z/pN (Z/pN )∗ Z/pN {1, p, p2, . . . , pN = 0} τ1
p(N) ϕ1

p(N),m

GLd(Z/pN ) � (Z/pN )⊕d GLd(Z/pN ) (Z/pN )⊕d {1, p, p2, . . . , pN = 0} τd
p(N) ϕd

p(N),m

Z∗
p � Zp Z∗

p Zp pN ∪ {0} τ1
p ϕ1

p,m

GLd(Zp) � Z⊕d
p GLd(Zp) Z⊕d

p pN ∪ {0} τd
p ϕd

p,m

Notice that the same results holds when we replace Zp by OK the ring of
integers of a local field K, one only have to multiply the parameters α, β (or
d0, d1) by r, where pr is the number of elements in the residue field of OK .
Similarly, the passage from the reals to the complex cases involves multiplying
the parameters by 2 = [C; R].

G B X Ω τΩ em

O2 B1,1 P1(R) {±1}\P1(R) = [0,∞] τ 1,1
η ϕ

1,1
η,m

Od+1 Bd,1 Pd(R) [0,∞] τd,1
η ϕd,1

η,m

Od0+d1 Od0 × Od1 , Od0+d1−1 × O1 − [0,∞] τd0,d1
η ϕd0,d1

η,m

Od Od−1 × O1, Od
1 − {±1}d\Pd−1(R) τ

(1,...,1)
η ϕ

(1,...,1)
η,v

U2 B1,1 P1(C) (C(1))\P1(C) = [0,∞] τ 2,2
η ϕ2,2

η,m

Ud+1 Bd,1 Pd(C) [0,∞] τ 2d,2
η ϕ2d,2

η,m

Ud0+d1 Ud0 × Ud1 , Ud0+d1−1 × U1 − [0,∞] τ 2d0,2d1
η ϕ2d0,2d1

η,m

Ud Ud−1 × U1, Ud
1 − Ud

1 \Pd−1(C) τ
(2,...,2)
η ϕ

(2,...,2)
η,v

The proof of the p-adic case is just simple calculation of the relative mea-

sure τ
(α)β
p showing that for the appropriate parameters α, β it is given by

the Haar measure, more precisely, the image of the Haar measure on the cor-
responding Ω’s. This is obtained by just counting. For example, Notice that

ϕ
(α)β
p,m is orthogonal basis with respect to the measure τ

(α)β
p and by our con-

struction of the Markov chain ϕ
(α)β
p,m is defined mod pm and not mod pm−1.
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The ϕ
(α)β
p,m are normalized by ϕ

(α)β
p,m (id) = ||ϕ(α)β

p,m ||2
H

(α)β
p

. Comparing it with

the representation theory, we see that there exists a unique representation
of GL2(Zp) in L2(X), which factors through GL2(Z/pm) but not through
GL2(Z/pm−1) (see [Hi]). All the finite dimensional representation of GL2(Zp)
are representation of GL2(Z/pn) for some n.

For the real case, first of all we have to check the image of the Haar
measure on the corresponding Ω coincide with τα,β

p . We notice that the basis

ϕα,β
η,m is an eigenfunction of the Laplace–Beltrami operator ∆, which lies in the

enveloping algebra and induces a G-invariant differential operator on L2(X).
Identifying its radial part (i.e., the action of ∆ on functions on Ω in the
coordinate x ∈ [0,∞] 
 [0, 1]) with our operator D+D, this gives the proof of
real cases.
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Real Grassmann Manifold

Summary. In Chap. 8 we give the classical theory of the decomposition of the
representation afforded by the Grassmannian for the group GLd(Zη) = Od (or Ud

for the complex η). The space Ωd
m parameterizes the relative positions of two m-

planes. Let p, q ⊆ Rd be two planes and m = dimp ≤ dimq ≤ 1
2
d. Then we

say that typ(p, q) = {θ1, . . . , θm}, or the relative position (or the critical angles)
of p, q are {θ1, . . . , θm} if and only if there exists orthonormal basis A1, . . . , Am

for p and B1, . . . , Bn for q such that (Ai, Bj) = δij cos θi. In other words, Ai and
Bi have an angle θi and Ai is orthogonal to all Bj for i �= j. Equivalently, if we
consider the orthogonal projection from q to p, Prp,q, and its adjoint Prq,p, since
their composition Prp,q ◦ Prq,p : p → p is self-adjoint, we have a diagonalization as

Prp,q ◦ Prq,p ∼

⎛⎜⎝ cos2 θ1 0
. . .

0 cos2 θm

⎞⎟⎠.

Notice that these two projections do not commute in general; if they do commute
their composition is the orthogonal projection on the intersection p∩q (and cos2 θi ∈
{0, 1}). We have calculated the Selberg measure on the space Ωd

m of the relative
positions. Then we determined the idempotents which are the multivariable (higher-
rank) Jacobi polynomials.

8.1 Measures on the Higher Rank Spaces

8.1.1 Grassmann Manifolds

We start with the theory constructed by A. James and A. Constantine ([JC]).
Recall that

η real dimension

real Od :=
{
A ∈ Matd×d(R)

∣∣At · A = Id

}
1
2d(d − 1)

complex Ud :=
{
A ∈ Matd×d(C)

∣∣A∗ · A = Id

}
d(d − 1)
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Note that the real dimension can be calculated by the numbers of equations
(for the real case, we have d2 − 1

2d(d + 1) = 1
2d(d − 1)). These are closed and

compact subgroup of GLd as in the p-adic case (notice that GLd(Zp) is the
maximal compact subgroup of GLd(Qp) but is also open). We are interested
in the Grassmann manifold;

Xd
m :=

{
m-dimensional subspace of Rd (or Cd)

}
.

It is easy to see that

η Grassmann manifold real dimension

real Xd
m(R) = GLd(R)/Bm,d−m(R) = Od/Om × Od−m m(d − m)

complex Xd
m(C) = GLd(C)/Bm,d−m(C) = Ud/Um × Ud−m 2m(d − m)

For the real case, the Haar measure on Xd
m is the unique Od-invariant probabil-

ity measure and, hence, we get the unitary representation Od → U(L2(Xd
m)).

Similarly for the complex case.
Let us look at the quotient Od\Xd

m × Xd
m. More generally if we want the

intertwining operators between Xd
m and Xd

n, we consider Od\Xd
m × Xd

n. Now
we always assume m ≤ n ≤ d

2 . Then it can be written as

Od\Xd
m × Xd

n = Om × Od−m\Od/On × Od−n 
 Ωm.

As a set, we see that

Ωm = [0, 1]m/Sm =
{
(y1, . . . , ym) ∈ [0, 1]m

∣∣ 0 ≤ y1 ≤ · · · ≤ ym ≤ 1
}
,

where Sm is the symmetric group.
Take two planes pm ∈ Xd

m and pn ∈ Xd
n. We look at Od(pm, pn) as

the relative position of m-plane and n-plane. We denote by typ(pm, pn) =
(y1, . . . , ym) ∈ Ωm if and only if there exists an orthonormal basis X1, . . . , Xm

for pm and X̃1, . . . , X̃n for pn such that |(Xi, X̃j)| = δijyi for all 1 ≤ i ≤ m,
1 ≤ j ≤ n. In this case we say that pm and pn have the critical angle
yi = | cos θXi,X̃i

|. In other words, let us denote by Ppn,pm the orthogonal
projection Prpn|pm

: pn → pm. Then the adjoint of Ppn,pm is just given by
(Ppn,pm)∗ = Ppm,pn . Note that the operator Ppm,pn ◦ Ppn,pm : pn → pn is
a positive definite self-adjoint operator, whence we can diagonalize it. Then
eigenvalues of Ppm,pn ◦ Ppn,pm are just {y2

1 , . . . , y
2
m}.

In the case n = m, for p, p′ ∈ Xd
m, it is easy to see that typ(p, p′) =

typ(p′, p). This gives the commutativity of the Hecke algebra Hd
m := S(Ωm).

Therefore we have a multiplicity free representation. We have the decom-
position of L2(Xd

m) with respect to Od. Similarly for Ud in the complex
case.
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8.1.2 Measures on Om, Xd
m and V d

m

Take an m-plane p ∈ Xd
m. Fix an orthonormal basis {a1, . . . , am} for p.

Take the vectors {b1, . . . , bd−m} with bj ∈ Rd such that {a1, . . . , am} ∪
{b1, . . . , bd−m} becomes orthonormal basis for Rd. Then it is clear that
{b1, . . . , bd−m} is the orthonormal basis for p⊥ and we get the matrix (A|B) =
(a1| · · · |am|b1| · · · |bd−m) ∈ Od. Now look at the following differential form

τd
m(p) :=

∏
1≤i≤m

1≤j≤d−m

∣∣b∗j · dai

∣∣.
This is a differential form of degree m(d − m). Here b∗jdai denotes the inner
product; b∗jdai = (dai, bj). It is independent on the choice of {ai} and {bj},
and τd

m is the Od-invariant measure on Xd
m since the differential form of the

highest degree determines the measure. Similarly −Tr(A∗dB · B∗dA) (again
this 2-form is independent on A and B by the property of the trace) is the
Od-invariant metric on Xd

m.
We next look at the space

V d
m =

{
(a1, . . . , am)

∣∣ orthonormal basis for an m-dimensional

subspace of Rd (or Cd)
}

=
{
A ∈ Matd×m(R) (or Matd×m(C))

∣∣A∗ · A = Id

}
.

It can be also expressed as

η real dimension

real V d
m(R) = Od/Od−m m(d − m) + 1

2m(m − 1)

complex V d
m(C) = Ud/Ud−m 2m(d − m) + m(m − 1)

Hence Od acts on V d
m and all stabilizers are isomorphic to Od−m. We call V d

m

the space of m-frames in d-space. Let us take A = (a1, . . . , am) ∈ V d
m and

B = (b1, . . . , bd−m) such that (A|B) ∈ Od. Similarly to the above, consider
the following form

τd
m(A) :=

∏
1≤i≤m

1≤j≤d−m

∣∣b∗j · dai

∣∣ · ∏
1≤i<j≤m

∣∣a∗
j · dai

∣∣.
This is independent of the choice of B and gives the Od × Om-invariant
measure, that is, τd

m(gdAgm) = τd
m(A) for any gd ∈ Od and gm ∈ Om.

For example, consider the case m = 1. Then V d
1 is just the (d − 1)-sphere

in Rd and

τd
1 (a) =

∏
1≤j≤d−1

∣∣b∗j · da
∣∣.

Fix a vector ed ∈ V d
1 . Let us write Rd = Rd−1 ⊕Red and PrRd−1 : Rd → Rd−1

be the orthogonal projection with respect to the decomposition above. For
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ed

a

a

θ

Rd−1

R

Fig. 8.1. A vector a

any vector a ∈ Rd, we denote by a the image of the projection of a onto Rd−1

normalized to be a unit vector;

a :=
PrRd−1(a)∣∣PrRd−1(a)

∣∣ .
Then it can be written as

a = sin θ · a + cos θ · ed,

where cos θ = (a, ed) (see Fig. 8.1).
It is easy to calculate that

da = (− sin θ · ed + cos θ · a) · dθ + sin θ · da + cos θ · ded.

Now choose the vector b1 as

b1 := − sin θ · ed + cos θ · a

so that a and b1 are orthogonal. Then we have

b∗1da = (sin2 θ + cos2 θ) · dθ = dθ.

Similarly, for j > 1, choose bj as b∗jed = 0 = b∗ja so that b∗j · da = sin θb∗j · da.
We can obtain the explicit forms of the differential form by taking the product
of all b∗j · da as follows

τd
1 (a) =

∏
1≤j≤d−1

∣∣b∗j · da
∣∣ = | sin θ|d−2 · dθ

∏
2≤j≤d−1

b∗j · da

= | sin θ|d−2 · dθ · τd−1
1 (a)
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= · · ·
= | sin θ1|d−2| sin θ2|d−3 · · · | sin θd−2|dθ1 · · · dθd−1.

Here {θj}1≤j≤d−2 is the sequence of angles with 0 < θi < π for 1 ≤ j ≤ d− 2
and 0 < θd−1 < 2π. One can then calculate the following integral∫

V d
1

τd
1 (a) =

2π
d
2

Γ (d
2 )

=
2

ζη(d)
.

Similarly, for the general m, the measure of V d
m are obtained as follows;

Choose an element a1 ∈ V d
1 and let a⊥

1 denote the (d−1) dimensional subspace
orthogonal to a1. Then the measure τd

m on V d
m is given by the product of two

measures on V d
1 and V d−1

m−1. Namely, we have

τd
m(a) = τd

1 (a1) ⊗ τd−1
m−1(a

⊥
1 ).

We also obtain the following integral by induction∫
V d

m

τd
m(a) =

∫
V d
1

τd
1 (a1)

∫
V d−1

m−1

τd−1
m−1(a) =

∏
d−m<j≤d

2

ζη(j)
.

Notice that the orthogonal group Od is nothing but Od ≡ V d
d , that is, the case

m = d. Hence, writing τd := τd
d , we obtain∫

Od

τd =
∏

1≤j≤d

2

ζη(j)
.

Let us calculate one more integral. We have the map V d
m → Xd

m such that

(a1, . . . , am) �→ SpanR{a1, . . . , am}.

The group Om acts on the space V d
m, and Om → V d

m → Xd
m is a fibration.

Therefore the measure τd
m on the Grassmann space Xd

m is obtained by τd
m =

τm ⊗ τd
m, whence

∫
Xd

m

τd
m =

∫
V d

m

τd
m∫

Om

τm

=

∏
1≤j<m

ζη(j)∏
d−m<j≤d

ζη(j)
.

Finally we normalize all the Haar measures τm, τd
m and τd

m on Om, V d
m and

Xd
m by dividing by the above values to get probability measures.



148 8 Real Grassmann Manifold

8.1.3 Measures on Ωm

Let τd
m,n be the probability measure on

Ωm = Od\Xd
m × Xd

n = Om,d−m\Od/On,d−n.

From this equation, τd
m,n coincides with the image of the Haar measure τd

m⊗τd
n

on Xd
m ×Xd

n or the image of τd on Od. Let us next calculate this measure by
looking on the space Matd×m(R). Put on Matd×m(R) the normal low defined
as

φ(X) = e−πTr(X∗·X)dX, dX =
⊗

1≤i≤d
1≤j≤m

dXij ,

where dXij is the additive Haar measure. This measure is an Od-invariant
probability measure on Matd×m(R). Note that the set of all matrices X ∈
Matd×m(R) satisfying rank(X) = m is of full measure with respect to the
measure φ(X). On this set of full measure, we get the projection

pr : Matd×m(R) → Xd
m

given by

X = (X1, . . . , Xm) �−→ SpanR{X1, . . . , Xm} ∈ Xd
m.

Then the projection pr∗φ(X) of φ(X) onto the Grassmann manifold Xd
m is

again the Od-invariant probability measure and hence must coincide with
the Haar measure τd

m because of the uniqueness. Therefore we have τd
m =

pr∗φ(X).
Similarly, consider the space Matd×(m+n)(R). Remark that m + n ≤ d

by assumption. We have also the probability measure φ(X |Y ) where X ∈
Matd×m(R) and Y ∈ Matd×n(R). From the set of rank(X |Y ) = m + n in
Matd×(m+n)(R), which is also of full measure with respect to φ(X |Y ), we

have the projection to Xd
m ×Xd

n. And we can take the type to Ωm. Hence we
have the map

t : Matd×(m+n)(R)
pr−→ Xd

m × Xd
n

typ−→ Ωm.

Since φ(X |Y ) = φ(X)⊗φ(Y ), we have τd
m,n = t∗(φ(X)⊗φ(Y )). Also we have

t∗
(
φ(X) ⊗ φ(Y )

) ≡ t∗(φ(X) ⊗ δY0) ≡ t∗(δX0 ⊗ φ(Y ))

for any Y0 ∈ Matd×m(R) and any X0 ∈ Matd×n(R).

8.2 Explicit Calculations

8.2.1 Measures

Consider the following space



8.2 Explicit Calculations 149

Ω∗
m :=

{
(y1, . . . , ym) ∈ Ωm

∣∣ 0 < y1 < · · · < ym < 1
}
.

This is a subset of Ωm which is open, dense and of full measure because the
set of y such that y1 = y2 or y1 = 0 is measure 0. Therefore we need only
to calculate the measure τd

m,n on the space Ω∗
m. Fix Y0 ∈ Matd×n(R) and set

q0 = pr(Y0) ≡ Rn ∈ Xd
n. Take p ∈ Xd

m which is generic with respect to Y0 in
the sense typ(p, q0) ∈ Ω∗

m. Hence we know that we have distinct eigenvalues
for the composition of our projections. Now let (a1, . . . , am) be an orthonormal
basis for p with critical angle with q0. Let (α1, . . . , αm) ∈ V n

m(q0). Here we
denote by V n

m(q0) the set of all orthonormal sets in q0. Choose the αi’s to
have the critical angles. Namely, αi ∈ prq0

ai with

α∗
i αj = δij , (ai, αj) = δij cos θi. (8.1)

for some θi. Similarly, choose (β1, . . . , βm) ∈ V d−n
m (q⊥0 ) to have critical angle

with p. Again we have βj ∈ prq⊥
0
ai with

β∗
i βj = δij , (ai, βj) = δij sin θi. (8.2)

Note that
α∗

i βj = 0 (8.3)

Then we can write
ai = cos θi · αi + sin θi · βi. (8.4)

Differentiating these equations above, we have

dai =
(− sin θiαi + cos θiβi

) · dθi + cos θi · dαi + sin θi · dβi, (8.5)

and{
α∗

i · dαj + α∗
j · dαi = 0,

β∗
i · dβj + β∗

j · dβi = 0
(i �= j),

{
α∗

i · dαi = 0,

β∗
i · dβi = 0,

{
α∗

i · dβj = 0,

β∗
i · dαj = 0.

(8.6)
Now, choose the basis b1, . . . , bd−m for p⊥ as follows:

bj = − sin θjαj + cos θjβj (1 ≤ j ≤ m). (8.7)

Note that Prq0{b1, . . . , bm} = {α1, . . . , αm} = Prq0(p). Choose bj ∈ q0 for
j = m + 1, . . . , n such that

b∗jαi = 0 (1 ≤ i ≤ m). (8.8)

Similarly, Prq⊥
0
{b1, . . . , bd−m} = {β1, . . . , βm} = Prq⊥

0
(p) and we can choose

bj ∈ q⊥0 for j = n + 1, . . . , d − m such that

b∗jβi = 0 (1 ≤ i ≤ m). (8.9)

We get
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b∗i dai = dθi 1 ≤ i ≤ m,

b∗i daj = − sin θi cos θj · α∗
i dαj + cos θi sin θj · β∗

i dβj 1 ≤ i, j ≤ m, i �= j.

(8.10)
Take the product of two such, we have

b∗i daj ∧ b∗jdai =
(
cos2 θj − cos2 θi

) · α∗
jdαi ∧ β∗

j dβi (1 ≤ i, j ≤ m, i �= j).
(8.11)

In fact, it is easy to see that

b∗i daj ∧ b∗jdai =
(
− sin θi cos θj · α∗

i dαj + cos θi sin θj · β∗
i dβj

)
∧
(
− sin θj cos θi · α

∗
j dαi + cos θj sin θi · β

∗
j dβi

)
= − sin2 θi cos2 θj · α∗

i dαj ∧ β∗
j dβi − sin2 θj cos2 θi · β

∗
i dβj ∧ α∗

j dαi

=
(
sin2 θi cos2 θj − sin2 θj cos2 θi

)
· α∗

j dαi ∧ β∗
j dβi

=
(
cos2 θj − cos2 θi

)
· α∗

j dαi ∧ β∗
j dβi.

Similarly we have{
b∗jdai = b∗jdαi · cos θi (j = m + 1, . . . , n, 1 ≤ i ≤ m),

b∗jdai = b∗jdβi · sin θi (j = n + 1, . . . , d − m, 1 ≤ i ≤ m),
(8.12)

Then the Haar measure τd
m on the Grassmann manifold Xd

m can be calcu-
lated as

τd
m(p) =

∏
1≤i≤m

1≤j≤d−m

b∗jdai

=
∏

1≤i≤m

b∗i dai ·
∏

1≤i<j≤m

b∗i daj ∧ b∗jdai ·
∏

1≤i≤m
m<j≤n

b∗jdai ·
∏

1≤i≤m
n<j≤d−m

b∗jdai

=
∏

1≤i≤m

dθi

∏
1≤i<j≤m

((
cos2 θj − cos2 θi

) · α∗
jdαi ∧ β∗

j dβi

)
⊗
∏

1≤i≤m
m<j<n

b∗jdαi · cos θi

∏
1≤i≤m

n<j≤d−m

b∗jdβi · sin θi.

Hence we have

τd
m(p) =

[ ∏
i<j≤m

α∗
j dαi ·

∏
i≤m

m<j≤n

b∗jdαi

]
⊗
[ ∏

i<j≤m

β∗
j dβi ·

∏
n<j≤d−m

b∗j dβi

]
(8.13)

⊗
[∏

i≤m

(cos θi)
n−m(sin θi)

d−n−m ·
∏

1≤i<j≤m

(cos2 θj − cos2 θi) · dθ1 · · · dθm

]
.

We have the decomposition of the Grassmann manifolds Xd
m (modulo mea-

sure 0):
Xd

m 
 V n
m(q0) × V d−n

m (q⊥0 ) × Ωm.
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Then the measure τd
m on Xd

m is given by the product of three measures with
respect to the decomposition above. Namely, we have

τd
m = τn

m ⊗ τd−n
m ⊗ τd

m,n,

where τn
m, τd−n

m and τd
m,n are the measure on V n

m(q0), V d−n
m (q⊥0 ) and Ωm

respectively given by

τn
m =

∏
i<j≤m

α∗
jdαi ·

∏
i≤m

m<j≤n

b∗jdαi,

τd−n
m =

∏
i<j≤m

β∗
j dβi ·

∏
1<i≤m

n<j≤d−m

b∗jdβi,

τd
m,n =

∏
i≤m

(cos θi)
n−m(sin θi)

d−n−m ·
∏

1≤i<j≤m

(cos2 θj − cos2 θi) · dθ1 · · · dθm.

Note that τd
m,n is unnormalized. Let us normalize τd

m,n to be a probability
measure as follows;

τd
m,n :=

∏
1≤j≤m

2ζη(d − m + j)

ζη(j)ζη(n − m + j)ζη(d − n − m + j)

×
∏
i≤m

(cos θi)
n−m(sin θi)

d−n−m ·
∏

i<j≤m

(cos2 θj − cos2 θi) · dθ1 · · ·dθm.

Changing to the variable yi = cos2 θi. Then, since dyi = 2 cos θi sin θi · dθi, we
have

=
∏

1≤j≤m

ζη(d − m + j)

ζη(j)ζη(n − m + j)ζη(d − n − m + j)

×
∏
i≤m

y
n−m

2 −1
i (1 − yi)

d−n−m
2 −1

∏
i<j≤m

|yj − yi|dy1 · · ·dym.

This is the special case of the Selberg measure (see the next section).
Consequently we have

τd
m,n =

∏
1≤j≤m

ζη(d − m + j)

ζη(j)ζη(n − m + j)ζη(d − n − m + j)

× |detY |n−m
2 −1|det(I − Y )| d−n−m

2 −1dY. (8.14)

Here Y is the orthogonal projection from p to q0 followed by the orthogonal
projection from q0 to p. We call τd

m,n the higher rank β-measure.

8.2.2 Metrics

We saw that −Tr(A∗dB · B∗dA) is the Od-invariant metric. Let again p =
SpanRA ∈ Xd

m and p⊥ = SpanRB which is generic with respect to a fixed
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q0 ∈ Xd
n. Then we can write A as some orthogonal matrix of size d × m and

B of size d × (d − m) as

A =

(
un 0
0 ud−n

)⎛⎜⎜⎝
cos θIm

0n−m,m

sin θIm

0d−n−m,m

⎞⎟⎟⎠ , B =

(
un 0
0 ud−n

)⎛⎜⎜⎝
− sin θIm 0 0

0 In−m 0
cos θIm 0 0

0 0 Id−n−m

⎞⎟⎟⎠
for some un ∈ On and ud−n ∈ Od−n where

cos θIm :=

⎛⎜⎝ cos θ1 0
. . .

0 cos θm

⎞⎟⎠ , sin θIm :=

⎛⎜⎝ sin θ1 0
. . .

0 sin θm

⎞⎟⎠ .

This means that the Od-invariant metric −Tr(A∗dB ·B∗dA) can be expressed
as

−Tr(A∗dB · B∗dA) = (dθ1)
2 + · · · + (dθm)2 + (terms in dun and dud−n)

Here, we are not interested in this lower terms because we want the radial
part of the Laplacian. Similarly, changing to the variable yi = cos2 θi, we have

=
∑

1≤i≤m

dy2
i

4yi(1 − yi)
+ (terms in dun and dud−n)

=:
∑

1≤i,j≤m

gijdyidyj .

We also know the determinant of the metric g = (gij), which is given by the
measure;

(detg)
1
2 =

∏
i

y
n−m

2 −1
i (1 − yi)

d−n−m
2 −1

∏
1≤i<j≤m

|yj − yi|

and the Laplace–Beltrami operator is given by the formula

∆ = −1

4
(detg)

1
2

∑
1≤i≤m

∂

∂yi
(detg)−

1
2 g−1 ∂

∂yi
= D − δ,

where,

D = D∗ +
(d
2
− m + 1

)
E, D∗ =

∑
1≤i≤m

yi
2 ∂2

∂yi
2

+
∑
i�=j

yi
2 1

yj − yi

∂

∂yi
,

E =
∑

1≤i≤m

yi
∂

∂yi
,

δ = δ∗ +
(q
2
− m + 1

)E , δ∗ =
∑

1≤i≤m

yi
∂2

∂yi
2

+
∑
i�=j

yi
1

yj − yi

∂

∂yi
,

E =
∑

1≤i≤m

∂

∂yi
.
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Note that D∗ and δ∗ are independent of the parameters. Acting on polyno-
mials in yi, D∗ and E preserve the degree, but δ∗ and E reduce the degree by
one. That is the important points.

8.3 Higher Rank Orthogonal Polynomials

8.3.1 Real Case

Let Symk(Pm) be the space of the homogenous polynomials of degree k in
symmetric matrices of size m×m. This is the finite dimensional representation
of GLm(R) via the action

GLm(R) � g �−→ (Y �→ gY gt).

It decomposed in terms of the highest weight representation

Symk(Pm) 

⊕

λ∈Λm
|λ|=k,λ′

1
≤m

Vλ,

where Λm :=
{
(λ1, . . . , λm)

∣∣λ1 ≥ · · · ≥ λm

}
. Let y1, . . . , ym be the eigenval-

ues of Y . Then the trace Tr(Y )k is the symmetric function in y1, . . . , ym and
can be written as

Tr(Y )k =
∑

λ

Cλ(Y ),

where Cλ(Y ) is also a symmetric polynomial in y1, . . . , ym, which we call
the zonal polynomial, and is a spherical function on GLm(R)/Om. Note that
GLm(R)/Om is not a compact space. Normalize Cλ(Y ) as

C∗
λ(Y ) :=

Cλ(Y )

Cλ(I)
.

Define the binomial coefficient
(

λ
v

)
for partitions λ = (λ1, . . . , λm) and ν =

(ν1, . . . , νm) by

C∗
λ(I + Y ) =

∑
ν≤λ

(
λ

ν

)
C∗

ν (Y ).

Here ν ≤ λ means that νi ≤ λi for all 1 ≤ i ≤ m. If we put Y := 2
dY in the

higher rank β-measure and take the limit d → ∞, then we get the probability
measure τn

m on P+
m where P+

m is the set of all positive definite symmetric
matrices of size m × m;

τn
m(Y ) :=

1

ζm(n)
e−Tr(Y )|detY |n−m−1

2 dY,
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where ζm(n) is the multi-variables zeta function defined by

ζm(n) :=

∫
P+

m

e−TrY |detY |n−m−1
2 dY = π

m(m−1)
4

∏
1≤i≤m

Γ
(n − i + 1

2

)
.

We call τn
m the higher rank Laguerre measure.

The higher rank Laguerre polynomial of parameter n is defined by

ϕn
λ(Y ) := 1F1(−λ;

n

2
; Y ) =

∑
ν≤λ

(−1)|ν|
(

λ

ν

)
1(

n
2

)
ν

C∗
ν (Y ),

where λ ∈ Λm and(n

2

)
ν

:=
∏

1≤i≤m

(n − i + 1

2

)(n − i + 1

2
+ 1
)
· · ·
(n − i + 1

2
+ νi − 1

)
.

Then ϕn
λ is orthogonal with respect to the limit measure τn

m. Namely,∫
P+

m

ϕn
λ(Y )ϕn

λ′ (Y )τn
m(Y ) = δλ,λ′ · k!

Cλ(I)
(

n
2

)
λ

.

The highest term of the polynomial ϕn
λ(Y ) is given by

ϕn
λ(Y ) =

(−1)|λ|(
n
2

)
λ

C∗
λ(Y ) + (terms of lower degrees). (8.15)

It follows from the asymptotic (8.15) that for the intertwining operators

ϕd,m,n
λ (Y ) : Xd

m → Xd
n (or idempotent if n = m) we have ϕd,m,n

λ → ϕn
λ

as d → ∞, where ϕn
λ is orthogonal with respect to the higher rank Laguerre

measure. We call ϕd,m,n
λ the higher rank multi-variable Jacobi polynomial.

Again it can be written as

ϕd,m,n
λ = (const.) · C∗

λ(diag(y1, . . . , ym)) + (terms of lower degrees).

The function ϕd,m,n
λ is also an eigen-function of the Laplacian;

∆ϕd,m,n
λ = dd

λ,n · ϕd,m,n
λ .

Remember that the Laplacian has two part; ∆ = D − δ where D preserves
degrees and δ reduces degrees. If we consider the action of these operators,
we see that the homogeneous part of the highest degree must be an eigen-
function of the operator D, with the same eigenvalues. Now, the actions is
given as follows;

DC∗
λ = dd

λ,nC∗
λ, D∗C∗

λ =
(
ρλ + |λ|(m − 1)

)
C∗

λ, EC∗
λ = |λ|C∗

λ,
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where ρλ :=
∑

1≤i≤m λi(λi − i). Hence we know that

∆ϕd,m,n
λ =

(
ρλ + |λ|d

2

)
ϕd,m,n

λ

since D = D∗ +
(

d
2 −m + 1

)
E. This shows that we have different eigenvalues

for different λ.
For the operator E it is very easy to see how it acts on C∗

λ;

EC∗
λ(diag(y1, . . . , ym)) =

∑
i

∂

∂yi
C∗

λ(diag(y1, . . . , ym))

= lim
ε→0

C∗
λ(εIm + diag(y1, . . . , ym)) − C∗

λ(diag(y1, . . . , ym))

ε

=
∑

i
λi>λi+1

(
λ

λ(i−)

)
C∗

λ(i−)(diag(y1, . . . , ym)),

where λ(i−) := (λ1, . . . , λi −1, . . . , λm). Also we know the action of δ∗, which
is essentially the commutator in the sense δ∗ = 1

2 (ED∗ − D∗E);

δ∗C∗
λ =

∑
1≤i≤m

(
λi +

m − i

2
− 1
)( λ

λ(i−)

)
C∗

λ(i−).

Hence we see that the idempotent ϕd,m,n
λ can be written as

ϕd,m,n
λ =

∑
ν≤λ

(−1)|ν|
(

λ

ν

)
Ad

λ,ν(i+)(
n
2

)
ν

C∗
ν

with some coefficient Ad
λ,n. The eigen function equation for ϕd,m,n

λ by the

action of the Laplacian translates into the coefficient Ad
λ,ν satisfying the

following recursion equation;

Ad
λ,ν =

∑
νi−1>νi

(
λ

ν(i+)

)(
ν(i+)

ν

)(
λ
ν

) Ad
λ,ν(i+)(

(|λ| − |ν|)d
2 + ρλ − ρν

) .
This, in principal, determines the idempotents. Similarly, for the complex case,
we just shift the parameters by 2.

8.3.2 General Case

More generally, we take the following measure τα,β,γ
η with parameters α, β,

γ > 0 which is normalized to be a probability measure;

τα,β,γ
η :=

(
Cα,β,γ

η

)−1 ∏
1≤i≤m

y
β
2
−1

i (1 − yi)
α
2 −1
∏
i<j

|yj − yi|γdy,
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This is called the Selberg measure. All of our higher rank β-measures are
special cases of this measure for special parameters. Namely,

τd
m,n =

{
τd−n−m+1,n−m+1,1
η if η is real,

τ
2(d−n−m+1),2(n−m+1),2
η if η is complex.

The constant Cα,β,γ
η is the higher rank beta function, it was determined by

Selberg ([Se]) and explicitly given by

(
Cα,β,γ

η

)−1
:=
∏
j≤m

Γ
(

α+β
2 + (m + j − 2)γ

)
Γ
(

γ
2 )

Γ (β
2 + (j − 1)γ

2

)
Γ
(

α
2 + (j − 1)γ

2

)
Γ
(
j · γ

2

) . (8.16)

Let ϕα,β,γ
λ (y1, . . . , ym) be the orthogonal polynomials with respect to τα,β,γ

η

induced by the partition λ = (λ1, . . . , λm). We call it the multi-variable Jacobi
polynomial. It is a symmetric polynomial in y1, . . . , ym and satisfies

ϕα,β,γ
λ = (const.) · mλ + (terms of lower degrees),

where mλ = Sm(yλ1

1 , . . . , yλm
m ) is the monomial symmetric function. These are

orthogonal with respect to the measure τα,β,γ
η , that is,

(ϕα,β,γ
λ , mν)τα,β,γ

η
= 0 for ν < λ.

We need the following normalization since it is also determined up to a
constant;

||ϕα,β,γ
λ ||2 = ϕα,β,γ

λ (0).

The function ϕα,β,γ
λ is also an eigen-function of some differential operator

∆α,β,γ . Similarly if we put yi := 2
αyi and take the limit α → ∞, we have

ϕα,β,γ
λ → ϕ∞,β,γ

λ where ϕ∞,β,γ
λ is the multi-variable Laguerre polynomial.

Similarly, ϕ∞,β,γ
λ is orthogonal with respect to the measure

τ∞,β,γ
η :=

(
C∞,β,γ

η

)−1 ∏
1≤i≤m

y
β
2 −1
i e−yi

∏
i<j

|yj − yi|γdy.
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p-Adic Grassmann Manifold

Summary. In Chap. 9 we give the analogous theory over the p-adic, giving the
decomposition of the representation of GLd(Zp) afforded by the p-adic Grassman-
nian. The relative position of two planes p, q ⊆ Zd

p is given by the type of the
Zp-module p∩q, i.e., by a partition. We calculate the measure on Ωd

m, and describe
the idempotents - the p-adic multivariable Jacobi polynomials.

9.1 Representation of GLd(Zp)

9.1.1 Measures on GLd(Zp), V d
m and Xd

m

Let p be a finite prime. First of all, we see that GLd(Zp) is expressed as the
inverse limit;

GLd(Zp) = lim←−GNd ,

where GNd := GLd(Z/pN ). Then we obtain the following diagram by the
determinant;

Matd×d(Zp)
det ��

⋃
Zp

⋃
GLd(Zp)

det �� Z∗
p

Note that GLd(Zp) is the maximal compact subgroup of GLd(Qp). This is
similar to the real case. Namely, Od is the maximal compact subgroup of
GLd(R) and Ud is of GLd(C). But unlike the real case (where Od and Ud are
closed subset of Matd×d), the above diagram shows that GLd(Zp) is an open
subset of Matd×d(Zp). Now we have the measure on Matd×d(Zp) defined by
the additive Haar measure

dx :=
⊗

1≤i,j≤d

dxij .
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This measure satisfies d(gx) = |detg|dx for g ∈ Matd×d(Zp). In particular, dx
is GLd(Zp)-invariant measure on Matd×d(Zp).

Let A1, . . . , Am ∈ Z⊕d
p ⊆ Q⊕d

p . We call A1, . . . , Am orthonormal if

Z⊕d
p

/ ∑
1≤i≤m

ZpAi 
 Z⊕(d−m)
p

as Zp-module. Let Ai be the image of Ai modulo p for 1 ≤ i ≤ m. Then
A1, . . . , Am are orthonormal if and only if A1, . . . , Am ∈ F⊕d

p are linearly
independent over Fp. This is also equivalent to the existence of B1, . . . , Bd−m ∈
Z⊕d

p such that (A1, . . . , Am|B1, . . . , Bd−m) ∈ GLd(Zp). Then we denote by

V d
m :=

{
A = (A1, . . . , Am) ∈ Matd×m(Zp)

∣∣A1, . . . , Am are orthonormal.
}
.

The group GLd(Zp) acts on V d
m transitively and the stabilizer of the standard

basis 1 = (E1, . . . , Em) is given by GLd−m(Zp) � Matm×(d−m)(Zp). Hence it
holds that

V d
m 
 GLd(Zp)

/
GLd−m(Zp) � Matm×(d−m)(Zp).

Note that the factor Matm×(d−m)(Zp) does not appear in the real case. Let
us first consider the case of m = 1. It is easy to see that

V d
1 =

{
A ∈ Z⊕d

p

∣∣ |A|p = 1
}
,

where |A|p = |t(a1, . . . , ad)|p := max1≤i≤d |ai|p. Then the condition |A|p = 1
is equivalent to A �≡ 0 modulo p. The measure of V d

1 can be calculated as
follows;∫

V d
1

dx = (1 − p−1) + p−1

∫
V d−1
1

dx = · · ·

= (1 − p−1) + p−1(1 − p−1) + p−2(1 − p−1) + · · · + p−(d−1)(1 − p−1)

= 1 − p−d

=
1

ζp(d)
.

Similarly, for general m ≥ 1, we have∫
V d

m

dx =

∫
V d
1

dx

∫
V d−1

m−1

dx = · · · =
∏

d−m<j≤d

1

ζp(j)
.

In particular if we take m = d, we have V d
d = GLd(Zp) and∫

GLd(Zp)

dx =
∏

1≤j≤d

1

ζp(j)
.
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Normalizing the additive Haar measure dx by dividing by the above constant,
one obtains the GLd(Zp) invariant probability measure on V d

m. We denote by
τd
m this measure on V d

m, and τd := τd
d the Haar measure on GLd(Zp).

Now we are interested in space

Xd
m := Grass(m, d; Qp),

where Grass(m, d; Qp) is the Grassmann manifold of all m-dimensional space
in d-dimensional plane over Qp. Note that Grass(m, d; Qp) = Grass(m, d; Zp).
Since GLd(Qp) (resp. GLd(Zp)) acts transitively on Xd

m and the stabilizer of
1 is the Borel subgroup Bm,d−m(Qp) (resp. Bm,d−m(Zp)) where

Bm,d−m : =

{(
A B

0 D

)
∈ Matd×d

∣∣∣∣∣A ∈ GLm, D ∈ GLd−m, B ∈ Matm×(d−m)

}

= (GLm × GLd−m) � Matm×(d−m),

we have

Xd
m = GLd(Qp)/Bm,d−m(Qp) = GLd(Zp)/Bm,d−m(Zp).

It can also be expressed as

Xd
m =

{
p ⊆ Z⊕d

p

∣∣Z⊕d
p /p 
 Z⊕(d−m)

p

}
.

Note that in the real case the factor Matm×(d−m)(Zη) disappear, and the real
Grassmann manifold resembles more the space

X̃d
m =

{
(p, p′)

∣∣ p 
 Z⊕m
p , p′ 
 Z⊕(d−m)

p , p ⊕ p′ 
 Z⊕d
p

}
= GLd(Zp)/GLm(Zp) × GLd−m(Zp).

The measure τd
m on Xd

m is obtained as follows; Let pr be the projection

pr : V d
m −→ Xd

m = V d
m/GLm(Zp) ; pr(A1, . . . , Am) = SpanZp

(A1, . . . , Am).

Then we see that the image pr∗(τ
d
m) of the probability measure τd

m is the
unique GLd(Zp) invariant probability measure on Xd

m. Hence, by the unique-
ness, we have τd

m = pr∗(τ
d
m). On the other hand, notice that the set of matrices

X ∈ Matd×m(Zp) of rank X = m is of full measure with respect to the additive
Haar measure dx. Then we have the projection

p̃r : Matd×m(Zp) −→ Xd
m = V d

m/GLm(Zp) ; p̃r(X) = SpanQp
(X1, . . . , Xm) ∩ Z⊕d

p

and also τd
m = p̃r∗(dx). Note that p̃r(X) is not the space spanned by X

over Zp.
The space Xd

m can be also represented as the inverse limit;

Xd
m = GLd(Zp)/Bm,d−m(Zp) = lim←−XNd

Nm ,

where XNd

Nm is the finite set defined by XNd

Nm := GLd(Z/pN )/Bm,d−m(Z/pN) 

GNd/BNm and BNm := Bm,d−m(Z/pN). One can also check that GNd acts

on XNd

Nm transitively and the stabilizer of 1 is given by BNm .
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9.1.2 Unitary Representations of GLd(Zp) and GNd

We are interested in the unitary representation of GLd(Zp) defined by

π : GLd(Zp) −→ U(Hd
m) ; π(g)f(x) := f(g−1x),

where Hd
m := L2(Xd

m, τd
m). Now the Hilbert space Hd

m can be written as the
direct limit of the finite dimensional spaces as follows;

Hd
m = lim−→HNd

Nm ,

where HNd

Nm := L2(XNd

Nm). We have a unitary embedding from the finite dimen-

sional space HNd

Nm to Hd
m and

⋃
N HNd

Nm is dense in Hd
m. Moreover, each finite

dimensional space is invariant under the group GLd(Zp) and the represen-
tation of GLd(Zp) on it factors through the projection GLd(Zp) � GNd →
U(HNd

Nm). The commutant of this representation are generated by the Hecke
algebra

Hd
m := C∞(Ωd

m).

Notice that, in the p-adic cases, smoothness means locally constant. Here

Ωd
m := Bm,d−m(Zp)\GLd(Zp)/Bm,d−m(Zp) = lim←−ΩNd

Nm ,

where ΩNd

Nm := BNm\GNd/BNm . The commutant of the representation of the

finite group GNd on the finite dimensional space HNd

Nm is also generated by
the Hecke algebra

HNd

Nm = C∞(ΩNd

Nm).

Again Hd
m is expressed as the direct limit of the space HNd

Nm ;

Hd
m = lim−→HNd

Nm .

More generally, if we want the intertwining operator of the various represen-

tation for different m, say HNd

Nm → HNd

Nn , we have to consider the module

HNd

Nm,Nn := C∞(BNm\GNd/BNn).

Notice that we always assume m ≤ n ≤ 1
2d.

Now remember the simple facts for finite Zp-modules. Let m be a finite
Zp-module (resp. Z/pN -module). Then it is of the form of

m 

⊕

i

Z/pλi =: Z/pλ,

where λ = (λ1 ≥ λ2 ≥ · · · ≥ λl > 0) is a partition (resp. with λ1 ≤ N).
In this case, we say the type of m is λ and write typ(m) = λ. This is a
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complete isomorphism invariant. Namely, two modules are isomorphic if and
only if they have the same type. (Note that all partitions are decreasing. All
the people working in real or q-special functions use increasing partition while
Macdonald use decreasing partition ([Mac]). Hence we have to change the
notation unfortunately if we treat both the real and the p-adic cases.) We
also use the following notation

(1r1 , 2r2 , . . . , NrN ) := (N, . . . , N︸ ︷︷ ︸
d

, . . . , 1, . . . , 1︸ ︷︷ ︸
r1

)

In particular, (Nd) = (N, . . . , N︸ ︷︷ ︸
d

) and hence

Z/p(Nd) 
 (Z/pN
)⊕d

.

This is why we use the notation GNd , which is the automorphism group of(
Z/pN

)⊕d
. These are the highly symmetric modules. If we take a module

m ⊂ (
Z/pN

)⊕d
of typ(m) = λ, there exist a basis X1, . . . , Xd for the free

module
(
Z/pN

)⊕d
such that pN−λ1X1, . . . , p

N−λdXd is the basis for m. Here
y1, . . . , yl is the basis for m of type λ means that (note that m is not free)
yi’s generate m and of order exactly λi. Equivalently, every m ∈ m can be
uniquely written as m = a1y1 + · · · + alyl for some ai ∈ Z/pλi . For example,

given such a module m ⊆ (Z/pN
)⊕d

of typ(m) = λ, we have

typ
((

Z/pN
)⊕d

/m
)

= (N − λd, . . . , N − λ1).

As a corollary of the elementary divisor, we have

Corollary 9.1.1. Any isomorphism g : m → m′ between two finite submodules

m, m′ ⊆ (Z/pN
)⊕d

can be extended to g ∈ Aut
((

Z/pN
)⊕d)

= GNd .

Therefore, the space of the relative positions ΩNd

Nm can be written as
follows;

Corollary 9.1.2.

ΩNd

Nm 
 {λ = (λ1, . . . , λl)
∣∣λ1 ≤ N, λ′

1 ≤ m
}

=: ΛNm ,

where the isomorphism is given by

GNd(m1, m2) �−→ typ(m1 ∩ m2).

Here we denote by λ′ = (λ′
1 . . . , λ′

n) the conjugate of λ defined by λ′
j =

#
{
i
∣∣λi ≥ j

}
.

Indeed, if for some g ∈ GNd with g(mi) = m′
i, then we have typ(m1 ∩

m2) = typ(m′
1 ∩m′

2). Conversely, if typ(m1 ∩m2) = typ(m′
1 ∩m′

2), we have an
isomorphism g : m1 ∩m2 → m′

1∩m′
2. By Corollary 9.1.1, this can be extended
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to isomorphisms gi : mi → m′
i for i = 1, 2. Hence we have an isomorphism

g : m1 + m2 → m′
1 + m′

2. By Corollary 9.1.1 again, g can be extended to
g ∈ GNd . This shows that g(m1, m2) = (m′

1, m
′
2).

Since typ(m1 ∩ m2) = typ(m2 ∩ m1), we have the following

Corollary 9.1.3. The Hecke algebra HNd

Nm is commutative. The dimension

of HNd

Nm is given by #ΛNm =
(
N+m

m

)
. Hence their direct limit Hd

m = lim−→HNd

Nm

is also commutative.

Therefore the representations of GNd and GLd(Zp) are multiplicity free,
whence they decompose as follows

HNd

Nm =
⊕

λ∈ΛNm

Vλ, Hd
m =

⊕
λ′
1≤m

Vλ.

We have the following diagrams using the quotient maps from modulo pN to
modulo pN−1. Here the projection ΛNm → Λ(N−1)m is given by “chopping
the right-most column”, that is, (λ′

1 ≥ λ′
2 ≥ · · · ≥ λ′

N ) �→ (λ′
1 ≥ λ′

2 ≥ · · · ≥
λ′

N−1);

GNd
��

����

XNd

Nm

����

ΩNd

Nm

����

∼ �� ΛNm

����
G(N−1)d �� X(N−1)d

(N−1)m Ω
(N−1)d

(N−1)m
�� Λ(N−1)m

Taking the inverse limit, we have the following trees;

N -th layer tree boundary

XNd

Nm

⊔
N

XNd

Nm Xd
m = lim←−XNd

Nm

ΛNm

⊔
N

ΛNm Ωd
m = lim←−ΩNd

Nm

Notice that, we have infinite partitions in lim←−ΛNm 
 lim←−ΩNd

Nm , that is,

lim←−ΛNm = Λm � Λm−1 � · · · � Λ1 � Λ0 = {∞},
Λm−j : =

{
λ = (∞, . . . ,∞︸ ︷︷ ︸

j

> λj+1 ≥ . . . ≥ λm ≥ 0)
}
.

We have the two types of embedding

Ωd
m = lim←−ΛNm −→ [0, 1]m
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defined as follows;

sin-embedding :λ �−→ (p−λ1 , . . . , p−λm),

cos-embedding : λ �−→ (1 − p−λ1 , . . . , 1 − p−λm).

Here we understand p−∞ = 0. It is important to note that we have two types
of topologies in Ωd

m, that is, the inverse limit topology, and the topology
induced from [0, 1]m, and these are the same topology. This shows that the
set of all finite partitions Λm (these do not have the 0 coordinate in [0, 1]m

by the embedding above) is an open and dense subspace of Ωd
m; it is also of

full measure with respect to the probability measure τd
m,n on Ωd

m. Here the

measure τd
m,n is obtained as follows; Let us write

Ωd
m = Bm,d−m(Zp)\GLd(Zp)/Bn,d−n(Zp)

Then τd
m,n is the measure induced from the Haar measure τd on GLd(Zp). As

in the case of the reals, τd
m,n can be obtained by t∗(dx⊗ dy). Here dx⊗ dy is

the additive measure on Matd×(m+n)(Zp) and t is the map

t : Matd×(m+n)(Zp)
p̃r−→ Xd

m × Xd
n

typ−→ Ωd
m

It can be also expressed as

τd
m,n = t∗(dx ⊗ dy) = t∗(dx ⊗ δy0) = t∗(δx0 ⊗ dy)

for some x0 ∈ Matd×m(Zp), or some y0 ∈ Matd×n(Zp). We get the Markov
chain on

⊔
N ΛNm with harmonic measure τd

m,n (remember that we have the
Markov chain if we have a tree and a measure on the boundary).

Now we try to see the relative position more like in the real case. Let
A, B ∈ Pd−1(Z⊕d

p ). Define

|(A, B)| = 1 − ρ(A, B) := sup
{
1 − p−n

∣∣A ≡ B (mod pn), n ≥ 0
}
.

For example, we have

A �≡ B (mod p) ⇐⇒ |(A, B)| = 1 − p0 = 0

⇐⇒ A, B are orthonormal,

and

A = B ⇐⇒ A ≡ B (mod pn) for all n ≥ 0

⇐⇒ |(A, B)| = 1.

Hence we have for p ∈ Xd
m and q ∈ Xd

n, typ(p, q) = λ ∈ lim←−ΛNm if and only
if there exists orthonormal basis A1, . . . , Am for p and B1, . . . , Bn for q such
that |(Ai, Bj)| = δi,j(1 − p−λi).
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9.2 Harmonic Measure

9.2.1 Notations

Let λ, µ, µ be partitions. We put Gλ := Aut(Z/pλ) and fixing m0 = Z/pλ we
define

Xλ
µ : = Grass

(
m ⊆ m0

∣∣ typ(m) = µ
)
,

Xλ
µ,µ : = Grass

(
m ⊆ m0

∣∣ typ(m) = µ, typ(m0/m) = µ
)
.

More generally, for the modules m0 of typ(m0) = λ and m ⊆ m0 of typ(m) = µ,
we get the sequence of the partitions {typ(m0/m∩ pim0)}i=0,1,... from µ to λ.
Hence

T :=
{
typ(m0/m ∩ pim0)

}
i≥0

is a tableau of shape sh(T ) = λ\µ and weight wt(T ) = µ. We define for a
given tableau T

Xλ
T : = Grass

(
m ⊆ m0

∣∣ {typ(m0/m ∩ pim0)
}

i≥0
= T

)
.

Then the group GNd acts on the spaces Xλ
µ , Xλ

µ,µ and Xλ
T . Note that Xλ

µ =⋃
µ Xλ

µ,µ and Xλ
µ,µ =

⋃
T Xλ

T the union taken over T with sh(T ) = λ\µ and

wt(T ) = µ. GNd is not transitive on Xλ
T (It is very difficult combinatorial

problem to describe all the equivalence classes of embedding Z/pµ ↪→ Z/pλ).
We denote respectively by(

λ

T

)
p

:= #Xλ
T ,

(
λ

µ, µ

)
p

:= #Xλ
µ,µ =

∑
T

(
λ

T

)
p

,

(
λ

µ

)
p

:= #Xλ
µ =

∑
µ

(
λ

µ, µ

)
p(

λ
T

)
p

are monic polynomials in p, and
(

λ
µ,µ

)
p

are the Hall polynomial (see

[Mac]). One can see that the leading term of
(

λ
µ,µ

)
p

is the number cλ
µ,µ of

tableau T with sh(T ) = λ \µ and wt(T ) = µ; cλ
µ,µ are the Littlewood-

Richardson coefficients.
Let

[n]p :=
1

ζp(n)
= 1 − p−n, [n]p! := [n]p · · · [1]p,

[
n

m

]
p

:=
[n]p!

[m]p![n − m]p!
.

Then it is easy to see that

#Hom(Z/pλ, Z/pµ) = p〈λ
′,µ′〉,

#Hom1:1(Z/pλ, Z/pµ) = p〈λ
′,µ′〉∏

i

[µ′
i − λ′

i+1]p!

[µ′
i − λ′

i]p!
,
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where 〈λ′, µ′〉 :=
∑

i λ′
iµ

′
i. In particular, taking µ = λ, we have

#Gλ = p〈λ
′,λ′〉∏

i

[λ′
i − λ′

i+1]p!.

Hence we have(
λ

µ

)
p

= #Xλ
µ =

∑
µ

(
λ

µ, µ

)
p

=
#Hom1:1(Z/pµ, Z/pλ)

#Gµ

= p〈µ
′,λ′−µ′〉∏

i

[
λ′

i − µ′
i+1

λ′
i − µ′

i

]
p

.

Also we set

{n}p :=
−1

ζp(−n)
= pn − 1, {n}p! := {n}p · · · {1}p,

{
n

m

}
p

:=
{n}p!

{m}p!{n − m}p!
.

These are useful notations when we count things. On the other hand we use
the notation [n]p when we are working with the probability measure. Notice
that {

n

m

}
p

=

[
n

m

]
p

pm(n−m).

Then it can be calculated as(
Nd

Nm

)
= #XNd

Nm = pNm(d−m)

[
d

d − m

]
p

.

Similarly, for a general partition λ, it is useful to calculate[
Nd

λ

]
p[(N−1)d

λ

]
p

=
#XNd

λ

#X
(N−1)d

λ

=
p
∑N

i=1 λ′
i(d−λ′

i)
∏N

i=1

[d−λ′
i+1

d−λ′
i

]
p

p
∑N−1

i=1 λ′
i(d−λ′

i)
∏N−1

i=1

[d−λ
′
i+1

d−λ
′
i

]
p

= pλ′
N (d−λ′

N )

[
d

d−λ′
N

]
p

[ d−λ′
N

d−λ′
N−1

]
p[

d
d−λ′

N−1

]
p

.

Here λ is the projection of λ; λ′ = (λ′
1, . . . , λ

′
N−1).

9.2.2 Harmonic Measure on Ωd
m

Now we determine the harmonic measure τ := τd
m,n on the boundary space

Ωd
m = lim←−ΛNm of the relative positions of m-plane and n-plane from the

transition probability of the Markov chain (see Sect. 9.2). We here work with
the conjugate coordinate, that is, λ = (λ′

1, . . . , λ
′
N ) and λ = (λ′

1, . . . , λ
′
N−1).
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Let τN be the probability measure on ΛNm . First of all, let us calculate the

measure in the finite layer τ1(λ
′
1). Fix a subspace q1 = F

λ′
1

p with q1 ⊆ q0 =
Fn

p ⊆ Fd
p. Note that

#
{
p ⊆ Fd

p

∣∣ dimp = m, p ∩ q0 = q1

}
=

{
d − n

m − λ′
1

}
p

p(m−λ′
1)(n−λ′

1),

#
{
q1 ⊆ Fn

p

∣∣dimq1 = λ′
1

}
=

{
n

λ′
1

}
p

,

#
{
p ⊆ Fd

p

∣∣dimp = m
}

=

{
d

m

}
p

.

Hence the first transition probability of the Markov chain is calculated as

τ1(λ
′
1) =

#
{
p ⊆ Fd

p

∣∣ dimp = m, dimp ∩ q0 = λ′
1

}
#
{
p ⊆ Fd

p

∣∣dimp = m
}

=
#
{
p ⊆ Fd

p

∣∣ dimp = m, p ∩ q0 = q1

} · #{q1 ⊆ Fn
p

∣∣ dimq1 = λ′
1

}
#
{
p ⊆ Fd

p

∣∣dimp = m
}

=

{
d−n

m−λ′
1

}
p
p(m−λ′

1)(n−λ′
1) · { n

λ′
1

}
p{

d
m

}
p

=

[
d−n

m−λ′
1

]
p

[
n
λ′
1

]
p[

d
m

]
p

p−λ′
1(d−n−m+λ′

1). (9.1)

Next we work on the N -th layer. For details see [On1]. Fix also a subspace

q0 =
(
Z/pN

)⊕n ⊆ (Z/pN
)⊕d

. Then we have

τN (λ)

τN−1(λ)
=

(
Nd

Nm

)−1

p
#
{
p ⊆ (Z/pN

)⊕d ∣∣ typ(p) = Nm, typ(p ∩ q0) = λ
}

(
(N−1)d

(N−1)m

)−1

p
#
{
p ⊆ (Z/pN−1

)⊕d
,
∣∣ typ(p) = (N − 1)m, typ(p ∩ q0) = λ

}
=

(
Nd

Nm

)−1

p

(
Nn

λ

)
p
#
{
p ⊆ (Z/pN

)⊕d ∣∣ typ(p) = Nm, p ∩ q0 = q1

}
(

(N−1)d

(N−1)m

)−1

p

(
(N−1)n

λ

)
p
#
{
p ⊆ (Z/pN−1

)⊕d ∣∣ typ(p) = (N − 1)m, p ∩ q0 = q1

}
Here we fix q1 of typ(q1) = λ. The independence of this choice of q1 is justified
by the symmetry of q0. Hence we have

τN (λ)

τN−1(λ)
= p−m(d−m)

[
λ′

N−1

λ′
N

]
p

pλ′
N (n−λ′

N )

× #
{
p ⊆ (Z/pN

)⊕d ∣∣ typ(p) = Nm, p ∩ q0 = q1, p = p0

}
. (9.2)

Here we again fix the submodule p0 ⊆ (Z/pN−1
)⊕d

of typ(p0) = (N −1)m

such that p0 ∩ q0 = q1. To calculate (9.2), without loss of generality, we
assume that
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λ′
N = 0 (9.3)

since we can factor out
(
Z/pN

)⊕λ′
N ⊆ p ∩ q. Hence, to calculate (9.2), it is

sufficient to count

#
{
p ⊆ (Z/pN

)⊕(d−λ′
N ) ∣∣ typ(p) = Nm−λ′

N , p ∩ q0 = q1, p = p0

}
. (9.4)

Fix q0 ⊆ (Z/pN
)⊕n−λ′

N , q1 of typ(q1) = λ and p0 of typ(p0) = (N − 1)m−λ′
N .

Also fix a lifting p0 of p0. Let A := {A1, . . . , Am} be a basis for p0 and

B := {B1, . . . , Bm} a completion to a basis for
(
Z/pN

)⊕d
. Then any other

lifting p of p0 has basis of the form

Ai + pN−1
{ ∑

1≤j≤m

aijAj +
∑

1≤k≤m

bikBk

}
,

where aij , bik ∈ Fp. Now note that aij ’s do not change p. Hence we ignore
aij ’s and consider only bik’s. Note also that, for two liftings p and p′ of p0

given by {bik} and {b′ik} respectively, it holds that p = p′ if and only if
bik = b′ik. Therefore the choice of the {bik} determines the space uniquely.
Now let C = {C1, . . . , Cn} be the basis for q0 such that pN−λiCi = pN−λiAi

is a basis for q0 ∩ p0 = q1 = Z/pλ. Write

A =
⊔

0≤k≤N

A(k), C =
⊔

0≤k≤N

C(k)

with pN−kC(k) = pN−kA(k). Hence we have #C(k) =#A(k) =#
{
i
∣∣λi = k

}
.

By the assumption (9.3), #C(N) = A(N) = 0. Note that the element of⊔
0≤k<N−1 A(k) can be changed arbitrary and the number of such choices

(i.e., the choices of {bij}’s) are equal to p(d−m)(n−λ′
N−1). On the other hand

the element of A(N−1) = {Am−λ′
N−1+1, . . . , Am} cannot be changed arbitrary,

only by bij ’s, which avoid pN−1(C\C(N−1)) (notice that dimFp(C\C(N−1)) =
n − λ′

N−1). Hence when we chose {bij}’s, we have to avoid not only the

space C\C(N−1) but also the space spanned by (i − 1) elements chosen previ-
ously. Because we fix p0 ∩ q1 = q0, the number of choices of such elements is
pd−m − pn−λ′

N−1+i−1. Therefore all the number (9.4) is given by

p(d−m)(m−λ′
N−1)(pd−m − pn−λ′

N−1)(pd−m − pn−λ′
N−1+1) · · ·

(pd−m − pn−λ′
N−1+λ′

N−1−1)

= p(d−m)m(1 − p−(d−m−n+λ′
N−1)) · · · (1 − p−(d−m−n+1))

= p(d−m)m [d − m − n + λ′
N−1]p!

[d − m − n]p!
.
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To remove the assumption (9.3), we substitute d − λ′
N for d, and so on,

i.e., subtract λ′
N from d, m, n and λ′

N−1. Then we have

#
{
p ⊆ (Z/pN

)⊕d ∣∣ typ(p) = Nm, p ∩ q0 = q1, p = p0

}
=

[d − m − n + λ′
N−1]p!

[d − m − n + λ′
N ]p!

p(d−m)(m−λ′
N). (9.5)

Hence, from (9.2) and (9.5), the transition probability is given by

τN (λ)

τN−1(λ)
= p−m(d−m)

[
λ′

N−1

λ′
N

]
p

pλ′
N (n−λ′

N ) [d − m − n + λ′
N−1]p!

[d − m − n + λ′
N ]p!

p(d−m)(m−λ′
N)

=

[
λ′

N−1

λ′
N

]
p

[d − m − n + λ′
N−1]p!

[d − m − n + λ′
N ]p!

p−λ′
N (d−m−n+λ′

N ).

Therefore, taking the product of all 0 ≤ j ≤ N of the transition probability,
the measure τN on the N -th layer is calculated as follows;

τN (λ) =

[
n
λ′
1

]
p

[
d−n

m−λ′
1

]
p[

d
m

]
p

p−λ′
1(d−n−m+λ′

1)

∏
1≤j≤N

[
λ′

j−1

λ′
j

]
p

[d − m − n + λ′
j−1]p!

[d − m − n + λ′
j ]p!

p−λ′
j(d−m−n+λ′

j)

=

[
n

n − λ′
1, λ

′
1 − λ′

2, . . . , λ
′
N

]
p

[d−n]p!
[m−λ′

1]p![d−m−n+λN ]p!p
−∑N

i=1 λ′
i(d−m−n+λ′

i)[
d
m

]
p

,

where [
n

m1, . . . , mN

]
p

:=
[n]p!

[m1]p! · · · [mN ]p!
(m1 + · · · + mN = n)

is the multinomial coefficient. Then the harmonic measure τ is obtained by
taking the limit N → ∞ of the measure τN on the N -th layer;

τ(λ) :=

[
n

n − λ′
1, λ

′
1 − λ′

2, . . .

]
p

[d−n]p!
[m−λ′

1]p![d−m−n]p!p
−∑ i≥1 λ′

i(d−m−n+λ′
i)[

d
m

]
p

.

It can be written as follows

τ(λ) =

[
d

m+n

]
p[

d
m

]
p

[
d
n

]
p

[m + n]!

[m − λ′
1]p![n − λ′

1]p!

∏
j≥1

1

[λ′
j − λ′

j+1]p!
p−

∑
i≥1 λi(d−m−n+2i−1).

(9.6)
This expression shows that τ(λ) is symmetric in m and n. We call this mea-
sure the harmonic Selberg measure, which is a p-adic analogue of the Selberg
measure.
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9.3 Basis for the Hecke Algebra

In the last section, we see the unitary representation of GNd = GLd(Z/pN ); π :

GNd → U(HNd

Nm) where HNd

Nm := L2(XNd

Nm , τ). The commutant is generated by

the Hecke algebra HNd

Nm = L2(ΛNm). We have the geometric basis {δλ}λ⊆Nm

for HNd

Nm , which act on the function in HNd

Nm as

δλϕ(y) :=

∫
typ(x∩y)=λ

ϕ(x)τ(x) (ϕ ∈ HNd

Nm).

On the other hand, we denote by �2(XNd

Nm) the Hilbert space with the counting
measure (not normalized to be a probability measure). In this case, we denote
by gλ the geometric basis, acting via

gλϕ(y) :=
∑

typ(x∩y)=λ

ϕ(x) (ϕ ∈ HNd

Nm).

Note that gλ is up to constant identical with δλ, that is,

gλ =

(
Nd

Nm

)
p

δλ.

Let λ′ ⊆ λ ⊆ Nd. We define “gradient” and “divergent” operators

�2(XNd

λ )

Tλ′⊆λ ��
�2(XNd

λ′ )
Tλ⊇λ′

��

by

Tλ′⊆λϕ(x′) :=
∑
x′⊆x

ϕ(x), Tλ⊇λ′ϕ(x) :=
∑
x⊇x′

ϕ(x′).

It is clear that these operators are adjoint to each other and commute with
the action of GNd on the Grassmann manifolds. Let λ1, λ2 ⊆ λ ⊆ Nd. Then
we also define

T λ
λ1,λ2

: �2(XNd

λ2
) −→ �2(XNd

λ1
)

by

T λ
λ1,λ2

ϕ(x1) =
∑

typ(x1+x2)=λ

ϕ(x2).

Then we have (T λ
λ1,λ2

)∗ = T λ
λ2,λ1

. This also commutes with GNd-action.
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The “Laplacian” cλ : �2(XNd

Nm) → �2(XNd

Nm) is expressed in terms of the
geometric basis:

cλ = TNm⊇λ ◦ Tλ⊆Nm =
∑

λ⊆λ′⊆Nm

(
λ′

λ

)
p

gλ′ .

The collection {cλ}λ⊆Nm is called the cellular basis for HNd

Nm . Note that the

matrix {(λ′

λ

)
p
}λ,λ′ , which transforms the geometric basis {gλ} to the cellular

basis {cλ}, is upper triangular with
(
λ
λ

)
p

= 1. Let {(λ′

λ

)∗
p
}λ,λ′ := {(λ′

λ

)
p
}−1

λ,λ′

denote the coefficients of inverse matrix. Then we have

gλ =
∑

pλ′⊆λ⊆λ′⊆Nm

(
λ′

λ

)∗

p

cλ′

Moreover, we have explicit expression of
(
β
λ

)∗
p
;(

β

λ

)∗

p

:= (−1)|β|−|λ|pn(β)−n(λ)
∏

1≤i≤m

[
β′

i − β′
i+1

β′
i − λ′

i

]
p

,

where |λ| :=
∑

i λi and n(λ) :=
∑

i λi(i−1) (these are the standard notations
for partitions). Remark that

HNd

Nm(λ) := Span
{
cα

∣∣α ⊆ λ
}
, HNd

Nm(λ−) := Span
{
cα

∣∣α � λ
}

are ideals of HNd

Nm . Let us consider the quotient

Wλ := HNd

Nm(λ)/HNd

Nm(λ−) (λ ∈ Λm).

Then {Wλ}λ∈Λm gives the complete list of the irreducible representations of

the Hecke algebra HNd

Nm . Note that dimWλ = 1. Hence we have idempotents

{ϕλ}λ∈ΛNm for HNd

Nm :

Wλ = C · ϕλ = HNd

Nm ∗ ϕλ.

The function ϕλ is characterized as

cα · ϕλ = 0 for α � λ,

cλ · ϕλ �= 0.

Then, the irreducible decomposition of �2(XNd

Nm) is given by

�2(XNd

Nm) =
⊕

λ∈Λm

Vλ,
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we have also Vλ = �2(XNd

Nm) ∗ ϕλ. Notice that Vλ is the unique irreducible

representation of GNd which occurs in the Grassmann manifold XNd

λ but

does not occur in XNd

α for any α � λ.
Let us write

cλ =
∑
α⊆λ

Aλ,αϕα, ϕλ =
∑
α⊆λ

A∗
λ,αcα

with some coefficients Aλ,α and A∗
λ,α. Then the matrix {Aλ,α}λ,α is lower

triangular and {A∗
λ,α}λ,α = {Aλ,α}−1

λ,α. Moreover, let

cλ1 ∗ cλ2 =
∑

α⊆λ1,λ2

Cλ1,λ2
α · cα.

Then we have Aλ,α = Cλ,α
α for α ⊆ λ. One can explicitly calculate the number

Aλ,α as follows: Fixed submodules Z/pα ⊆ (
Z/pN

)⊕m
and Z/pλ, Z/pα ⊆(

Z/pN
)⊕d

such that Z/pλ ∩ Z/pα = 0. Then we have

Aλ,α = #
{
m ⊆ (Z/pN

)⊕m ∣∣ Z/pα ⊆ m, typ(m) = λ
}

× #
{
m ⊆ (Z/pN

)⊕d ∣∣Z/pλ ⊆ m, m ∩ Z/pα = 0, typ(m) = Nm
}(Nd

Nm

)−1

p

= p−(d−2m)|λ|−m|α|−〈λ′,λ′−α′〉
[m − α′

1

m − λ′
1

]
p

∏
i≥1

[λ′
i − α′

i+1

λ′
i − λ′

i+1

]
p

[d − λ′
1 − α′

1

m − λ′
1

]
p

[ d

m

]−1

p
.

It seems that the inverse matrix {A∗
λ,α}λ,α should be also calculated explicitly,

however, unfortunately, we can not obtain this (it should be possible). For the
reference of this section, see [BO1].

cellular basis cλ(λ′
λ )

∗
p

��
A∗

λ,α? ��

�
�

�
� �

geometric basis gλ (λ′
λ )

p

  

idempotent ϕλ

Aλ,α!!
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q-Grassmann Manifold

Summary. In Chap. 10 we describe briefly the quantum Grassmannian, the
q-Selberg measure, and the multivariable (Little) q-Jacobi polynomials which are
the idempotents and interpolate between the p-adic and the real analogues.

10.1 q-Selberg Measures

In this section we describe the q-theory for the Selberg measure which inter-
polates between the p-adic and the real one. The q-Selberg measure Sq(λ) =
Sα,β,γ

q (λ) with parameters α, β and γ is defined by

Sq(λ) :=
1

Cα,β,γ
q

∏
1≤j≤m

ζq(α + λj + (m − j)γ)

ζq(1 + λj + (m − j)γ)
qλj(β+2γ(j−1)) · ∆γ

q (λ) (λ ∈ Λm).

(10.1)

Here Cα,β,γ
q is the normalization constant so that Sq(λ) becomes a probability

measure; it is the higher rank beta function;

Cα,β,γ
q :=

∏
1≤j≤m

ζq(α + γ(j − 1))ζq(β + γ(m − j))ζq(jγ)

ζq(α + β + γ(m + j − 2))ζq(γ)ζq(1)
. (10.2)

∆γ
q (λ) is the Vandermonde determinant defined by

∆γ
q (λ) :=

∏
j<i≤m

ζq(λj − λi + γ(1 + i − j))

ζq(1 + λj − λi + γ(i − j − 1))
(1 − qλj−λi+γ(i−j)).

Note again that partitions are decreasing. It was conjectured by Askey [As1]
and proved by Kadell [Kad] and Habsieger [Hab] that Sq(λ) is a probability
measure on Λm when γ ∈ N. Further, Aomoto [Ao] and Kaneko [Kan] prove
this in the case where γ is a continuous parameter.
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10.1.1 The p-Adic Limit of the q-Selberg Measures

We first consider the p-adic limit p© of Sq(λ). Remember that, in the p-adic

limit, we take q → 0, α, β, γ → 0 in such a way that qα → p−α, qβ → p−β

and qγ → p−γ . Then we have

Sq(λ) → Sp(λ) :=
1

Cα,β,γ
p

∏
1≤j≤m

λj=0

ζp(α + (m − j)γ)p−
∑

j λj(β+2γ(j−1)) · ∆γ
p(λ),

where

Cα,β,γ
p : =

∏
1≤j≤m

ζp(α + γ(j − 1))ζp(β + γ(m − j))ζp(jγ)

ζp(α + β + γ(m + j − 2))ζp(γ)
,

∆γ
q (λ) : =

∏
j<i≤m
λj=λi

ζp(γ(1 + i − j))

ζp(γ(i − j))
.

Let α = 1 + n − m, β = 1 + d − m − n and γ = 1. Then, noting

λ = (. . . , 2, . . . , 2
↑
λ′
2

, 1, . . . , 1
↑
λ′
1

, 0, . . . , 0
↑

m=λ′
0

),

∑
j λj =

∑
j λ′

j and
∑

j λj(2j − 1) =
∑

j(λ
′
j)

2, we have

Sp(λ) =
∏

1≤j≤m

ζp(d − m + j)ζp(1)

ζp(n − m + j)ζp(1 + d − n − j)ζp(j)

×
∏

j
λj=0

ζp(1 + n − j) · p−
∑

j λj(d−m−n+2j−1)
∏
j<i

λj=λi

ζp(1 + i − j)

ζp(i − j)

=
[n]p!

[n − m]p!

[d − n]p!

[d − n − m]p!

[d − m]p!

[d]p!

[m]p!

[1]mp

×
∏

λ′
1<j≤m

ζp(1 + n − j) · p−
∑

j λ′
j(d−m−n+λ′

j)
∏
k≥0

∏
λ′

k+1
<j<i≤λ′

k

ζp(1 + i − j)

ζp(i − j)
.

(10.3)

Here we have ∏
λ′
1<j≤m

ζp(1 + n − j) =
[n − m]p!

[n − λ′
1]p!

. (10.4)

On the other hand, consider the set
{
(i, j)

∣∣λ′
k+1 < j < i ≤ λ′

k

}
. We have the

decomposition of this set into disjoint unions{
(i, j)

∣∣λ′
k+1 < j < i ≤ λ′

k

}
=
{
(i, j)

∣∣ j + 1 < i
} � {(i, j) ∣∣ j + 1 = i

}
=
{
(i, j)

∣∣λ′
k+1 + 1 < j

} � {(i, j) ∣∣ j′k+1 + 1 = j
}
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and the bijection

s :
{
(i, j)

∣∣ j + 1 < i
} �−→ {

(i, j)
∣∣λ′

k+1 + 1 < j
}
; (i, j) �−→ (i, j − 1).

Therefore we get∏
k≥0

∏
λ′

k+1<j<i≤λ′
k

ζp(1 + i − j)

ζp(i − j)
=
∏
k≥0

∏
1+λ′

k+1<i≤λ′
k

ζp(i − λ′
k+1)

ζp(1)

=
∏
k≥0

∏
λ′

k+1<i≤λ′
k

ζp(i − λ′
k+1)

ζp(1)

=
[1]mp

[m − λ1]p![λ′
1 − λ′

2]p! · · ·
. (10.5)

Substituting (10.4) and (10.5) to (10.3), we obtain

Sp(λ) =
[n]p!

[n − m]p!

[d − n]p!

[d − n − m]p!

[d − m]p!

[d]p!

[m]p!

[1]mp

[n − m]p!

[n − λ′
1]p!

p−
∑

j λ′
j(d−m−n+λ′

j)

× [1]mp
[m − λ1]p![λ′

1 − λ′
2]p! · · ·

=

[
d

m+n

]
p[

d
m

]
p

[
d
n

]
p

[m + n]!

[m − λ′
1]p![n − λ′

1]p!

∏
j≥1

1

[λ′
j − λ′

j+1]p!
p−

∑
j≥1 λ′

j(d−m−n+λ′
j)

= τd
m,n(λ).

10.1.2 The Real Limit of the q-Selberg Measures

Next let us look at the η-limit. Remember that the η-limit η© is obtained by

q → 1, λj → ∞ in such a way qλj → yj for some yj ∈ [0, 1]. For the case
where η is real, we replace the parameter α by α/2, β by β/2 and γ by γ/2,
respectively.

First of all we look at the limit q → 1 of the higher rank β-function Cα,β,γ
q .

Note that this is “balanced”. Namely, the sum of the parameters in numerator
in (10.2) is equal to the sum in denominator. Remember that

Γq(α) =
ζq(α)

ζq(1)
(1 − q)1−α → Γ (α) (q → 1).

Hence we have

(1 − q)mCα,β,γ
q → Cα,β,γ

η :=
∏

1≤j≤m

ζη(α + γ(j − 1))ζη(β + γ(m − j))ζη(jγ)

ζη(α + β + γ(m + j − 2))ζη(γ)
.
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Note also that, when q → 1, λ → ∞ and qλ → y, the q-beta sum converges
as follows;

ζq(α + λ)

ζq(β + λ)
=
∑
n≥0

ζq(1)

ζq(1 + n)

ζq(β − α + n)

ζq(β − α)
q(α+λ)n

=
∑
n≥0

(1 − qβ−α)(1 − qβ−α+1) · (1 − qβ−α+n−1)

(1 − q) · · · (1 − qn)
qαnqλn

→
∑
n≥0

(β − α)(β − α + 1) · · · (β − α + n − 1)

1 · · ·n yn

= (1 − y)α−β.

Therefore, since

ζq(α + λj + (m − j)γ)

ζq(1 + λj + (m − j)γ)
→ (1 − yj)

α−1,

qλj(β+2γ(j−1)) → y
β+2γ(j−1)
j ,

ζq

(
λj − λi + γ(1 + i − j)

)
ζq(1 + λj − λi + γ(i − j − 1))

(
1 − qλj−λi+γ(i−j)

)→ (
1 − yj

yi

)2γ−1(
1 − yj

yi

)
and also

(1 − q)δqλj → dyj

yj
,

we have

Sq(λ) → Sη(λ) :=
1

C
2·(α,β,γ)
η

∏
1≤j≤m

(1− yj)
α−1y

β+2γ(j−1)
j

∏
i<j

(
1−

yj

yi

)2γ dy1

y1
· · ·

dym

ym
.

Replacing the parameters α by α/2, β by β/2 and γ by γ/2, respectively, we
obtain

Sη(λ) =
1

Cα,β,γ
η

∏
1≤j≤m

(1 − yj)
α
2 −1y

β
2 −1
j

∏
i<j

|yi − yj |γdy1 · · ·dym

= τα,β,γ
η .

This is the real Selberg measure which is calculated as the measure induced by
Haar measure on the space of the relative positions of m-planes and n-planes.

10.2 Higher Rank q-Jacobi Basis

Remember that the q-Selberg measure Sq(λ) is the probability measure on
Λm. Here we would like to see it as a functional on the space of symmetric
polynomials C[y1, . . . , ym]Sm by just putting the mass Sq(λ) at the point
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y = (y1, . . . , ym) where yj := qλj+γ(m−j). We write y = qλ+γρ for this point.
Then we get the inner product on C[y1, . . . , ym]Sm defined by

(f, g)α,β,γ
q,m :=

∑
λ

Sq(λ)f(qλ+γρ)g(qλ+γρ)

and the norm

||f ||2 = (f, f)α,β,γ
q,m .

The higher rank Little q-Jacobi polynomials ϕα,β,γ
q(λ),m ∈ C[y1, . . . , ym]Sm , which

are basis for C[y1, . . . , ym]Sm , are defined as follows;

(i) The leading term:

ϕα,β,γ
q(λ),m = dλ · mλ + (lower terms),

where dλ �= 0 and mλ is the monomial basis for C[y1, . . . , ym]Sm .
(ii) Orthogonality:

(ϕα,β,γ
q(λ),m, mµ)α,β,γ

q,m = 0

for all µ < λ.
(iii) Normalization:

||ϕα,β,γ
q(λ),m||2 = ϕα,β,γ

q(λ),m(0).

Note that in [Sto], Stokman normalize them to be monic, that is, dλ = 1.

The shifted Macdonald polynomial P ∗
λ (y) = P ∗γ

q(λ)(y1, . . . , ym) is a polyno-

mial of degree |λ| and is symmetric in yjq
−jγ . It holds that

P ∗
λ (qµ) = 0 unless λ ⊆ µ,

P ∗
λ (qλ) = (−1)|λ|q

∑
j λ′

j(j−1)−2γλj(j−1)
∏

(i,j)∈λ

(
1 − qλi−j+1+γ(λ′

j−i)
) �= 0.

Note that P ∗
λ (qµ) is the eigenvalue of q-immanent, which is in the center of

the enveloping algebra of the quantum group Ud (see below) acting on the
representation of the highest weight µ. The generalized binomial coefficients
are given by (

µ

λ

)
q,γ

:=
P ∗

λ (qµ)

P ∗
λ (qλ)

.

This is essentially the cellular basis Cγ
q(λ) for C[y1, . . . , ym]Sm ;

Cγ
q(λ)(y1, . . . , ym) :=

1

P ∗
λ (qλ)

P ∗
λ (y1q

γ(1−m), y2q
γ(2−m), . . . , ym)
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Then taking the p© or η© limits, and setting γ = 1

Cγ
q(λ)(q

µ) →

⎧⎪⎪⎨⎪⎪⎩
(

µ

λ

)
p

= #Xµ
λ

p©,

James and Constantine’s

(
µ

λ

)
η©

We here should comment about two natural ordering on partitions; One is the
inclusion of the Young diagram, and the other is the dominant order. Namely,
λ ≤ µ if

|λ| = |µ|,
∑
i<j

λi ≤
∑
i<j

µi.

Now take a total ordering which refines both these partial ordering (e.g., the
lexicographical ordering). Then the change of basis matrix between the mono-
mial basis {mλ} and the cellular basis {Cγ

q(λ)} is lower triangular, whence the

idempotent basis {ϕγ
q(λ)} is obtained by the Gram–Schmidt process applied

to {Cγ
q(λ)} (and the normalization ||ϕγ

q(λ)||2 = ϕγ
q(λ)(0)). Since the measure

Sq converges to its p-adic or real counterparts, and so does the cellular basis,
it follows that the idempotents ϕγ

q(λ) also converge to their p-adic or real

counterparts in the p© and η© limit, respectively. See [On1].

10.3 Quantum Groups

10.3.1 Higher Rank Quantum Groups

The quantum group Aq(d) := Cq[Ud] is a non-commutative deformation of the
algebra of polynomial functions on Ud and is generated by tij for 1 ≤ i, j ≤ d
and D−1

q with relations

tkitkj = qtkjtki, tiktjk = qtjktik (i < j),

tiitkj = tkjtii, (10.6)

tijtkl − tkltij = (q − q−1)tiltkj (i < k, j < l).

We can write these relations by using the universal R-matrix

R =
∑

1≤i,j≤d

qδij eii ⊗ ejj + (q − q−1)
∑
i>j

eij ⊗ eji.

as follows;

RT1T2 = T2T1R,
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where T1 := (tij)⊗I and T2 := I⊗(tij). If we define the quantum determinant
Dq by

Dq :=
∑

σ∈Sd

(−q)l(σ)t1σ(1) · · · tdσ(d),

we see that Dq is a central element and we add the further relations Dq ·D−1
q =

D−1
q · Dq = 1. It is easy to see that Aq(d) has the Hopf algebra structure via

the following maps;

∆tij :=
∑

k

tik ⊗ tkj , ∆(Dq) := Dq ⊗ Dq,

ε(tij) := δij , ε(Dq) = 1,

S(tij) := (−q)i−jDi,jD
−1
q , S(Dq) := D−1

q ,

where

Di,j :=
∑

σ∈Sd−1

(−q)l(σ)ti1,jσ(1)
· · · tid−1jσ(d−1)

and {i1 < · · · < id−1} ∪ {j} = {1, . . . , d} = {j1 < · · · < jd−1}∪ {i}. Aq(d) has
also the ∗-structure

t∗ij := S(tji).

We have the Hopf ∗-algebra homomorphisms defined as follows:

A+
q (d)

tij �→0 (i<j)

"" ""�������������
h|B+

�

���������������

Aq(d)

tij �→0 (i>j)
## ##�������������

tij �→0 (i<j) "" ""�������������
A0

q(d) h
�

$$�������������
�

��������������� h|T

A−
q (d)

tij �→0 (i>j)

## ##�������������
h|B−

 

$$!!!!!!!!!!!!!

where

A+
q (d) = Aq(d)

∣∣
B+ ,

A−
q (d) = Aq(d)

∣∣
B− ,

A0
q(d) = Aq(d)

∣∣
T
= C[z±1 , . . . , z±d ], zi := tii|T.

Now we look at the right (resp. left) Aq(d)-comodules L, that is, ρ : L →
L ⊗ Aq(d) (resp. ρ : L → Aq(d) ⊗ L). We say that L is right (resp. left)
λ-highest weight if

(idL ⊗ |B+) ◦ ρ(v) = v ⊗ zλ(
resp. (|B− ⊗ idL) ◦ ρ(v) = zλ ⊗ v

)
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for any v ∈ L, where zλ := tλ1
11 · · · tλd

dd . Such a right, say, Aq(d)-comodule is
called unitary if we have a positive definite inner product (·, ·) on L which is
invariant under the coaction, that is,∑

i,j

(v
(1)
i , w

(1)
j )(w

(2)
j )∗v(2)

i = (v, w) · 1

for any v, w ∈ L with

ρ(v) =
∑

i

v
(1)
i ⊗ v

(2)
i (v

(1)
i ∈ L, v

(2)
i ∈ Aq(d)),

ρ(w) =
∑

i

w
(1)
i ⊗ w

(2)
i (w

(1)
i ∈ L, w

(2)
i ∈ Aq(d)).

Let ρ be the left Aq(d)-comodule structure on L where L is the complex
conjugate of L. Namely,

ρ := (∗ ◦ S) ⊗ idL ◦ σ ◦ ρ

where σ is the flip. Then the matrix coefficient θ : L ⊗ L → Aq(d) is defined
by

θ(v, w) :=
∑

i

(w
(1)
i , v)w

(2)
i .

Notice that

∆ ◦ θ = (θ ⊗ id) ◦ (idL ⊗ ρ) = (id ⊗ θ) ◦ (ρ ⊗ idL).

Moreover, it holds that

θ(v, w) = (∗ ◦ S)θ(w, v).

There exists a unique irreducible λ-highest weight right comodule VR(λ) (the
highest weight comodule is unique up to isomorphism). Let vi be basis for
VR(λ) and πi := (ρ(vi), vi) ∈ Aq(d). Then the matrix coefficient χλ :=∑

i πi ∈ Aq(d) is a character of VR(λ) and χλ

∣∣
T
= sλ(z), where sλ(z) is the

Schur function (see [NYM]). Then VL(λ) := Hom(VR(λ), C) is an irreducible
λ-highest weight left comodule.

Note that the comultiplication ∆ : Aq(d) → Aq(d) ⊗ Aq(d) makes Aq(d)
into both left and right Aq(d)-comodule. Then the algebra Aq(d) decomposed
as follows:

Aq(d) =
⊕

λ∈Λd

W (λ), W (λ) := VL(λ) ⊗ VR(λ).

For any λ-highest weight right comodule L, the matrix coefficient gives an
isomorphism θ : L ⊗ L ∼→ W (λ). The Haar measure τ : Aq(d) → C can
be characterized as the unique invariant measure such that τ(W (λ)) = 0 for
λ �= 0 and τ(1) = 1. Moreover, if we set

〈h1, h2〉 := τ(h∗
2h1),

this provides an inner product on Aq(d).
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10.3.2 The Universal Enveloping Algebra

We introduce the universal enveloping algebra Uq = Uq(Ud) of Aq(d), which
is generated by the elements L±

ij where L+ (resp. L−) is upper (resp. lower)

triangular and L±
ii = q±ε̃i with ε̃i ∈ h =: Lie(T) is the dual of eii with relations

R+Lδ
1L

δ
2 = Lδ

2L
δ
1R

+,

R+L+
1 L−

2 = L−
2 L+

1 R+,

where δ = ±, L1 = L ⊗ 1, L2 = 1 ⊗ L, R+ = PRP and P =
∑

i,j eij ⊗ eji.
Then Uq has the Hopf ∗-algebra structure via

∆(L±
ij) :=

∑
k

L±
ik ⊗ L±

kj ,

ε(L±
ij) := δij ,

(L±
ij)

∗ := S(L∓
ij).

Note that ∗ ◦ S : L±
ij �→ L∓

ji is an involution. We have the Hopf ∗-algebra
duality

(·, ·) : Uq ⊗ Aq(d) → C

given by

(L±, T ) = R±, (L±, Dq) = q±1 · 1.

This is a non-degenerate bilinear map. Moreover, it holds that

(u, a1a2) = (∆u, a1 ⊗ a2), (u, 1) = ε(u),

(u1u2, a) = (u1 ⊗ u2, ∆a), (1, a) = ε(a),

(Su, a) = (u, Sa),

(u, a∗) = (∗ ◦ Su, a), (u∗, a) = (u, ∗ ◦ Sa).

It induce a ∗-algebra duality Uq(h) ⊗ A0
q(d) → C where Uq(h) := C[q±ε̃1 ,

. . . , q±ε̃d ], with (qh, zλ) := q〈h,λ〉.
Let ρ : L → L⊗Aq(d) be a right Aq(d)-comodule. Then L becomes a left

Uq-module as follows:

X · v :=
∑

i

(X, v
(2)
i )v

(1)
i (v ∈ L).

We call a vector v ∈ L a weight λ vector if qh · v = q〈h,λ〉 · v. Moreover, such
a v is called highest weight if L+

ij · v = 0 for all i < j. Aq(d) itself becomes a
Uq-bimodule via

L±
1 · T2 = T2 · R±, T2 · L±

1 = R± · T2,
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where R− := R−1. Let us write the decomposition of Aq(d) as Uq-bimodule
as

Aq(d) =
⊕

λ∈Λd

W (λ).

Note that this is the eigenspace decomposition with respect to the center
of Uq. In the center of Uq, we have the Casimir element (Laplace Beltrami
operator) C defined by

C :=
∑
i,j

q2(d−i)L+
ijS(L−

ji).

This acts on W (λ) as multiplication by the scalar χλ =
∑

j≤d q2(λj+d−j).

10.3.3 Quantum Grassmann Manifolds

Let πm : Aq(d) → Aq(d−m)⊗Aq(m) be the homomorphism corresponding to
the injection Bm = U(d−m)×U(m) ↪→ U(d). Then the quantum Grassmann
manifolds Aq(X) is defined by

Aq(X) := Aq(U(d)/Bm) =
{
a ∈ Aq(d)

∣∣ (id ⊗ πm) ◦ ∆a = a ⊗ 1
}
.

This is a ∗-subalgebra of Aq(d) and a left Aq(d)-comodule. For a right Aq(d)-
comodule ρ : L → L⊗ Aq(d), we denote by

LBm :=
{
v ∈ L ∣∣ (idm ⊗ πm) ◦ ρv = v ⊗ 1

}
the set of Bm-invariant vectors in L. Let L1 (resp. L2) be a right Aq(d− m)-
(resp. Aq(m)-) comodule. Then L1 ⊗L2 becomes a right Aq(d−m)⊗Aq(m)-
comodule via ρ = σ1,2 ◦ ρ1 ⊗ ρ2 where σ1,2 is the flip. Let L be a right Aq(d)
comodule. Then it is also a right Aq(Bm)-comodule via (id ⊗ πm) ◦ ρ. Then,
as a Aq(Bm)-module, VR(λ) decomposed as follows:

VR(λ) =
⊕
λ1,λ2

(
VR(λ1) ⊗ VR(λ2)

)⊕cλ
λ1,λ2.

Here cλ
λ1,λ2

∈ N is the Littlewood–Richardson coefficient, that is,

sλ(z1, . . . , zd) =
∑

λ1,λ2

cλ
λ1,λ2

sλ1(z1, . . . , zd−m)sλ2(zd−m+1, . . . , zd).

Theorem 10.3.1 ([DS]). We have

Aq(X)Bm = Aq(Bm\U(d)/Bm) =
⊕

λ∈Λm

C · ϕq(λ),

where ϕq(λ) is the higher rank Little q-Jacobi polynomial with respect to the
Selberg measure with parameters α = 1 + m − m = 1, β = 1 + d − 2m and
γ = 1.



10.3 Quantum Groups 183

Let

Jσ : =
∑

1≤k≤m

(1 − qσ)ek,k +
∑

m≤k≤d−m

ek,k −
∑

1≤k≤m

qσ(ek,d−k+1 + ed−k+1,k)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − qσ −qσ

. . .
...

1 − qσ −qσ

1
. . .

1
−qσ 0

...
. . .

−qσ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Then Jσ is a solution of the reflection equation

R12J1R
−1
12 J2 = J2R

−1
21 J1R21, (10.7)

where R12 = R, R21 = R+, J1 = J ⊗ I and J2 = I ⊗ J . Let Bσ ⊆ Uq(d)
be the subspace of Uq(d) spanned by the coefficients of L+Jσ − JσL− ∈
End(C⊕d)⊗Uq(d) = Matd,d(Uq(d)). Then ∆Bσ ⊆ Uq(d)⊗Bσ + Bσ ⊗Uq(d)
is a coideal, ε(Bσ) = 0 and ∗ ◦ S(Bσ) = Bσ. Let

Aq(
σX) : =

{
a ∈ Aq(d)

∣∣Bσ · a = 0
}
,

Aq(X
σ) : =

{
a ∈ Aq(d)

∣∣ a · Bσ = 0
}
.

Then Aq(
σX) (resp. Aq(X

σ)) is ∗-subalgebra, a right (resp. left) Uq(d)-module
and left (resp. right) Aq(d)-subcomodule. Then we have limσ→∞ Aq(

σX) =
Aq(X). Put B∞ := limσ→∞ Bσ = “Uq(d − m) ⊗ Uq(m)′′, being invariant
with respect to B∞ is equivalent to being co-invariant with respect to πm.
Note that B∞ strictly contains the subspace generated by the coefficients of

L+J∞ − J∞L− where J∞ := limσ→∞ Jσ =

(
Id−m

0m

)
. Then B∞ is co-

invariant with respect to πm: namely, for any v ∈ B∞, (id⊗πm) ◦ ρv = v⊗ 1.
It is shown that Jσ satisfies the reflection equation (10.7) if and only if W σ :=∑

i,j Jσ
i,jei ⊗ e∗j ∈ End(C⊕d) = V ⊗ V ∗ is a Bσ-fixed vector. Then we have

Theorem 10.3.2 ([NDS]). The left (resp. right) Uq(d)-module VR(λ) (resp.
VL(λ)) has at most 1 Bσ-fixed vector. It exists if and only if

λ ∈ Λm 
 {(λ1, . . . , λm, 0, . . . , 0,−λm, . . . ,−λ1)} ⊆ P+ =
{
(λ1, . . . , λd)

}
.

Let

Hσ,τ = Aq(B
σ\Uq(d)/Bτ ) :=

{
a ∈ Aq(d)

∣∣Bσ · a = a · Bτ = 0
}
.
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Then Hσ,τ is ∗-subalgebra of Aq(d). It decomposes as follows:

Hσ,τ =
⊕

λ∈Λm

Hσ,τ (λ), Hσ,τ (λ) := Hσ,τ ∩ W (λ).

It can be shown that dimHσ,τ (λ) = 1. Hence there exist ϕσ,τ
λ ∈ Hσ,τ (λ)

such that Hσ,τ (λ) = C · ϕσ,τ
λ . The functions ϕσ,τ

λ are identified in [NDS]
with the Koornwinder polynomials which are a higher rank analogue of
the Askey–Wilson polynomials. Because the Casimir element C ∈ Uq(d)
is a central element, we have C : Hσ,τ → Hσ,τ , whence Cσ,τ := C

∣∣
Hσ,τ :

Hσ,τ
∣∣
T
→ Hσ,τ

∣∣
T
. Note that Hσ,τ

∣∣
T
⊆ C[z±1 , . . . , z±m]. The operator Cσ,τ −

χλ is identified with the Koornwinder operator. Put xj := zj · z−1
d−j+1.

Then we have xj · diag(a11, . . . , amm, 1, . . . , 1, a−1
mm, . . . a−1

11 ) = a2
jj since zj ·

diag(a11, . . . , amm) = ajj . Put W := Sm � (−1)m. Then we have

Hσ,τ = C[x±
1 , . . . , x±

m]W = C[eσ,τ
1 , . . . , eσ,τ

m ],

via P �→ P̂ where P (x1, . . . , xm) = P̂ (eσ,τ
1 (y), . . . , eσ,τ

m (y)) and yj :=

1
2 (1 − xj+x−1

j

2 ). Here eσ,τ
j = m1j ∈ Hσ,τ is the elementary symmetric function.

Let τ : Hσ,τ → C be the Haar measure. Put τ(P̂ (eσ,τ
1 , . . . , eσ,τ

m )) =
〈P 〉σ,τ

〈1〉σ,τ
,

which is identified with the normalized Koornwinder weight. In the limit
σ → ∞ (resp. σ, τ → ∞), we have (cf. [DS])

ϕ∞,τ
λ = P̂B

λ (ẽ∞,τ
1 , . . . , ẽ∞,τ

m ; 1, q2(d−2m), 1, q2τ+2(d−2m); q2, q2)(
resp. ϕ∞,∞

λ = P̂L
λ (ẽ∞,∞

1 , . . . , ẽ∞,∞
m ; 1, q2(d−2m), 1; q2, q2)

)
,

where PB
λ (resp. PL

λ ) is the multi-variable Big (resp. Little) q-Jacobi polyno-
mial, and where

ẽ∞,τ
r := (−1)r lim

σ→∞ qr(σ+τ−1)eσ,τ
r , ẽ∞,∞

r := (−1)r lim
σ→∞ qr(2σ−1)eσ,σ

r .
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Quantum Group Uq(su(1, 1))
and the q-Hahn Basis

Summary. In Chap. 11 we introduced the Hopf algebra Uq and discussed the p-adic
limit and the real limit of the subalgebras U+

q and U−
q . These algebras are inter-

changed by the antipode; S : U+
q

∼
−→ U−

q . We defined the β-highest Uq-module V β

and show its uniqueness. Comparing the norm of the basis vβ
n with the q-Laguerre

basis ϕβ
q,n, we have a realization of V β . Namely, we have the isomorphism

V β =
⊕
n≥0

Cvβ
n −→ Hβ

Zq
=
⊕
n≥0

Cϕβ
q,n; vβ

n �−→ ϕβ
q,n.

We show the Clebsch–Gordan matrix which interchanges the natural weight basis
for V α ⊗ V β is given in terms of the q-Hahn basis ϕ

(α)β
q,m (i, j). We then show how

the universal R-matrix repairs the lost symmetry in the parameter α, β of the
non-symmetric q-β-chain.

11.1 The Quantum Universal Enveloping
Algebra Uq(su(1, 1))

11.1.1 Deformation of U(sl(2, C))

The Quantum group Uq = Uq(sl(2, C)) is a deformation of the universal
enveloping algebra U(sl(2, C)) of the Lie algebra sl(2, C). The quantum group
Ût = Ût(sl(2, C)) is the complete C[[t]]-algebra generated by X+, X− and H
with the following relations;

[H, X±] = ±2X±, [X+, X−] =
sinh( t

2H)

sinh( t
2 )

=
e

t
2 H − e−

t
2 H

e
t
2 − e−

t
2

.

When t =0, these are the same as the commutation relations for the generators
of U(sl(2, C)). We give the ∗-structure on Ût as follows;

H∗ = H, X∗
± = −X∓.
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The algebra Ût with this ∗-structure is referred to Ût(su(1, 1)). Remark that
this ∗-structure is for SU(1, 1) but for SL(2, R) (note that SU(1, 1) and
SL(2, R) are isomorphic as real Lie groups) we have another one. To work
in the algebraic version, let us specialize formal parameters to numbers: we
usually set q := et ∈ (0, 1). Consider the subalgebra U〈q〉 of Ût generated

by X± and q±
H
4 . In this case, the relations for these generators are given as

follows;

q
H
4 · q−H

4 = 1 = q−
H
4 · q H

4 ,

q
H
4 X±q−

H
4 = q±

1
2 X±,

[X+, X−] =
q

H
2 − q−

H
2

q
1
2 − q−

1
2

= 〈H〉
q

1
2

where

〈H〉q :=
qH − q−H

q − q−1
.

Note that 〈H〉q is symmetric in the following sense; 〈H〉q−1 = 〈H〉q. Further

we have the subalgebra Uq of U〈q〉, which is generated by Y+ := X+q
H−1

4 ,

Y− := −q
H−1

4 X− and q±
H
2 . The relations for Uq are almost the same as the

one before;

q
H
2 · q−H

2 = 1 = q−
H
2 · q H

2 ,

q
H
2 Y±q−

H
2 = q±Y±,

Y−Y+ − qY+Y− =
1 − qH

1 − q
= [H ]q.

Actually, the last equation can be shown as follows:

Y−Y+ − qY+Y− = −q
H−1

4 X−X+q
H−1

4 + qX+q
H−1

4 q
H−1

4 X−

= q
H−1

4

(q
H
2 − q−

H
2

q
1
2 − q−

1
2

)
q

H−1
4 =

1 − qH

1 − q
.

However [H ]q is non-symmetric, this formulation has much advantage of con-
verging in the p-adic limit. The ∗-structure on Uq induced from the one on

Ût is given by (
q±

H
2

)∗
= q±

H
2 , (Y±)∗ = Y∓.

This shows that q±
H
2 is self-adjoint if q is real. The arithmetics of Uq are

completely controlled by the following relation, which is a generalization of
the above relation;

qn H
2 Y m

± = q±nmY m
± qn H

2 (m, n ∈ N).
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Further, by induction on n and m, we have

Y n
−Y m

+ =
∑

0≤k≤min{n,m}

[
n

k

]
q

[
m

k

]
q

[k]q!q
(n−k)(m−k)

× Y m−k
+ [H + m + n − k − 1]q · · · [H + m + n − 2k]qY

n−k
− .

11.1.2 The β-Highest Weight Representation

Let V be a Hilbert space and a ∗-representation Uq → End(V ) (i.e., V is a
Uq-module). We call V the β-highest weight representation if there exists a

vector vβ
0 ∈ V satisfying the following conditions;

(i) Y−vβ
0 = 0,

(ii) q
H
2 vβ

0 = q
β
2 vβ

0 ,

(iii) Uq · vβ
0 is dense in V .

Then vβ
0 is called a β-highest weight vector of Uq. We normalize it as

||vβ
0 ||V =1. Let us study such a representation. Set

vβ
n := (−1)n q−

nβ
2

[n]q!
Y n

+ vβ
0 (n ∈ N).

Then we can easily obtain the following relations;⎧⎪⎪⎨⎪⎪⎩
q

H
2 vβ

n = q
β
2 +nvβ

n ,

−Y+vβ
n = [n + 1]qq

β
2 vβ

n+1,

−Y−vβ
n = [n − 1 + β]qq

− β
2 vβ

n−1.

(11.1)

Note that the third equality can be obtained by induction on n. From (11.1),
we see that vβ

n are orthogonal since they are eigenvectors with respect to

the self-adjoint operator q
H
2 with different eigenvalues. Further, we see that

SpanC{vn}n≥0 is closed with respect to the Uq-action. Hence we have the
decomposition

V =
⊕
n≥0

Cvβ
n . (11.2)

The norms of vβ
n can be calculated as follows;

||vβ
n ||2V = −q−

β
2

[n]q
(Y+vβ

n−1, v
β
n) = −q−

β
2

[n]q
(vβ

n−1, Y−vβ
n)

=
q−

β
2

[n]q
[n − 1 + β]qq

− β
2 (vβ

n−1, v
β
n−1)
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= q−β 1 − qn−1+β

1 − qn
||vβ

n−1||2V .

Hence we have by induction

||vβ
n ||2V = q−βn (1 − qn−1+β) · · · (1 − qβ)

(1 − qn) · · · (1 − q)
||vβ

0 ||2V

= q−βn ζq(1)

ζq(1 + n)

ζq(β + n)

ζq(β)
= Cβ

q (n)

since ||vβ
0 ||V = 1. Conversely, for any β > 0, define the Hilbert space V β

as the right hand side of (11.2) with the norms ||vβ
n ||2V β = Cβ

q (n) and the

relations (11.1). Then V β is isomorphic to the ∗-representation V . This shows
that there exists a unique β-highest weight representation of Uq up to an
isomorphism.

Comparing with the norm of the q-Laguerre basis ϕβ
Zq,n, we have the

isomorphism

V β ∼−→ Hβ
Zq

; vβ
n �−→ ϕβ

Zq,n.

Therefore the space Hβ
Zq

, which is the boundary space for the q-γ-process,

is a realization of the β-highest weight representation of SU(1, 1). Then the

Uq-actions (11.1) for the three operators Y+, Y− and q
H
2 are translated to the

following action on Hβ
Zq

;

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

q
− H

2 ϕ(gi) = q−i[(q− β
2 + q

β
2

−1)ϕ(gi) − (1 − qi)q− β
2 ϕ(gi−1) − q

β
2

−1ϕ(gi+1)
]
,

Y+q− H
2 ϕ(gi) =

q−i

1 − q

[
ϕ(gi) − (1 + q1−β)(1 − qi)ϕ(gi−1) + q1−β(1 − qi)(1 − qi−1)ϕ(gi−2)

]
,

q− H
2 Y−ϕ(gi) =

q−i

1 − q

[
ϕ(gi) − (1 + q1−β)(1 − qi)ϕ(gi+1) + qβ−1ϕ(gi+2)

]
.

From these we see that the action of q−
H
2 , Y+q−

H
2 and q−

H
2 Y− are via second

order difference operator. Let us denote by U−
q the subalgebra of Uq generated

by Y+q−
H
2 , q−

H
2 Y− and q−

H
2 (without q

H
2 ). Then U−

q acts on the space Hβ
Zq

via finite difference operator. Note that the action of q
H
2 on Hβ

Zq
is not via a

difference operator.
Now we can understand the creation and the annihilation operators. Con-

sider a β-highest representation V β of Uq. Define the difference operator
D : V β → V β+1 as follows;

−Dvβ
n :=

q−β

1 − q
vβ+1

n−1.

Put D+
β := (1 − qβ)D∗ where D∗ is the adjoint operator of D. Then we have

−D+
β vβ+1

n−1 = [n]qq
1−nvβ

n .
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We again obtain the following ladder

V β
D ��

V β+1

D+
β

��
D ��

V β+2

D+
β+1

��

and the Heisenberg relation up the ladder

DD+
β − D+

β+1D =
q−β

1 − q
idV β+1 .

One can obtain the following formula from the Heisenberg relation;

vβ
n = (−1)n q

n(n−1)
2

[n]q!
(D+)nvβ+n

n .

This gives an explanation of the Laguerre basis. Next we treat the real and
p-adic limits.

11.1.3 Limits of the Subalgebras U±
q

Taking the real limit η© (i.e., the limit q → 1), we have [H ]q → H . Hence

we obtain the usual sl(2, C)-actions on the space Hβ
Zη

= L2
(
R/{±1}, τβ

Zη

)
given by ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

H = x
∂

∂x
+

β

2
− 1

4π

( ∂2

∂x2
+

β − 1

x

∂

∂x

)
,

Y− =
1

4π

( ∂2

∂x2
+

β − 1

x

∂

∂x

)
,

Y+ = eπx2 1

4π

( ∂2

∂x2
+

β − 1

x

∂

∂x

)
e−πx2

.

Now we want to similarly take the p-adic limit. Let U+
q be the subalgebra

of Uq generated by Y± and q
H
2 (without q−

H
2 ). The relations between these

generator are given by

q
H
2 Y+ = qY+q

H
2 ,

q · q H
2 Y− = Y−q

H
2 ,

Y−Y+ − qY+Y− =
1 − qH

1 − q
= [H ]q.

Consider now the p-adic limit p©. In the p-adic limit, q → 0 but qH −→ p−H .
The algebra U+

q also converges to the algebra U+
p , which is generated by Y+,

Y− and p−
H
2 with relations

p−
H
2 Y+ = 0,

0 = Y−p−
H
2 ,

Y−Y+ = 1 − p−H .
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These act on the space

V β
p =

⊕
n≥0

Cvβ
n ,

with the norm

||vβ
n ||V β

p
=

{
1 if n = 0,

(1 − p−β)pβn if n ≥ 1.

The action of U+
q is explicitly given as follows;⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p−
H
2 vβ

n =

{
p−

β
2 vβ

0 if n = 0,

0 if n ≥ 1,
,

−Y+vβ
n = p−

β
2 vβ

n+1,

−Y−vβ
n =

⎧⎪⎨⎪⎩
0 if n = 0,

(1 − p−β)p
β
2 vβ

0 if n = 1,

p
β
2 vβ

n−1 if n ≥ 2.

.

(11.3)

We obtained the isomorphism between the space V β and the boundary space
Hβ

Zp
for the γ-measure as before;

V β
p −→ Hβ

Zp
, vβ

n �−→ ϕβ
Zp,n

Then the actions (11.3) of U+
q on the space Hβ

Zp
is translated as the following

formulas; ⎧⎪⎪⎪⎨⎪⎪⎪⎩
p−

H
2 ϕ(pi) = p−

β
2 (ϕ, φZp)1,

Y+ϕ(pi) = p−
β
2 (ϕ, φZp)1 − p

β
2 ϕ(pi−1),

Y−ϕ(pi) = p−
β
2 (ϕ, φZp)1 − p−

β
2 ϕ(pi+1).

From this we see that p−
H
2 is just the orthogonal projection on the vacuum

Cvβ
0 (times p−

β
2 ), Y+ −p−

H
2 is isometry of this space of rank 1 and Y−−p−

H
2

which is the adjoint co-isometry. Therefore the algebra generated by Y±−p−
H
2

is isomorphic to the Toeplitz algebra.

11.1.4 The Hopf Algebra Structure

In this subsection we study the following algebraic structures of the quantum
group Ût and its subalgebras U〈q〉, Uq and U±

q ;

U±
q︸︷︷︸

bialgebras

⊆ Uq ⊆ U〈q〉 ⊆ Ût︸ ︷︷ ︸
Hopf algebras
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First we see that Ût is a bialgebras. The comultiplication ∆ : Ût → Ût ⊗̂ Ût

(here ⊗̂ is the completed tensor product) on Ût is defined by

∆(H) = 1 ⊗ H + H ⊕ 1, ∆(X±) = q−
H
4 ⊗ X± + X± ⊗ q

H
4 .

It induces the comultiplications ∆ : Uq → Uq ⊗̂Uq and ∆ : U±
q → U±

q ⊗̂U±
q

as follows;

∆(q±
H
2 ) = q±

H
2 ⊗ q±

H
2 , ∆(Y±) = 1 ⊗ Y± + Y± ⊗ q

H
2 .

The map ∆ is a ∗-homomorphism in the sense that

∆(h1h2) = ∆(h1)∆(h2), ∆ ◦ ∗ = (∗ ⊗ ∗) ◦ ∆

and satisfies the coassociativity

(id ⊗ ∆) ◦ ∆ = (∆ ⊗ id) ◦ ∆.

Ût
∆ ��

∆

��

Ût⊗̂Ût

∆⊗id

��
Ût⊗̂Ût id⊗∆

�� Ût⊗̂Ût⊗̂Ût

Let us write ∆(h) =
∑

i h
(1)
i ⊗ h

(2)
i . Then this equation can be written as∑

i

h
(1)
i ⊗ ∆(h

(2)
i ) =

∑
i

∆(h
(1)
i ) ⊗ h

(2)
i .

The counit ε : Ût → C is gives by

ε(H) = 0, ε(X±) = 0.

It also induces ε : Uq → C and ε : U±
q → C as follows;

ε(q±
H
2 ) = 1, ε(Y±) = 0.

The map ε is clearly ∗-homomorphism;

ε(h1h2) = ε(h1)ε(h1), ε ◦ ∗ = ∗ ◦ ε,

where the map ∗ on C is the complex conjugation. It satisfies

(ε ⊗ id) ◦ ∆ = id = (id ⊗ ε) ◦ ∆.

C ⊗ Ût Ût⊗̂Ût

ε⊗id�� id⊗ε �� Ût ⊗ C

Ût

∆

��

∼

%%""""""""""""""""""

∼

  ������������������
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Namely, using the notation above, we have∑
i

ε(h
(1)
i ) · h(2)

i = h =
∑

i

h
(1)
i ε(h

(2)
i ).

Moreover, Ût has an Hopf algebra structure; we have the antipode S :
Ût → Ût defined by

S(H) = −H, S(X±) = −q±
1
2 X±.

It also induces the antipode S : Uq → Uq as follows;

S(q±
H
2 ) = q∓

H
2 , S(Y±) = −Y±q

H
2 .

Note that it does not induce a map U±
q →U±

q , however, it gives an isomorphism

S : U+
q

�−→ U−
q .

These algebras U±
q are bialgebras but not Hopf algebras.

Satisfies the antipode axion

m◦(S⊗id)◦∆ = u◦ε = m◦(id⊗S)◦∆.

Ût

ε

��

∆

""�������������

∆

&&�������������

Ût⊗̂Ût

S⊗id

��

Ût⊗̂Ût

id⊗S

��

C

u

��

Ût⊗̂Ût

m

""������������� Ût⊗̂Ût

m

&&�������������

Ût

Here m : Ût ⊗̂ Ût → Ût is the multiplication and u : C → Ût is the unit.
Namely, it holds that∑

i

S(h
(1)
i )h

(2)
i = ε(h) · 1 =

∑
i

h
(1)
i S(h

(2)
i ).

The operator S is an anti-homomorphism, and also anti-cohomomorphism
that is,

S ◦ m = m ◦ (S ⊗ S) ◦ σ, S ◦ u = u,

∆ ◦ S = σ ◦ (S ⊗ S) ◦ ∆, ε ◦ S = ε,

where σ(h1 ⊗ h2) = h2 ⊗ h1 is the flip. Further, it holds that

S ◦ ∗ ◦ S ◦ ∗ = id.

Hence Ût becomes a ∗-Hopf algebra.
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11.2 Tensor Product Representation

Take two Uq-modules V1 and V2. Here, for Uq-module V , we mean that V is an
Hilbert space with ∗-representation Uq → End(V ). Then the tensor product
V1 ⊗ V2 is naturally Uq-module via the comultiplication ∆;

Uq
∆−→ Uq ⊗ Uq � V1 ⊗ V2.

Hence we can take the tensor product in the category of Uq-modules. More
explicitly, let vi be basis of Vi (i = 1, 2). Then the Uq-action on V1 ⊗ V2 is
given by

q±
H
2 (v1 ⊗ v2) = q±

H
2 v1 ⊗ q±

H
2 v2,

Y±(v1 ⊗ v2) = v1 ⊗ Y±v2 + Y±v1 ⊗ q
H
2 v2.

Now take V1 = V α and V2 = V β where V α is the α-highest and V β is the
β-highest weight representation of Uq. Then V α ⊗ V β is again a Uq-module
and we have an orthogonal basis {vα

n ⊗ vβ
m}m,n≥0 of V α ⊗ V β with the norm

||vα
n ⊗ vβ

m||V α⊗V β = ||vα
n ||V α ||vβ

m||V β = Cα
q (n)Cβ

q (m).

The Uq-action on these basis are explicitly given as follows;

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
q±

H
2 (vα

n ⊗ vβ
m) = q±(

α+β
2

+n+m) · vα
n ⊗ vβ

m,

Y+(vα
n ⊗ vβ

m) = q
β
2 [m + 1]q · vα

n ⊗ vβ
m+1 + q

α+β
2

+m[n + 1]q · vα
n+1 ⊗ vβ

m,

Y−(vα
n ⊗ vβ

m) = q−
β
2 [β + m − 1]q · vα

n ⊗ vβ
m−1 + q

β−α
2

+m[α + n − 1]q · vα
n−1 ⊗ vβ

m.

Let

v
(α)β
(m),0 :=

∑
i+j=m

ci,j · vα
i ⊗ vβ

j .

This is a general vector of weight α + β + 2m because q
H
2 v

(α)β
(m),0 = q

α+β+2m
2

v
(α)β
(m),0. Consider the equation

Y−v
(α)β
(m),0 = 0, (11.4)

which says that v
(α)β
(m),0 is the highest weight vector. It can be written as∑

i+j=m

ci,j

(
q−

β
2 [β + j − 1]q · vα

i ⊗ vβ
i−1 + q

β−α
2 +j [α + i − 1]q · vα

i−1 ⊗ vβ
j

)
= 0
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and is also equivalent to the following equation for the coefficient ci,j ;

ci,j = −ci−1,j+1q
−β−j+ α

2

( 1 − qβ+j

1 − qα+i−1

)
.

One can easily obtain the solution ci,j which is unique up to a constant.

Therefore there exists a unique solution v
(α)β
(m),0 of (11.4), that is, a (α + β +

2m)-highest weight vector. Actually, it is given by

vα,β
(m),0 =

∑
i+j=m

(−1)jq
j(j−1)

2 +jβ+i α
2

ζq(α + m)

ζq(α + i)

ζq(β + m)

ζq(β + j)
· vα

i ⊗ vβ
j

As a corollary, we have the following irreducible decomposition

V α ⊗ V β 

⊕
m≥0

V α+β+2m.

Now in each space V α+β+2m we have the (α + β + 2m)-highest weight vector

vα,β
(m),0. We next get another basis. Let

v
(α)β
(m),n := (−1)n q−( α+β

2 +m)n

[n]q!
Y n

+ v
(α)β
(m),0.

Then it is clear that v
(α)β
(m),n ∈ V α+β+2(m+n). Note that Y n

+ =
∑

i+j=n

[
n
i

]
q

(1 ⊗ Y j
+)(Y i

+ ⊗ qi H
2 ) by the q-binomial theorem. Hence we have

v
(α)β
(m),n = (−1)nq−( α+β

2 +m)n
∑

i+j=n

1

[i]q![j]q!
(1 ⊗ Y j

+)(Y i
+ ⊗ qi H

2 )vα,β
(m),0

= (−1)nq−( α+β
2 +m)n

∑
i1+j1=n

∑
i0+j0=m

(−1)j0q
j0(j0−1)

2 +j0β+i α
2

[i1]q![j1]q!

× ζq(α + m)

ζq(α + i0)

ζq(β + m)

ζq(β + j0)
(1 ⊗ Y j1

+ )(Y i1
+ ⊗ qi1

H
2 )vα

i0 ⊗ vβ
j0

= q−( α+β
2 +m)n

∑
i+j=m+n

qi α
2 +n β

2 · vα
i ⊗ vβ

j

×
( ∑

i0+j0=m

[
i

i0

]
q

[
j

j0

]
q

(−1)j0q
j0(j0−1)

2 +j0β+j0(i−i0)

× ζq(α + m)

ζq(α + i0)

ζq(β + m)

ζq(β + j0)

)
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since

(1 ⊗ Y j1
+ )(Y i1

+ ⊗ qi1
H
2 )vα

i0 ⊗ vβ
j0

= (−1)nqi1( β
2 +j0)qi1

α
2 +j1

β
2 [i0 + 1]q · · · [i0 + i1]q[j0 + 1]q

· · · [j0 + j1]q · vα
i0+i1 ⊗ vβ

j0+j1
.

Therefore we have

v
(α)β
(m),n

=
ζq(α + β + n + 2m)

ζq(α + β + n + m)
q−mn+mβ

∑
i+j=m+n

q
α
2 (i−n)ϕ

(α)β
q(m+n),m

(i, j) · vα
i ⊗ vβ

j .

Here ϕ
(α)β
q(m+n),m is the q-Hahn basis. Hence we obtain the new basis

{v(α)β
(m),n}m,n≥0 of the tensor product representation V α ⊗ V β 
 ⊕

m≥0

V α+β+2m. This shows that the Clebsch–Gordan coefficients, which is the

matrix coefficients of the change of basis from {vα
i ⊗vβ

j }i,j≥0 to {v(α)β
(m),n}m,n≥0,

are essentially given by the q-Hahn basis.

Note that, by simple calculations, the norm of the basis v
(α)β
(m),n is ex-

pressed as

||v(α)β
(m),0||2V α⊗V β =

ζq(1)

ζq(1 + m)

ζq(α + m)

ζq(α)

ζq(β + m)

ζq(β)

ζq(α + β + 2m − 1)

ζq(α + β + m − 1)
,

||v(α)β
(m),n||2V α⊗V β = Cα+β+2m

q (n)||vα,β
(m),0||2V α⊗V β .

Considering the basis of the space V α+β+2N , we obtain the square matrix M
of size (N + 1) which changes two orthonormal basis

{
vα

i ⊗ vβ
j

Cα
q (i)

1
2 Cβ

q (j)
1
2

}
0≤i,j≤N
i+j=N

and

{
v
(α)β

(m),n

Cα+β+2m
q (n)

1
2 ||v

(α)β
(m),0||V α⊗V β

}
0≤m,n≤N
m+n=N

.

Actually, M is explicitly given as follows;

M =

{
ϕ

(α)β
q(N),m(i, j)

||ϕ(α)β
q(N),m(i, j)||

H
(α)β

q(N)

τ
(α)β
q(N)(i, j)

1
2

}
0≤i≤N,i+j=N

0≤m≤N

.

Here i, j denote the geometrical coordinate and m the spectral parameter. This
is an orthogonal matrix. Namely, we have M ·M t = I(N+1)×(N+1) = M t ·M .
These two equality are translated as orthogonality and “dual orthogonality”

relations for the ϕ
(α)β
q(N),m:∑

i+j=N

ϕ
(α)β
q(N),m1

(i, j)ϕ
(α)β
q(N),m2

(i, j)τ
(α)β
q(N)(i, j) = δm1,m2 ||ϕ(α)β

q(N),m1
||2

H
(α)β

q(N)

,

∑
0≤m≤N

ϕ
(α)β
q(N),m(i1, j1)ϕ

(α)β
q(N),m(i2, j2)

||ϕ(α)β
q(N),m||2

H
(α)β

q(N)

= δi1,i2δj1,j2

1

τ
(α)β
q(N)(i1, j1)

.
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11.3 The Universal R-Matrix

The algebra Uq is not co-commutative in the sense that ∆ �= σ ◦ ∆ where
σ(h1 ⊗h2) = h2 ⊗ h1 is the flip. However, in a certain sense, it is not far from
being co-commutative. Namely, there exists a “universal R-matrix” R, which

is an element of ̂Uq ⊗ Uq = Ûq ⊗̂ Ûq and is explicitly given as

R = qH⊗ H
4

∑
n≥0

(1 − q)n

[n]q!
Y n

+ ⊗ q−n H
2 Y n

− .

One can show that R is invertible in Ûq ⊗̂ Ûq. In fact, we have

R−1 =

(∑
n≥0

(1 − q)n

[n]q!
(−1)nq

n(n−1)
2 Y n

+ ⊗ q−n H
2 Y n

−

)
q−H⊗H

4 .

The important point is that the inner conjugation by R repairs the lost co-
commutativity. Namely, for any h ∈ Uq, we have

σ ◦ ∆(h) = R · ∆(h) · R−1. (11.5)

This can be shown by directly checking for the generators h = q±
H
2 , Y+ and

Y− of Uq.
Now take two Uq-modules V1 and V2. Then we have the isomorphism

RV1,V2 : V1 ⊗ V2 −→ V2 ⊗ V1, v1 ⊗ v2 �−→ σ
(
R(v1 ⊗ v2)

)
.

Note that this is an isomorphism of Uq-modules. Indeed, from (11.5), we have
for v1 ⊗ v2 ∈ V1 ⊗ V2 and h ∈ Uq that

RV1,V2∆(h)v1 ⊗ v2 = σ
(
R(∆(h)v1 ⊗ v2)

)
= σ
(
R∆(h)R−1R(v1 ⊗ v2)

)
= σ
(
(σ∆(h))R(v1 ⊗ v2)

)
= ∆(h)σR(v1 ⊗ v2)

= ∆(h)RV1,V2v1 ⊗ v2.

This shows that RV1,V2 commutes with the action of ∆(h). Further in
Ûq ⊗̂ Ûq ⊗̂ Ûq, we have

(∆ ⊗ id)R = R13 · R23,

(id ⊗ ∆)R = R13 · R12,

where Rij is the image of R under the embedding of Ûq ⊗̂ Ûq into the i-th

and j-th component in Ûq ⊗̂ Ûq ⊗̂ Ûq, and similarly

R12R13R23 = R23R13R12. (11.6)

The (11.6) is called the quantum Yang–Baxter equation. The meaning of the
equation is as follows; Take three Uq-modules V1, V2 and V3 (see Fig. 11.1).
Then (11.6) says that as operators from V1 ⊗V2 ⊗V3 to V3 ⊗V2 ⊗V1 we have
the braid relation
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V1

��

V2
���

''�
��

�

V3

((##
##

##
##

$$
$$

))$
$$

$
��%%

%%
%%

%%
%

��

��

$$
$$

))$
$$

$
��%%

%%
%%

%%
%

≡

V1
���

''�
��

�

V2

((##
##

##
##

V3

��

��

$$
$$

))$
$$

$
��%%

%%
%%

%%
%

$$
$$

))$
$$

$
��%%

%%
%%

%%
%

��

Fig. 11.1. The quantum Yang–Baxter equation

(idV3 ⊗ RV1,V2)(RV1,V3 ⊗ idV2)(idV1 ⊗ RV2,V3)

= (RV2,V3 ⊗ idV1)(idV2 ⊗ RV1,V3)(RV1,V2 ⊗ idV3).

Further R satisfies more equations;

S ⊗ id(R) = R−1, id ⊗ S(R−1) = R hence S ⊗ S(R) = R,

(∗ ⊗ ∗)R = τ(R) hence (RV1,V2)∗ = RV2,V1 .

Now take two highest weight representations V1 = V α and V2 = V β . As
we saw in the last subsection, the tensor product representation V α ⊗V β has

two basis, that is, {v(α)β
(m),n}m,n≥0 and {vα

i ⊗ vβ
j }i,j≥0. Here let us consider the

operator

Rα,β := RV α,V β

: V α ⊗ V β −→ V β ⊗ V α.

Using the explicit formula for Rα,β, we can calculate the action of Rα,β on

both the basis v
(α)β
(m),n and the basis vα

i ⊗ vβ
j as follows;

Rα,βv
(α)β
(m),n = (−1)mq

m(m−1)
2 + m(α+β)

2 + αβ
4 v

(β)α
(m),n,

Rα,β(vα
i ⊗ vβ

j ) = q( α
2 +i)( β

2 +j)
∑

0≤k≤j

[
i + k

i

]
q

q−k( β
2 +i) ζq(β + j)

ζq(β + j − k)
vβ

j−k ⊗ vα
i+k.

Comparing these matrices of Rα,β using the interchange of basis matrix M ,
which is essentially given by the q-Hahn basis, we have the following identity;

(−1)mq
m(m−1)

2 +mα−i0j0ϕ
(β)α
q(N),m(i0, j0)

=
∑

i1+j1=N

[
j0

j0 − i1

]
q

qi1β ζq(β + j1)

ζq(β + i0)
ϕ

(α)β
q(N),m(i1, j1).

This means that the universal R-matrix Rα,β repairs the lost symmetry of the
non-symmetric q-β-chain. Remark that our chains are not symmetric in the
parameter α and β.



A

Problems and Questions

Chapter 3

1. (Section 3.3) The symmetric q-β-chain is defined by the following
Figure A.1.

Its real limit is the η-β-chain (which is symmetric in (α, β)), and its p-
adic limit is the symmetric p-β-chain (Sect. 2.1.3). Understand the Martin
kernel and the boundary of this symmetric q-β-chain. Note that for this
chain (P ∗)δ(0,0) is a probability measure supported at

{
(i, j)

∣∣N ≤ i + j,

max{i, j} ≤ N
}
, its real limit is supported at

{
(i, j)

∣∣ i + j = N
}
, and its

p-adic limit supported at
{
(i, j)

∣∣max{i, j} = N
}
.

(i, j) (i + 1, j)

(i, j + 1) (i + 1, j + 1)

qα+i(1 − qβ+j)

1 − qα+β+i+j

(1 − qα+j)qβ+i

1 − qα+β+i+j

(1 − qα+i)(1 − qβ+j)

1 − qα+β+i+j

Fig. A.1. The symmetric q-β-chain
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Chapter 4

1. (Section 4.5) Find the real γ-chain. Find the η-finite Laguerre basis.

Chapter 6

1. (Section 6.1) Find the q-pure basis. See remark on pp. 112–113 and p. 128
of [Har5].

Chapter 8

1. Determine the idempotent explicitly.

Chapter 9

1. Determine the idempotent explicitly (i.e., find the inverse matrix (A∗
λ,α) of

(Aλ,α)).

Chapter 10

1. Get the direct proof of Theorem 10.3.1 without going through the Koorn-
winder polynomials.

2. There is no q-chain and no η-chain which is analogue of the p-adic
chain (like we had in the rank 1 case). The problem is that dividing
GLd/Bm = Grass(m, d) by Bm kills the Schubert cells but B1,...,1\GLd/Bm

preserves them. However B1,...,1\GLd/Bm

(
Z/pN

)
depends on p (and

not just on N). Does there exist some combinatorial quotient Cd,m
N of

B1,...,1\GLd/Bm

(
Z/pN

)
and Markov chain on �NCd,m

N ? Namely, begin
at the closed point and look in which Schubert cell you fall modulo pN ,
N = 1, 2, . . . (eventually end up in big open cell with probability 1).

3. There is no explicit description of the idempotent such that

ϕλ = (D+)λ1−λ2ρm−1(D
+)λ2−λ3ρm−2 · · ·ρ2(D

+)λm1

as we had for intertwiner GLd/B1,d−1 −→ GLd/B1,...,1 in Chapter 7. We
need a factorization of the (radial parts) Laplacian ∆ as ∆ = D+D. More
generally, let ∆ be the Koornwinder 2-nd order differential operator,

∆ =
∑

1≤j≤m

φ+
j (T +

j − I) + φ−
j (T−

j − I),
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where T±
j ϕ(y1, . . . , ym) := ϕ(y1, . . . , q

±1yj, . . . , ym) and

φ+
j :=

∏
0≤i≤3(1 − aiyj)

(1 − y2
j )(1 − qy2

j )

∏
i�=j

(1 − tyiyj)(1 − ty−1
i yj)

(1 − yiyj)(1 − y−1
i yj)

,

φ−
j :=

∏
0≤i≤3(ai − yj)

(1 − y2
j )(q − y2

j )

∏
i�=j

(t − yiyj)(t − y−1
i yj)

(1 − yiyj)(1 − y−1
i yj)

with ai = qαi (i = 0, . . . , 3) and t = qγ being parameters. In the case of
m = 1, ∆ is the Askey–Wilson operator which depends on parameters ai

(i = 0, . . . , 3 but not on t = qγ) and there is such a factorization ∆ = D+D
(cf. [Har5] pp. 126–127). The Askey–Wilson polynomial ϕλ can be written
as ϕλ = (D+)λ1 for λ ∈ N.

4. Normalize the q-algebra of this chapter using the non-symmetric q-numbers
(as we do in Chapter 11) so as to have a p-adic limit of the algebra.

Chapter 11

1. Is there a more refined p-adic limit, one that will preserve more of the
SL2-structure than the limit of (11.2)?



B

Orthogonal Polynomials

Let p be a prime number. Given a probability measure µ on Zp, we have
its image on Z/pN for any N , µN (a) = µ(a + pNZp), and the isometric
embeddings, and dual orthogonal projection:

HN = �2(Z/pN , µN )
����

L2(Zp, µ) = H��� �

We want the real analogue of this, and the idea is simple: We replace the
locally constant function (defined modulo pN) by the polynomials (of degree
≤ N). We shall show that the theory of orthogonal polynomials gives the real
analogue.

Let µ be a probability measure on [−1, 1], H = L2
(
[−1, 1], µ

)
. Applying

the Gram–Schmidt process to the monomials 1, x, x2, . . ., we get a sequence
of polynomials which are orthogonal in H :

p0(x) = 1,

p1(x) = x − (x, 1) · 1,

p2(x) = x2 − (x2, p1)

(p1, p1)
p1 − (x2, 1)

(1, 1)
· 1,

...

pn(x) = xn − (xn, pn−1)

(pn−1, pn−1)
pn−1 − · · · − (x2, 1)

(1, 1)
· 1.

Here (·, ·) denotes the inner product of H ; (ϕ1, ϕ2) :=
∫ 1

−1
ϕ1(x)ϕ2(x)µ(dx).

We here normalize the orthogonal polynomials pn(x) to have the leading
coefficient 1. We have
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Theorem B.1.

pn(x) = det

⎛⎜⎜⎜⎜⎜⎝
(1, 1) (1, x) · · · (1, xn)
(x, 1) (x, x) · · · (x, xn)

...
...

...
(xn−1, 1) (xn−1, x) · · · (xn−1, xn)

1 x · · · xn

⎞⎟⎟⎟⎟⎟⎠ · 1

Gn−1
,

where Gn−1 = det
(
(xi, xj)

)
0≤i,j≤n−1

.

Proof. Indeed, the inner product of the determinant with xj is the same deter-
minant with the bottom row replaced by (xi, xj), and for j < n this row
already appears in the determinant, whence it vanishes. So the determinant
above is a polynomial of degree n which is orthogonal to all polynomials
of degree < n and it has the leading coefficient 1 because of the 1/Gn−1

normalization factor. �

Note that if we denote the moments of the measure µ by

cn := (xn, 1) =

∫ 1

−1

xnµ(dx),

we have (xi, xj) = ci+j .

Theorem B.2. All the zeros of pn(x) are simple and are contained in (−1, 1).

Proof. Otherwise pn(x) changes sign in (−1, 1) only in m<n point α1, . . . , αm.
Then ±pn(x) ·∏m

j=1(x−αj) ≥ 0 in (−1, 1), whence ±(pn,
∏m

j=1(x−αj)
)

> 0.
This contradicts the orthogonality of pn(x) to polynomials of degree < n. �

Theorem B.3. We have the recursion equation

pn+1(x) = (x + bn)pn(x) − dnpn−1(x),

where

dn =
hn

hn−1
, hn = ||pn||2 = (pn, pn),

bn = kn+1 − kn, pn(x) ≡ xn + knxn−1 (mod xn−2).

Proof. The polynomial pn+1 − x · pn is of degree ≤ n and is orthogonal to
polynomials of degree ≤ n− 2, hence has the form bn · pn − dn · pn−1. We get

dn =
(x · pn − pn+1, pn−1)

(pn−1, pn−1)
=

(pn, x · pn−1)

(pn−1, pn−1)
=

(pn, pn + (degree < n))

(pn−1, pn−1)
=

(pn, pn)

(pn−1, pn−1)
,

and modulo xn−1

bn · xn ≡ bn · pn(x) ≡ pn+1(x) − x · pn(x)

≡ (xn+1 + kn+1x
n) − x(xn + knxn−1) ≡ (kn+1 − kn) · xn.

�
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Corollary B.4 (Christoffel–Derboux).

Dn(x, y) :=

n∑
j=0

1

hj
pj(x)pj(y) =

1

hn

pn+1(x)pn(y) − pn(x)pn+1(y)

x − y
, (x �= y).

and for y → x:

Dn(x, x) :=

n∑
j=0

1

hj
pj(x)2 =

1

hn

(
p′n+1(x)pn(x) − p′n(x)pn+1(x)

)
.

Proof. By induction on n. The induction step follows from the equality

hn(x − y)
(
Dn(x, y) − Dn−1(x, y)

)
= (x − y)pn(x)pn(y)

=
(
pn+1(x) − bnpn(x) +

hn

hn−1
pn−1(x)

)
pn(y)

− pn(x)
(
pn+1(y) − bnpn(y) +

hn

hn−1
pn−1(y)

)
=
(
pn+1(x)pn(y) − pn(x)pn+1(y)

)− hn

hn−1

(
pn(x)pn−1(y) − pn−1(x)pn(y)

)
.

�

Remark B.5. For ϕ ∈ H , its orthogonal projection Dnϕ to the subspace
Hn := Span{1, x, . . . , xn} of H spanned by polynomials of degree ≤ n is
given by

Dnϕ(y) : =

n∑
j=0

(ϕ, pj)

(pj , pj)
pj(y)

=

∫ 1

−1

ϕ(x)

n∑
j=0

pj(x)pj(y)

hj
µ(dx)

=

∫ 1

−1

ϕ(x)Dn(x, y)µ(dx) = (ϕ, Dn(·, y)).

Corollary B.6. pn+1(t) is the characteristic polynomial of the operator Dnx
of multiplication by x restricted to Hn;

pn+1(t) = det
(
t · In − Dnx

∣∣Hn

)
.

Proof. The matrix corresponding to the operator Dnx in the basis {p0, p1, . . . ,
pn} of Hn is by the recursion x · pj = pj+1 − bjpj + djpj−1, given by
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−b0 d1

1 −b1

...

0 1
. . . dj

...
... 0 −bj 0

...
... 1

. . . dn−1 0
0 −bn−1 dn

... 1 −bn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Expanding the determinant of the characteristic polynomial by the last raw,
we have

Qn+1(t) : = det

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

t + b0 −d1

−1 t + b1

...

0 −1
. . . −dj

...
... 0 t + bj 0

...
... −1

. . . −dn−1 0
0 t + bn−1 −dn

... −1 t + bn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= (t + bn)Qn(t) − dnQn−1(t).

Hence Qn+1(t) = pn+1(t). �

Given a sequence of points −1 < α0 < α1 < · · · < αn < 1, let

L(x) :=

n∏
j=0

(x − αj) and Lj(x) :=
L(x)

(x − αj)L′(αj)
=
∏
i�=j

(x − αi)

(αj − αi)
,

so that Lj(αi) = δij . Given a function ϕ(x) on [−1, 1], we approximate it by
the polynomial of degree ≤ n,

Lnϕ(x) =

n∑
j=0

ϕ(αj)Lj(x).

Note that if ϕ(x) is a polynomial of degree ≤ n, then Lnϕ(x) = ϕ(x) and
hence ∫ 1

−1

ϕ(x)µ(dx) =

∫ 1

−1

Lnϕ(x)µ(dx) =

n∑
j=0

ϕ(αj)

∫ 1

−1

Lj(x)µ(dx).

We do better if we choose the αj ’s to be the zeros of pn+1(x), that is, L(x) =
pn+1(x):
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Theorem B.7 (Mechanical Quadrature). For L(x) = pn+1(x), we have∫ 1

−1

ϕ(x)µ(dx) =

∫ 1

−1

Lnϕ(x)µ(dx)

for all polynomials ϕ(x) of degree ≤ 2n + 1.

Proof. ϕ(x) − Lnϕ(x) is a polynomial of degree ≤ 2n + 1 and it vanishes at
the αj ’s, so

ϕ(x) − Lnϕ(x) = pn+1(x)f(x)

where f(x) is a polynomial of degree ≤ n. Therefore

(ϕ − Lnϕ, 1) = (pn+1f, 1) = (pn+1, f) = 0. �

Thus for {α(n+1)
j }j=0,1,...,n the zeros of pn+1(x) and the Christoffel numbers

λ
(n+1)
j :=

∫ 1

−1

pn+1(x)

(x − α
(n+1)
j )p′n+1(x)

µ(dx) =

∫ 1

−1

Lj(x)µ(dx),

we have for any polynomial ϕ(x) of degree ≤ 2n + 1∫ 1

−1

ϕ(x)µ(dx) =

∫ 1

−1

ϕ(x)µn(dx)

with the finite probability measure

µn :=

n∑
j=0

λ
(n+1)
j δ

α
(n+1)
j

.

Remark that for ϕ(x) = Lj(x)2 we get

λ
(n+1)
j =

∫ 1

−1

Lj(x)2µn(x) =

∫ 1

−1

Lj(x)2µ(dx) > 0,

and for ϕ(x) = 1,

n∑
j=0

λ
(n+1)
j =

∫ 1

−1

1 · µn(x) =

∫ 1

−1

1 · µ(dx) = 1.

In particular, for polynomials ϕ1, ϕ2 of degree ≤ n, we have∫ 1

−1

ϕ1(x)ϕ2(x)µn(x) =

n∑
j=0

λ
(n+1)
j ϕ1(α

(n+1)
j )ϕ2(α

(n+1)
j ) = (ϕ1, ϕ2).

Thus we can identify Hn isometrically with �2(µn).

Remark also that the zeros α
(n+1)
j of pn+1(x) and the zeros α

(n)
j of pn(x),

interlace:

−1 < α
(n+1)
0 < α

(n)
0 < α

(n+1)
1 < α

(n)
1 < · · · < α

(n)
n−1 < α(n+1)

n < 1.
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Thus we have the picture

α
(n+1)
0 α

(n+1)
1

· · · α
(n+1)
n−1 α

(n+1)
n

α
(n)
0

%%&&&&&&&&

  ''''''''
α

(n)
1

%%&&&&&&&&

**(((((((((
α

(n)
n−1

++���������

  ��������
α

(n)
n

%%&&&&&&&&

  '''''''''

...
...

...

α
(3)
0

,,����������

--))))))))))
α

(3)
1

.."""""""""

//%%%%%%%%%
α

(3)
2

,,**********

--))))))))))

α
(2)
0

%%&&&&&&&&

00((((((((
α

(2)
1

++��������

//��������

α
(1)
0

++++++++++

00,,,,,,,,

This is the picture of our Markov chain.
The classical orthogonal polynomials {pn(x)} are characterized (mod-

ulo translation and dilation {pn(x)} ∼ {pn(ax+ b)} changing the interval
[−1, 1] to an arbitrary interval [b− a, b +a]) by any of the following equivalent
condition:

1. Hahn : The sequence
{
p′n(x) = ∂

∂xpn(x)
}

n≥1
are again a sequence of

orthogonal polynomials (with respect to another measure µ′).
2. Bochner : pn(x) are the eigenfunctions of a second order differential operator(

a(x)
∂2

∂x2
+ b(x)

∂

∂x
+ c(x)

)
pn(x) = λnpn(x).

3. Tricomi : pn(x) can be expressed by a Rodriguez equation

pn(x) =
1

γn

1

µ(x)

∂n

∂xn
µ(x)f(x)n.

These polynomials are either the Jacobi polynomials pα,β
n (x), µα,β(x) :=

(1−x)α(1+x)β (α, β > −1) or their β → ∞ limit, the Laguerre polynomials,
or their α = β → ∞ limit, the Hermite polynomials. Replacing ∂

∂x in the
above by

Dqϕ(x) =
ϕ(x) − ϕ(qx)

(1 − q)x
,

we get a similar characterization of the q-classical orthogonal polynomials.
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